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A  POUR-SPACE  REPRESENTATION  OF  COMPLEX 
PLANE  ANALYTICS 

By  J.  S.  Taylos 
Table  op  Contents 

1.  Introduction. 

2.  Codrdinate  Sjrstem. 

3.  Distance. 

4.  Complex  Angle. 

5.  Parallel  Translation  of  Axes. 

6.  Rotations  in  St  which  are  also  Rotations  in  £4- 

7.  Rotations  of  Complex  Plane  Analytics  in  Zt  and  in  St. 

8.  Equations  of  the  First  Degree  in  two  Complex  Variables. 

9.  Regular  Planes  Completely  Perpendicular  to  Each  Other 
in  St. 

10.  "  Rigid  Motions  "  of  St  leaving  all  Regular  Planes  Regular. 

11.  Regular  Rotations  in  54  Transforming  the  Plane  Y^MtX 
into  the  plane  Y'— 0  and  the  Plane  Y—0  into  Y' ^ 

12.  Other  Special  Families  of  Regular  Rotations. 

13.  Regular  Planes  Cutting  Planes  Parallel  to  the  Plane  of 
Reals  (and  Planes  Parallel  to  the  Plane  of  Imaginaries)  in  Straight 
Lines. 

14.  Complex  Angle  Between  Two  Regular  Planes. 

15.  Some  Applications  to  the  Theory  of  Functions  of  a  Complex 
Variable. 

1.  Introduction.  In  a  paper  read  before  the  International 
Congress  of  Mathematicians  held  in  Strasbourg  in  1920  the 
author  presented  an  outline  of  some  of  the  elementary  problems 
connected  with  the  representation  of  equations  in  two  complex 
variables  by  siufaces  in  a  space  of  four  dimensions.^  In  the  present 
paper  a  few  of  these  questions,  together  with  others  not  men¬ 
tioned  in  that  outline,  are  discussed  in  more  detail. 

1  J.  S.  Taylor.  “  The  Analjrtic  Geometry  of  Complex  Variables  with  Some 
Appucations  to  Function  Theory.”  Canutes  Rendus  du  Congrts  International 
des  Mathimaticiens  (Strasbourg,  22-30  Septembre,  1920)  pp.  388-306. 
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The  repwesentation  of  eqiiations  in  two  complex  variables  by 
two-dimensional  surfaces  in  four-space  has  been  discussed  by 
Stefan  Kwietniewski*  and  by  K.  Kommerell  *  The  former  uses 
as  the  basis  of  his  work  the  *'  equal  angled  ”  planes  studied  in 
ordinary  four-sp>ace  by  Veronese.*  Given  any  plane  in  four-space, 
there  are  two  four-parameter  families  of  planes  such  that  each 
line  in  a  given  plane  of  either  family  makes  the  same  angle  with 
its  projection  on  the  first  plane  that  any  other  line  of  the  given 
plane  makes  with  its  projection  on  the  first  plane,  and  vice-versa 
{i.e.,  the  maximum  angle  between  the  two  planes  is  the  same  as 
the  minimtun  angle  between  them).  Taking  the  codrdinate  plane 
determined  by  the  axes  of  the  real  and  pure  imaginary  parts  of 
one  of  his  two  complex  variables,  Kwietniewski  studies  in  detail 
the  two  four-parameter  families  of  planes  making  “  equal  angles  " 
with  it.  He  finds  that  one  of  the  two  families  represents  linear 
equations  in  two  complex  variables;  and  that  the  other  family 
represents  such  equations  with  one  of  the  complex  variables 
replaced  by  its  conjugate,  therefore  called  a  family  of  planes 
conjugate  to  the  first  family.  Any  two  dimensional  stu^ace  in 
the  four-space  all  of  whose  tangent  planes  belong  to  either  family 
is  named  an  “  Aequigone.”  An  "Aequigone  ”  represents  an 
equation  giving  a  curve  (real  or  imaginary)  in  plane  analytic 
geometry  if,  and  only  if,  its  tangent  planes  belong  to  the  first 
family  of  equal-angled  planes. 

Kwietniewski  then  arrives  at  many  other  interesting  properties 
of  these  "  Aequigonen  ”  and  studies  in  particular  the  surfaces 
representing  A’*-}- A*— and  V  —  sin  A  (where 
A  and  Y  are  complex  variables  and  r  is  real).  The  value  of 
investigating  such  stuiaces  by  means  of  projections  and  sections 
is  admirably  demonstrated. 

In  that  portion  of  his  paper  devoted  to  complex  variables, 
Kommerell  studies  surfaces  in  four-space  representing  the  Rie- 
mann  surfaces  of  the  classic  theory  of  fimctions  of  a  complex 

*  St.  Kwietniewski.  "  Ueher  Fl&chen  des  vierdimensionalen  Raumes,  deren 
iomtiiche  TanientiaUhenen  untereinander  gleickufinklii  sind,  und  ikre  Betiekung 
Bu  den  ebenen  Kurven."  Inaugural-Dissertation,  University  of  Zurich. 

*  K.  Kommerell.  "Riemanns'cke  FUtcken  in  ebenen  Raum  von  vier  Dimen- 
sionen."  Math.  Annalen,  60. 

*  Veronese.  "  GrundBUge  der  Ceometrie  von  mekreren  Dimensionen," 
UbersetMt  von  Sckepp,  Leipeig,  1894  (p.  539). 
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variable  (Kwietniewski’s  “  Aeqmgonen  ”  of  the  first  type). 
Among  other  important  results  he  obtains  a  very  interesting 
geometric  interpretation  for  the  integral  of  a  function  of  a  complex 
variable  by  means  of  vector  products.  As  this  is  practically  the 
only  portion  of  his  paper  having  a  close  connection  with  the  work 
to  be  presented  here,  an  outline  of  his  other  valuable  contributions 
is  omitted. 

In  the  present  paper  the  author  investigates  the  question  of 
representing  in  four-space  the  plane  analytic  geometry  of  complex 
variables  as  a  whole.  That  is,  Kwietniewski  and  Kommerell 
have  set  up  a  one-to-one  correspondence  between  a  certain 
family  of  surfaces  in  four-space  and  the  curves  (real  and  imaginary) 
of  plane  analytics.  Their  four-space  is  an  ordinary  four-space  in 
which  they  have  singled  out  for  investigation  a  certain  set  of 
surfaces.  Now  it  is  possible  to  carry  this  method  a  step  farther 
by  treating  the  four-space  not  as  an  ordinary  four-space,  but  as 
a  four-space  in  which  the  various  complex  measures  and  trans¬ 
formations  of  plane  analytics  are  valid.  That  is,  we  may  trans¬ 
late  complex  plane  analytics  as  a  whole  into  the  language  of  four- 
dimensional  geometry.  Algebraically,  of  course,  we  get  nothing 
new.  But  geometrically  we  get  a  very  curious  type  of  four-space 
which  we  shall  call  £4  to'  distinguish  it  from  ordinary  four-space  S4. 

The  peculiar  nature  of  24  is  largely  due  to  the  complex  measure 
of  the  distance  between  two  points  and  the  complex  measure  of 
the  angle  between  two  planes.  By  the  use  of  the  definition  of 
"  complex  angle  ”  we  deduce  the  fact  that  the  family  of  planes 
each  of  which  makes  “  a  determinate  complex  angle  ”  with  either 
(both)  complex  coordinate  plane  (planes),  is  identical  with  the 
first  of  Kwietniewski’s  two  four-parameter  families  of  “  equal¬ 
angled  ”  planes;  his  "conjugate  family”  is  thus  eliminated. 
'This  makes  it  possible  to  state  some  of  Kwietniewski’s  theorems 
in  simpler  form,  as  we  can  also  dispense  with  the  “  Aequigonen  ’’ 
whose  tangent  planes  belong  to  this  "  conjugate  family." 

The  "  rigid  motions  ’’  of  24  and  S4  are  discussed  both  in  rela¬ 
tion  to  each  other  and  in  relation  to  the  transformations  effected 
on  the  equations  represented  by  Kwietniewski’s  "  Aequigonen  ” 
of  the  first  type.  The  group  of  parallel  translations  in  24  is  identical 
with  the  group  of  parallel  translations  in  S^.  A  “  rotation  ”  iq 
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Z4  is  a  rotation  in  St  if,  and  only  if,  the  “  angle  *’  of  rotation 
is  real;  if  it  is  not,  the  transformation  applied  to  54  is  a  rotation 
followed  by  a  stretching  and  a  cliange  to  oblique  coordinates. 
Among  other  interesting  differences  between  Z4  and  St,  we  find 
that  two  planes  are  considered  perpendicular  to  each  other  in 
Z4  which  are  not  so  considered  in  St- 

The  rotations  of  St  are  discussed  in  relation  to  the  transforma¬ 
tions  effected  on  siu^aces  representing  regular  functions  of  a 
complex  variable.  In  particular,  the  author  obtains  the  group 
of  rotations  under  which  sxmfaces  representing  regular  functions 
of  a  complex  variable  remain  surfaces  representing  regular  func¬ 
tions.  Incidentally,  the  author  gives  what  is  believed  to  be  an 
heretofore  overlooked  family  of  fotir-space  rotations. 

Finally,  a  geometric  interpretation  in  Zt  is  given  for  the  deriva¬ 
tive,  the  differential,  and  the  integral  of  a  function  of  a  complex 
variable  (the  last  differing  to  some  extent  from  that  given  by 
Kommerell),  together  with  a  discussion' of  the  geometric  signifi¬ 
cance  of  derivability. 

2.  Coordinate  System.  Through  some  point  0  as  origin  take 
four  mutually  perpendicular  straight  lines.  Any  pair  of  complex 
numbers,  yi«yi-|-*®i,  can  be  represented  in  the  usual 

manner  by  a  f>oint  in  the  fotu-space  thus  determined  with 
xi,  yu  Ml,  and  Vi  as  codrdinates. 

It  is  to  be  noted  that  we  have  in  our  four-space  two  axes  of 
reals  (the  x  and  y  axes)  and  two  axes  of  pure  imaginaries  (the 
u  and  0  axes).  The  x  and  y  axes  determine  a  plane  composed 
entirely  of  points  representing  real  numbers  and  will,  therefore, 
be  called  the  plane  of  reals.  (In  this  plane  lie  all  the  geometric 
configurations  o(  the  plane  analytic  geometry  of  real  variables.) 
Similarly,  the  plane  determined  by  the  u  and  v  axes  will  be  termed 
the  plane  of  imaginaries.  These  two  planes  are  completely  per- 
pendictilar  to  each  other  at  the  origin,  the  only  point  they  have 
in  common.* 

Also,  the  pair  of  planes  determined  by  the  x  and  u  axes  and 

*  One  plane  U  said  to  be  completely  perpendicular  to  another  in  four-space 
if  it  contains  all  the  lines  perpendicular  to  the  second  plane  drawn  through 
their  common  point.  Two  completely  perpendicular  planes,  then,  cannot 
lie  in  the  same  three-space. 
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by  the  y  and  v  axes,  respectively,  are  completely  perpendicular 
to  each  other  at  the  origin.  They  will  be  called  the  X-plane  and 
the  V-plane,  respectively.  (They  are  the  Z  and  W  planes  of 
the  classic  theory  of  ftmctions  of  a  complex  variable.) 

3.  Distance.  Given  the  two  points  of  the  four-space 
P\{xu  yu  Nil  Oi)  and  Ps  {xt,  yi,  Ut,  ri),  we  shall  define  the  distance 
PiPt  as  _ 

2*  [(*1— (1) 

This  is  simply  the  statement  in  terms  of  the  four-space  codrdinates 

of  the  plane  analytics  definition  PiP*—  .^(  A’*—  Ai)*-H(  Yt—  Yi)*. 

Definition  (1)  is  in  striking  contrast  to  the  definition  of  distance 
of  ordinary  four-space  S4 

^l(xt-xi)*+(yt-yi)*+(*h-ui)*-h(vt-vt)*,  (2) 

which,  in  terms  of  plane  analytics  would  be 

D~yJ(X,-X0  •  (A,-Ai)+(V',-  Yi)  .  ( Y,-  Yi),  (20 

where  (A*— Ai)  and  (  Yt—  Yi)  are  the  conjugates  of  (At— Ai) 
and  (  Vt—  V'l),  respectively. 

We  shall  always  take  the  positive  sign  of  the  radical  in  defini¬ 
tion  (1)  unless  either  (Ai— Ai)  or  ( Yj—  Yi)  is  zero,  in  which 
cases  we  shall  distinguish  between  PiPj  and  P|Pi,  as  we  do  in 
plane  analytics,  by  writing  PiPi  — (xi— Xi)-l-*(«i— Ri)  and  P|Pi-» 
(*i— xi)+*(«i— «*)  if  (  Yt—  V’l)  is  zero;  and  similarly  if  (At—  Ai) 
is  zero. 

Definition  (1)  may  be  interpreted  geometrically  as  follows: 
Through  Pi  take  the  plane  parallel  to  the  A-plane  and  through 
Pt  the  plane  parallel  to  the  F-plane.  Call  the  point  of  inter¬ 
section  of  these  two  planes  P'.*  The  codrdinates  of  P'  are 

•  P'  will  be  called  the  projection  of  P^  on  the  second  plane  and  of  P» 
on  the  first  plane.  In  general,  the  proj^tion  of  any  point  P  on  a  plane  is 
the  point  of  intersection  of  this  plane  with  the  plane  through  P  completely 
perpendicular  to  the  given  plane.  The  projection  of  a  configuration  of  points 
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xt,  yi,  ut,  Vi.  It  is  thus  possible  to  pass  from  Pi  to  P'  in  a  plane 
parallel  to  the  X-plane  along  a  path  composed  of  one  segment 
parallel  to  the  x-axis  of  length  Xt—X\  (as  measured  in  ordinary 
four-space  50  and  another  segment  parallel  to  the  M-axis  of  length 
ut—ui  (as  measured  in  S4).  In  24,  however,  we  shall  choose  to 
call  this  latter  line  segment  of  length  »(«»““i)  in  view  of  the  fact 
that  it  is  measured  parallel  to  an  axis  of  pure  imaginaries.  More¬ 
over,  we  shall  consider  the  “  distance  ”  P|P'  to  be  the  stun  of 
these  two  line  segments,  or  PiP'*(xj— Xi)+i(m»~«i)'  Similarly, 
we  shall  write  P'Pj* (>^— yi)+i(®»~®i)-  The  result  (1)  is  then 
obtained  by  extending  the  use  of  the  Pythagorean  Theorem  to 
right  triangle  PiP'P*  in  which  the  two  legs  are  of  "  complex 
length.” 

This  arbitrary  definition  of  distance,  which  shall  be  used  entirely 
in  24,  gives  rise  to  many  curious  results,  among  others  the  fact 
that  all  the  points  in  24  lying  at  a  given  distance  (real  or  com¬ 
plex)  from  a  fixed  point  lie  on  a  two-dimensional  foiulh  degree 
surface. 

The  distance  d  given  by  definition  (1)  will  be  the  definition 
of  distance  used  in  24  and  will  commonly  be  referred  to  as  the 
"  complex  distance  ”  between  two  points.  The  distance  D 
given  by  definition  (2)  is  the  definition  used  in  S4  and  will  com¬ 
monly  be  referred  to  as  the  "  real  distance  ”  between  two  points. 

4.  Complex  Angle.  Any  plane  Z  of  the  four-space  ‘  24  will, 
in  general,  cut  the  A’-plane  (also  the  F-plane)  in  a  single  point. 
Call  this  point  of  intersection,  if  there  is  only  one,  P.  From  P 
measure  an  arbitrary  complex  distance  a+ib  in  the  X-plane,  the 
distance  a  measured  parallel  to  the  x-axis  and  the  distance  b 
parallel  to  the  «-axis.  This  gives  some  point  P*  in  the  X-plane, 
the  complex  distance  PP’  being  a+t  6.  Through  the  point  P' 
take  the  plane  completely  perpendicular  to  the  X-plane  (parallel 
to  the  V-plane)  which  will  cut  plane  Z  in  some  point  P"  (if  there 
is  only  one  point  P  there  will  be  only  one  point  P")-  Obtain  the 
complex  distance  P'P",  say  c+id.  The  ratio  of  P'P"  to  PP' 
will  be  by  definition  the  tangent  of  the  “  complex  angle  ”  which 
the  line  PP"  makes  with  its  projection  on  the  Jf-plane,  PP'. 


%  % 
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tan  6^ 


P'P"  c+id 

PP' 


(3) 


If  tan  0  has  the  same  value  whatever  complex  distance  a-h*  b 
we  choose  to  measure  from  the  point  P  in  the  X-plane  (if  all 
the  lines  in  plane  Z  make  the  same  "  complex  angle  ”  with  their 
projections  on  the  X-plane),  the  plane  Z  will  be  said  to  make 
a  “  determinate  complex  angle  ”  0  with  the  A'-plane,  and  the 
plane  Z  will  be  said  to  have  a  "  determinate  complex  slope.” 
We  shall  later  call  such  a  plane  a  ”  regular  plane.”’  If  tan  0 
is  not  constant,  the  angle  0  between  Z  and  the  A-plane  will  be 
said  to  be  indeterminate  and  the  plane  Z  will  be  said  to  have 
no  determinate  complex  slope.  If  plane  Z  cuts  the  A-plane  in 
more  than  one  point,  and  is  not  coincident  with  it,  Z  will  be 
considered  of  the  latter  type.  If  Z  is  coincident  with  the  A-plane 
its  slope  will  be  called  zero.  The  existence  of  planes  having  a 
determinate  complex  slope  will  be  shown  in  Section  8. 

The  angle  0u  between  two  planes  Zi  and  Zt,  each  of  which  has 
a  determinate  complex  slope  will  be  by  definition  the  difference 
between  the  complex  angles  0i  and  0t,  the  angles  between  Zi 
and  the  A-plane  and  Zt  and  the  A-plane,  respectively.  The 
geometric  significance  of  this  definition  will  be  discussed  in  Sec¬ 
tion  14. 


5.  Parallel  Translation  of  Axes.  If,  in  S*,  we  move  the  origin 
to  the  point  (a,  b,  a,  /3),  keeping  our  axes  parallel  to  the  old 
system,  the  transformation  effected  is 

x^x'+a,  y^y'-\-b,  u^u'+a,  (4) 

Tliis  is  identical  with  the  parallel  translation  of  plane  analytics 
X=X'+A,  y-  Y'+B,  where  A-o+ia  and  S-6-|-*/8.  The 
group  of  parallel  translations  in  St  is,  then,  identical  with  the 
group  of  parallel  translations  in  £4  (here,  as  elsewhere,  we  shall 

7  It  is  possible  to  obtain  a  plane  Z  having  a  "  determinate  complex  slope” 
so  that  «  has  any  desired  complex  value.  The  converse  has,  of  course,  the 
two  exceptions  «>tan-l  (±>).  If  tan  t-±i  we  shall  still  say  that  Z  lus  a 
determinate  complex  slope,  although  •  is  not  then  a  determinate  complex 
angle  in  the  sense  that  it  has  a  definite  complex  value,  unless  we  arbitrarily 
assign  ^  «  in  these  cases  as  the  values  of  s. 
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admit  as  “  rigid  motions  ’’  in  It  only  those  transformations 
which  are  **  rigid  motions  ”  in  plane  analytics).  Complex  dis¬ 
tance  is  invariant  under  the  group  of  parallel  translations  in  Z4. 

6.  Rotations  in  St  which  are  also  rotations  in  Zi-  Any  rota¬ 
tion  about  the  origin  in  ordinary  four-space  St  is  of  the  form 

+^4®' 

+vty'  +vtv' 

-i-ir40^ 

where  Xi,  ^1,  Vu  and  Wi  are  the  direction  cosines  of  the  x'-axis 
with  respect  to  the  x,  y,  u,  and  v  axes,  respectively,  and  similarly 
for  the  other  coefficients  in  (5)  and,  hence,  satisfy  the  ten  equations 

Viyj+ -  «<y.  (6) 

where  *,  /  —1,  2,  3,  4  and  c^*0  for  i  ^  /  and  —1  for  »  ■■  /. 
It  is  to  be  noted  that  all  the  coefficients  of  the  transformation 
equations  (5)  are  real. 

This  transformation  when  applied  to  Z4  is  a  rotation  in  Z4 
only  if  it  leaves  complex  distance  invariant.  By  transformation  (5) 
d  becomes 

I  i«i')+X4(i%'— siO  J * 

-H  ....  * 


-  +  ....  -f  *'4(01 '-Si 0]* 


+  [mi(*i'-*iO+  .  .  ]  [«’i(*i'-Xi')-|-  ...]!’ 


n 
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I 

which[i8  equal  to 

+  2»j  {xt'-xt')  («*'-NjO+(>i'-yiO  (oi"-®iO  j 

if,  and  only  if.  in  addition  to  equation  (6)  the  following  relations 
are  also  satisfied : 

fori- lor  2 
\0  for  1-3  or  4 

,  ,  ,  /  0  for  1-1  or  2 

for  1-3  or  4  (7) 

- 0  lot  i4i 

—  Vi,  Xf  —  V4,  Mi  “ 

Under  these  conditions  it  may  also  be  shown  that  **  complex 
angle  ”  is  invariant. 

That  is,  transformation  (5)  is  a  rotation  ”  in  Z4  if,  and  only 
if,  the  x'  and  y'  axes  lie  in  the  xy-plane  and  the  and  v'  axes 
lie  in  the  ae-plane,  and  .the  %'  and  y'  axes  make  the  same  angles 
with  the  X  and  y  axes  that  the  m'  and  v'  axes  make  with  the  u 
and  V  axes. 


7.  **  Rotations  ”  of  Complex  Plane  Analytics  in  Z4  and  in  S^. 
Consider  the  generalized  rotation  about  the  origin  of  plane 
aiudytics  given  by  the  equations. 

X— .Y' cos  A— F' sin  A,  F  —  '  sin  A+ F' cos  A,  (8) 

where  A  is  a  complex  angle.  Since  this  leaves  distance  and  angle 
invariant  in  the  plane,  and  since  we  have  arbitrarily  applied  the 
same  definitions  of  distance  and  angle  to  Z4.  the  transformation  (8) 
when  applied  to  Z4  will  leave  complex  distance  and  angle  in  Z4 
invariant,  and  hence  will  be  called  a  **  rotation  "  in  24-  We 
shall  now  ascertain  under  what  conditions  such  a  transformation 
is  also  a  rotation  in  St  and  what  the  corresponding  transformation 
in  St  is  for  those  cases  in  which  it  is  not  a  rotation  in  St. 
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Writing  (8)  in  the  form 

(*'+»« Ocos  ('l»+i<^)  —  (>''+t»')sin 
y+iv  —  (at'-ftKOsin  (4»+i<^)+(>'+i»')co8 

where  A  —  with  4>  and  <f>  real,  separating  real  and  imaginary 

parts,  and  making  some  obvious  substitutions,  we  get 

cos4>cosh<^at'— sin4>cosh<^y'+sin'l>sinh<^'+cx>s<I>sinh<^' 
y  ■“  sin<l»cosh^j; ' + cos4>cosh<^y '  —  cos4>sinh<^' + sin4>sinh<^' 

— sin#sinh<^*'— cos4>sinh<^y'4-cos4>cosh<^'  — sin4»cosh^' 
c—  cos4>sinh<^*'— sin4»sinh<^y'+sin4>cosh<^'+cos^cosh<^' 

If  this  were  a  rotation  in  S4.  the  various  coefficients  of  the  primed 
cobrdinates  in  (10)  would  be  the  direction  cosines  of  four  mutually 
perpendicular  straight  lines  and  would  satisfy  equations  (6), 
Section  6.  But  this  is  not  true  in  general,  since  (10)  gives 

X.*+M.*+ *'.*+ w,*  -  cosh*<^+sinh*«^  (*  - 1 ,  2,  3,  4) 

XiX4+Mi/*4+>'i»'4+’>’iir4=«2  sinh^cosh<^ 
^Xi+W*a+*'i>'i+Wj7ri=  —2  sinh<^cosh<^ 

Thus,  the  transformation  is  a  rotation  in  S4  if,  and  only  if,  <^  —  0; 
that  is,  if,  and  only  if,  A  is  real.  This  result,  together  with  the 
work  of  Section  6,  shows  that  there  is  no  rotation  in  S4  which 
is  a  rotation  in  ^4  unless  it  is  also  a  rotation  in  plane  analytics, 
as  was  to  be  expected. 

In  the  general  case  (<^#0)  the  rotation  (10)  of  £4  is  a  very 
curious  transformation  in  St.  First,  subject  St  to  the  stretching 
(in  reality  a  shrinking)  from  the  origin  in  the  ratio 

1  :V'cosh*<^4-sinh*<^  given  by  the  equations 

x^kx'\y~ky'\u~ku'\v~kv'^  (12) 
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where  A!“N/cosh*<^-|-sinh*^.  Next,  perform  the  rotation  about 
the  origin  given  by 

^//^l  r  cos'I>cosh<^x'"— sin4>cosh^y'"— sin4»sinh<^'"  1 
—  cos'I>sinh<^'"  J 

_  1  r  sin4>cosh<^j;'"+cos4>cosh<^y'"+cos4>sinh^"'  1 
k  L  —  sin4>sinh<^'"  J 


F— sin4>sinh<^x"'— cos4>sinh<^y"  +cos4>cosh^'"1 

Ar  |_  — sin4»cosh<^"'  J 

r  cos^sinh<^;r"'  — sin*sinh<^'"+sin4>cosh<^"'  1 

Af  F  +cos4>cosh<^'"  J 


(13) 


Finally,  if  we  now  rotate  the  and  v'"  axes  separately, 
leaving  their  direction  cosines  with  the  u"  and  v"  axes  (which 
are  coincident  with  the  u  and  v  axes)  unchanged,  but  giving 
them  the  direction  cosines  with  respect  to  the  x"  and  y"  axes 


(which  are  coincident  with  the  *  and  y  axes)  the  values 


sin4>sinh^ 


cos^nh<^  cos<^sinh<^  sin^sinh<^ 


and 


,  respectively,  we  get  the 


result  given  by  (10).  In  this  last  change  the  u"'  axis  remains  per¬ 
pendicular  to  the  x'"  and  v"*  axes,  but  rotates  in  the 
plane  until  it  makes  an  angle  with  the  y'"-axis  whose  cosine 
2sinh<^cosh<^ 

is  —  ®  remains  perpendicular  to  the 

y'"  and  axes,  but  rotates  in  the  x'"  n' "-plane  until  it  makes 

2sinh<^cosh<^ 

an  angle  with  the  x  -axis  whose  cosine 


last  transformation  (a  change  to  oblique  codrdinates  in  is 
given  by  the  equations 


2sinh<^cosh<^ 

1 

»  »  f 

*  '^cosh*<^-|-sinh*<^  ®  ’ 

cosh*^ -|-sinh*<^ 

2sinh^cosh(^ 

1 

^  cosh*<^-|-sinh*<^  **  ’ 

cosh*<^-|-sinh*^ 
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It  is  to  be  noted  that  when  transformation  (10)  is  applied  to 
Si  the  *'«'-plane  and  the  y'v'-plane  are  not  two  completely  per¬ 
pendicular  planes.  In  £4.  however,  the  X'  and  V '-planes  are 
considered  perpendicular.  This  fact  will  be  discussed  in  more 
detail  in  Section  14. 


8.  Equations  of  the  First  Degree  in  Two  Complex  Variables. 
The  most  general  type  of  linear  equation  in  X  and  K  is  of  the 
form 

AX+BY+C  =  (a+ia)(x+tu)+(b-hi/3)(y+tv)+c+iy»0.  (15) 


This  equation  gives  rise  to  the  two  linear  equations  with  real 
coffidents  in  four  real  variables. 


ax-hby—au—/3v-hc^0 
ax+/8y-f  aM+60-f  y—0 


(16) 


Since  one  linear  equation  represents  a  linear  three-space  (in  Si 
or  in  £4)1  and  since  two  non-coinddent  linear  three-spaces  inter¬ 
sect  in  a  plane,  equations  (16)  represent  a  plane  both  in  Si  and 
in  Z4.  By  giving  all  possible  complex  values  to  A,  B  and  C  we  get 
a  four-parameter  family,  or  a  four-fold  infinitude,  of  planes. 
Since  there  is  a  six-fold  infinitude  of  planes  in  four-space,  we  are 
here  dealing  with  a  special  family.  This  spedal  family  is  the 
family  of  all  planes  having  a  "  determinate  complex  slope  *’  in 
the  sense  defined  in  Section  4  (the  first  of  Kwietniewsld’s  two 
four-parameter  familes  of  "  equal-angled  ”•  planes  —  see  Intro¬ 
duction).  The  complex  slope  of  plane  (16)  is 


tan^« 


a+ia 


This  result  may  be  obtained  by  applying  the  method  described 
in  Section  4  and  using  equations  (16)  or  may  be  deduced  di¬ 
rectly  from  equation  (15). 

Since  it  will  be  shown  later  that  any  surface  representing  a 
regular  function  (a  function  each  of  whose  branches  has  a  unique 
derivative  for  all  values  of  X)  has  all  its  tangent  planes  of  type 
(15),  planes  of  this  type  will  be  called  “  regular  planes.” 
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0.  Regukr  Planes  Completely  Perpendicular  to  each  otiier  in 
Si.  Given  any  regular  plane 

AX-\-BY-{-C  =  (a+ia){x+iu)+ib+ifi){y+iv)+ic+iy)^‘0  (17) 

in  ordinary  four-space  St,  then  any  plane  completely  perpendicular 
to  it  can  be  put  in  the  form 

BX-'AY-\-Cs  (6— *73)(x+ia)  — (a— »a)(y-l-t®)-f  (18) 

For,  consider  the  two  planes  through  the  origin  parallel  to  (17) 
and  (18),  respectively,  giving  the  two  pairs  of  equations  in  reals 


ajic+6y  — a«— /8t>  — 0 

(a) 

(19) 

ax-\-/3y-\-au+bv^0 

(b)' 

6*— ay+/8u— as— 0 

(a) 

(20) 

—^x+ay+bu—av^O 

ib)' 

Now  o:6:— a;— are  direction  components  of  a  line  per¬ 
pendicular  to  the  linear  three-space  (19a);  and  a:^:a:b  are 
direction  components  of  a  line  perpendicular  to  the  three-space 
(196).  Hence,  the  plane  determined  by  the  two  lines  through 
the  origin  having  direction  components  proportional  to  these, 
respectively,  and  which  we  shall  call  plane  Zi,  is  completely  per¬ 
pendicular  to  plane  (19).  Also,  b:—a:^:—a  are  direction  com¬ 
ponents  of  a  line  perpendicular  to  three-space  (20a) ;  and 
—^:a:b:—a  are  direction  components  of  a  line  perpendicular  to 
the  three-space  (206).  Hence,  likewise,  the  plane  determined  by 
the  two  lines  through  the  origin  having  direction  components 
proportional  to  these,  respectively,  which  we  shall  call  plane  Zt, 
is  completely  perpendicular  to  plane  (20). 

But  planes  Zi  and  Zt  are  completely  perpendicular  to  each 
other  at  the  origin,  since  the  two  lines  determining  Z|  are  both 
perpendicular  to  each  of  the  two  lines  determining  Z|,  as  may 
readily  be  seen  from  the  direction  components.  But  through  any 
point  of  a  plane  in  four-space  one,  and  only  one,  completely 
perpendicular  plane  can  be  constructed.  Hence  plane  Zi  is 
plane  (20)  and  plane  Zt  is  plane  (19).  Thus,  since  any  plane 
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parallel  to  a  plane  completely  perpendicular  to  a  given  plane  is 
completely  perpendicular  to  the  given  plane,  and  since  planes  (19) 
and  (20)  were  taken  parallel  to  planes  (17)  and  (18),  respectively, 
the  theorem  is  demonstrated. 


10.  “  Rigid  Motions  **  of  54  Leaving  All  Regular  Planes 
Regular.  In  the  following  pages  dealing  with  rotations  we  shall 
be  considering  rotations  in  ordinary  four-space  54,  and  are  thus 
concerned  primarily  with  the  Kwietniewsld-Kommerell  repre¬ 
sentation.  We  shall,  however,  use  the  term  “  regular  plane  ” 
for  a  plane  in  54  representing  an  equation  giving  a  line  (real  or 
imaginary)  in  plane  analytics,  instead  of  calling  it  an  “  equal¬ 
angled  ”  plane  of  the  first  type.  Also,  it  is  to  be  noted  that, 
while  the  transformations  to  be  considered  are  rotations  in  54, 
they  may  also  be  considered  as  transformations  (not  rotations, 
in  general)  in  £4  and  as  transformations  (not  rotations,  in 
general)  in  the  plane  of  complex  plane  analytics.  Moreover,  we 
shall  often  find  it  convenient  for  algebraic  ptirposes  to  represent 
these  rotations  of  54  as  transformations  on  the  complex  variables 
X  and  Y  (which  are,  of  coiuse,  the  corresponding  transformations 
of  plane  analytics);  and  we  shall  often  speak  of  the  plane  in  S* 
representing  V*  MX  as  the  plane  Y^MX. 

We  have  already  obtained  the  group  of  “  rigid  motions  ”  in 
24,  the  combined  group  of  translations  and  rotations  given  by 
equations  (4)  Section  5  and  (10)  Section  6.  It  is  of  interest, 
however,  to  ascertain  what  "  rigid  motions  ”  of  Sa  leave  all  regular 
planes  regular.  Since  parallel  translation  in  Sa  is  identical  with 
parallel  translation  in  £4,  we  need  only  consider  rotations  about 
the  origin  in  54. 

Any  regular  plane  may  be  put  either  in  the  form 


Y’^MX+B, 


y^mx—  nu-\-b 


(21) 


or  in  the  form 


X  — c 

X-C,  (22) 

u-y 

*  At  the  sacrifice  of  symmetry,  the  author  has  not  used  a  Greek  letter  for 
the  im^muy  part  of  M  in  the  fear  that  a  Greek  letter  here  would  lead  to 
confusion  in  the  following  equations  where  the  Greek  letters  used  in  the 
transformation  equations  occur  so  profusely. 
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Subjecting  x,  y,  u,  and  v  to  transformation  (5)  Section  6 
(rotation  about  the  origin),  collecting  terms,  and  solving  for 
y'  and  »'  in  terms  of  and  u\  equations  (21)  give 


[(^>'i-M4)»«*-|-(X4Pi-XiP4)n* 

+  (Xiir4- 

+  (*'4^1 — Pi7r4-|- — Xi/*4)n+ (fi^iTi — fiiTTi)  J  X ' 

+  [(X4P|-XiP4)m*-}-(X4Pj-X,P4)n* 

+  (X|ir4  —  ViTTi  — AMF|)m 

+ (ViiTt— P|7r4-|-  \tfii  —  \t(n)n  -f-  (funt— J  u' 

+  |^(^X4— 5P4)m  — (feX4-+-^P4)«+(f>'E’4~)8M4)]  I 

[(XiPk-X,Pi)m*-f (X,p,-Xjp,)n* 

+  (XjW  1 — Xi7rj4-  MjPj — i*iVi)tn 
+  (p,ir,  -  PjTT  1  -f  X,^  -  X,fi,)«  -I-  (jAiiTt  -  /nir,)  ]  * ' 
+  [(X|P*-X|P,)m*-f(XiPj-XjP,)n* 

+  (XiTTi  -  X,7r,-|- /i,p,  -  fi,p,)m 

-f-  (Pi'Jr*— Pj'n’i-f-  X]^ — Xt/i.s)n-|-  (/i.|7rj-  fitirt)  J  u ' 

4- ^(6pi— ^X*)m-l-(6X*-f  ^Pi)n4'(^#**— fyiTi)  J  | 


(23) 


where  D— 


(Xim-Pin-fij) 

(Pim4-X*n— tr,)  (P4m+X4n-ir4) 


If  the  rotation  is  to  leave  all  regular  planes  regular,  equa¬ 
tions  (23)  must  be,  for  all  values  of  m  and  n,  either  of  form  (21) 
or  of  form  (22).  Now  a  given  rotation  will  rotate  only  one  plane 
through  the  origin  into  the  K-plane  and  thus  will  rotate  only 
the  two-parameter  family  of  planes  parallel  to  that  plane  into 
planes  having  equations  of  the  form  (22).  Hence,  plane  (23) 


If^  ' ■* 
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can  be  of  form  (22)  for  only  one  pair  of  values  of  m  and  m  for  a 
given  rotation  (in  this  case  D^O)  and,  therefore,  if  plane  (23) 
is  regular  it  mtist  be  of  form  (21)  for  an  infinite  number  of  values 
of  m  and  n.  Treating  equations  (23)  in  the  light  of  these  facts, 
equating  corresponding  coefficients,  and  simplifying,  we  get  the 
eight  equations 


Xiir4  —  X4iri  —fiiVi  “XfiTi  —XiITi  —/hr* 

X4^i  —  Xi/»4  +V4iri  —ViiTt  ~X|^  ~X|fn  +v»iri  —Viirt 
"KiWt  —  X|ir4  -|-fi4V|  — fi»V4  "“XfiTi  — XiiTi  “Ml**! 

Xa/t4  —  X4/*i  “•V4W1  “Xifii  —  Xt^i+ViiTi  —ViiTi 

X4V1  -X,V4  -X,i^  -XiRi 


(24) 


X1V4  -X4V|  -XiV,  -\tVi 


The  equations  are  satisfied  by  the  two  sets  of  solutions  following 
as  may  be  verified  by  substitution. 


Type  A  solution: 

Xi—  —Vi, 

A**  “  ”  *■!. 

J'l-X,, 

ITi-flt 

X4--R*, 

I'l-Xi, 

W4-AM 

Type  B  solution: 

Xi-vi, 

v,-  -Xi, 

ITi-  — /ii 

X4-*'l. 

AM  — ■’Tj, 

*'4--X|, 

ir4—  —AM 

The  remaining  ^eight  variables  must  satisfy  the  conditions  for 
a  rotation  given  by  equations  (6)  Section  6.  In  each  case, 
type  A  and  type  B,  this  gives  rise  to  the  four  additional  eqtiations 


V+#4<*+V4*-|-ir4*-l  (*-1.2) 

XiXt+fiif^-b  Vii*i+iriiri  —  0 

Xi  —  Xf  Vi  +  fliWj  —  fljITi  —  0 


(27) 


Hence,  there  are  at  least  two  four-parameter  families  of  rotations 
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about  the  origin  in  S4  leaving  all  regular  planes  regular.  (The 
special  case  of  a  plane  parallel  to  the  V-plane  given  by  (22) 
is  readily  seen  to  be  left  regular  by  a  rotation  either  of  type  A 
or  of  type  B. 

Furthermore,  rotations  of  types  A  and  B  are  the  only  rotations 
about  the  origin  in  S4  which  leave  all  regular  planes  regular. 

This  may  be  shown  as  follows:  Any  rotation  about  the  origin 
leaving  all  regular  planes  regular  transforms  some  regular  plane 
through  the  origin  into  the  A” '-plane;  that  is,  some  regular  plane 
through  the  origin  becomes  the  plane  Suppose,  to  be 

specific,  some  rotation  R  makes  Y^MiX  become  V'  —  O; 
then  the  *'and  y'  axes  must  be  some  two  definite  perpendicular 
lines  lying  in  the  plane  Y  =  MiX  and  the  y'  and  v'  axes  must 
be  some  two  definite  perpendicular  lines  lying  in  the  plane  com¬ 
pletely  perpendicular  to  the  plane  Y  *  Mi  X.  Hence,  the  rota¬ 
tion  R  is  known  if  these  four  lines  are  known,  together  with  the 
positive  direction  of  each,  for  we  then  know  the  direction  cosines 
of  these  lines,  which  are  the  coefficients  in  the  rotation  equations. 
The  choice  of  the  positive  direction  on  each  of  the  new  axes  is 
not  entirely  arbitrary,  for,  if  we  choose  the  positive  direction  on 
three  of  the  new  axes,  the  positive  direction  on  the  fourth  axis 
is  then  determined.  This  will  be  clear  if  we  note  that,  similar 
to  the  three  dimensional  case,  the  rotation  may  be  accomplished 
by  bringing  the  positive  half  of  the  x-axis  into  coincidence  with 
the  X  '-axis  by  a  rotation  about  the  plane  completely  perpendicular 
to  the  plane  xO*',  then  by  bringing  the  positive  half  of  the  y-axis 
into  coincidence  with  the  piositive  half  of  the  y'-axis  by  a  rotation 
about  the  plane  completely  perpendicular  to  the  plane  determined 
by  the  y'-axis  and  the  position  of  the  y-axis  after  the  preceding 
rotation  (this  leaves  the  x-axis  in  coincidence  with  the  x'-axis), 
and  finally  by  bringing  the  positive  half  of  the  u-axis  into  coin- 
ddence  with  the  positive  half  of  the  «'-axis  by  a  rotation  about 
the  plane  completely  perpendicular  to  that  determined  by  the 
u'-axis  and  the  position  of  the  u-axis  after  the  preceding  rotation 
(this  leaves  the  x  and  y  axes  in  coincidence  with  the  x'  and  y'-axes, 
respectively).  The  t>-axis  will  then  coincide  with  the  r'-axis  and, 
if  is  a  rotation,  we  shall  be  obliged  to  call  that  half  of  the 
9 '-axis  positive  which  the  positive  half  of  the  9-a.xis  lies  upon. 
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On  the  other  hand,  given  the  plane 

y^mix—Hiu 

V'-A/iX, 

V’^HiX  +  ntiM 

we  can  perform  the  rotation,  which  is  of  type  A, 


(*" 

— 

m,y"- 

n,®"  ) 

1 

(w,x" 

+ 

- 

n,«"  ) 

1 

(n,y" 

+ 

«"  — 

m,c") 

1 

(«»x" 

+ 

»"  ) 

(28) 


(29) 


where  ife  — Vl-)-mi*+ni*.  Applying  this  transformation  to  equa¬ 
tions  (28)  we  get 

y"^0,  or  F"  =  0  (30) 

Hence,  it  is  possible  to  transform  any  regular  plane  through  the 
origin  into  the  new  AT-plane  (the  AT  "-plane  here)  by  a  rotation 
of  type  A  (it  may  be  shown  without  difficulty  that  the  plane 
Af  —  O,  which  is  not  of  form  (28),  can  be  made  the  Ar"-plane  by 
a  rotation  of  type  A). 

Consider  next  the  rotations  about  the  origin  which  leave  both 
the  AC  "-plane  and  the  V’ "-plane  invariant.  Any  such  rotation 
is  either  of  the  form 

x"«x'cosa  — M'sina,  y"  =  y'cos)8— r'sin^ 

«"»x'sina -ha'cosa,  — y'sin/8+t>'cos/8 

or  of  the  form 

x"«jc'cosa  —  w'sina,  y"  — y'cos/8— r'sin^ 

x'sina  — a'cosa,  r"**  —  y'sin^— t'cos^ 

•Writers  on  four-dimensional  geometry  seem  to  have  overlooked  rotations 
of  type  (32),  as  rotations  of  type  (31)  are  usually  given  as  the  most  general 
type  of  rotation  about  the  oingin  leaving  two  completely  perpendicular 
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Now  rotation  (29)  brings  the  *  and  «-axes  into  the  plane 
Y^M\X  and  the  y  and  v-axes  into  the  plane  completely  per¬ 
pendicular  to  the  plane  Y^M\X,  where  we  have  called  these 
axes  in  their  new  positions  the  x",  y",  and  ®"-axes,  respect- 

tively.  If,  as  assumed,  we  know  the  two  lines  in  the  plane  Y*=MiX 
and  the  two  lines  in  the  plane  completely  perpendicular  to  it 
which  were  chosen  as  the  x',  u\  y\  and  t>'-axes  for  rotation  R, 
we  can  now  rotate  the  x",  y"  and  ©"-axes  into  coincidence 
with  them,  positive  half  on  positive  half,  either  by  a  rotation 
of  type  (31)  or  by  a  rotation  of  type  (32).  Then  rotation  (29) 
followed  by  some  rotation  of  type  (31)  or  of  type  (32)  is  a  rotation 
in  which  the  new  axes  are  identical,  including  direction,  with 
those  of  rotation  R,  and,  hence,  is  rotation  R. 

But  rotations  of  type  (31)  are  of  type  A  and  rotations  of  type  (32) 
are  of  type  B.  Furthermore,  a  rotation  of  type  A  followed  by  a 
rotation  of  type  A  is  a  rotation  of  type  A;  type  B  followed  by 
type  B  is  of  type  A;  type  A  followed  by  type  B,  or  vice-versa, 
is  of  type  B.  Thus  our  theorem  is  established. 

Rotations  of  types  A  and  B  may  be  written  in  the  following 
complex  form,  exhibiting  the  meaning  of  the  transformation  in 
complex  plane  analytics  of  these  rotations  about  the  origin  in 
54  as  well  as  being  better  adapted  to  algebraic  use. 

A’-(Xi-i-tV0A:'  +(x,-i-»v,)  F'  I 
F-(mi+*Vi)A:' -!-(/*,+*>,)  F'  J 
x-(Xi+tV,)F-f(x,-htv,)‘F  I 
F-(Mi+*»rO^  +  (/*i+iir,)*F  J 

coordinate  planes  invariant.  That  equations  (32)  really  represent  a  rotation 
follows  from  the  fact  that  the  determinate  of  the  transformation  is  plus  one, 
one  point  is  left  fixed  (the  oririn),  and  distance  is  left  invariant,  these  con¬ 
ditions  being  the  most  all-embracing  the  author  has  succeeded  in  finding  in 
the  literature  concerning  four-space  rotations.  It  is  true,  however,  that  a 
real  distinction  may  be  made  between  these  two  types  of  rotations;  rotations 
of  type  (32)  cannot  be  generated  by  an  infinitesimal  transformation.  More¬ 
over,  rotations  of  type  (32)  do  not  form  a  group. 

On  the  other  hand,  the  group  of  rotations  of  type  (31)  do  not  permit  of  an 
arbitrary  choice  of  direction  on  three  of  the  new  axes,  which  we  nave  already 
seen  is  possible  in  four-dimensions.  The  group  of  rotations  made  up  of  rota¬ 
tions  of  types  (31)  and  (32),  however,  do  permit  of  such  arbitral  choice, 
justifying  the  statement  that  this  family  incliides  all  the  rotations  leaving  the 
^"-plane  and  the  }"'-plane  invariant. 


Type  A  (33) 

Type  B  (34) 
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where  X'  and  Y'  are  the  conjugates  of  X'  and  Y\  respectively, 
and  where  Xi,  X2. . ,  ’»’i.  satisfy  equations  (27). 

Transfonnation  (34)  when  applied  to  transforms  all  regular 
planes  into  planes  having  complex  slopes  the  conjugates  of  those 
they  would  be  given  by  transformation  (33).  A  rotation  in  S4 
of  type  A  will  be  called  a  “  direct  regular  rotation.”  Trans¬ 
formation  (34),  while  it  is  a  rotation  in  S4,  may  also  be  looked 
upon  as  rotation  (33)  followed  by  a  reflection  on  the  x'y '-plane 
and  will,  therefore,  be  called  a  "  conjugate  regular  rotation.” 

Equations  (34)  have  been  written  with  the  v’s  and  the  it’s  the 
negatives  of  those  written  in  equation  (5),  Section  6.  The 
family  of  rotations  (in  S4)  of  type  B  can  equally  well  be  written 
in  conformity  with  those  equations,  gi\'ing 


A’-(Xi-|-tVi)JV'  +(X,-f-tV,)  F' 
T-  (M,+*ir,)X'  +  (/*,+!>,)  F' 


(34') 


Rotation  (34 ')  is  equivalent  to  rotation  (33)  preceded  by  a  reflec¬ 
tion  on  the  jcy-plane;  in  £4  this  transformation  gives  any  regular 
plane  the  same  new  slope  that  transformation  (33)  gives  to  the 
plane  of  conjugate  slope. 


11.  Regular  Rotations  in  Si  Transforming  the  Plane  F •‘MiX 
into  the  Plane  F'<«0  and  the  Plane  F»0  into  the  Plane  F'  — 
—MiX\  Rotation  (29)  in  combination  with  rotations  (31)  and 
(32)  gives  all  regular  rotations  transforming  the  plane  Y^MiX 
into  F'»=0.  If  we  impose  the  restriction  that  the  plane  F*=0 
become  the  plane ^  Y' ^  —MiX\  we  get  two  interesting  sub¬ 
families  of  such  rotations. 

Consider  first  the  direct  regular  rotations-  given  by  (33). 
Imposing  the  condition  that  F  — MiA'  become  F'  — 0,  we  get 
the  two  equations 

fii*miXi-nii'i,  (35) 

Imposing  the  condition  that  F*0  become  F'»  —MiX\  we  get 
the  two  additional  equations 


FOUR-SPACE  REPRESENTATION  OP  COMPLEX  PLANE  ANALYTICS  21 

Wi*nifii-|-miiri“  (36) 


Equations  (35)  and  (36)  solved  simultaneously  with  equations  (27) 
Section  10,  give 


— niPi; 

Xs—  — miXi  — niPi; 

Xi 

TTi-niXi-l-miPi; 

P4»«iXi-WiPr, 

ITi-Pi 

(37) 

Xi 

1 

- 

Imposing  the  same  conditions  on  the 
regular  rotations  (34),  we  get 

family  of  conjugate 

mifii+ttiiTi 

wifii-niir. 

Xj»  — /*i 

—  Hfii+mWi 

nifii+ntiTTi 

M 

1 

(38) 

The  sub-family  of  rotations  of  type  A  satisfying  equations  (37) 
will  be  called  the  family  of  rotations  of  type  Ai  (the  rotation  given 
by  eqiiations  (29)  is  an  example);  the  sub-family  of  rotations  of 
type  B  satisfying  equations  (38)  will  be  called  the  family  of 
rotations  of  type  Each  of  these  two  families  has  a  very 

interesting  property.  Given  any  other  regular  plane  represented 


I*  It  may  be  interesting  to  note  that  equations  (35)  state  that  X|,  mi,  «i. 
and  vi  are  coordinates  of  a  point  lying  in  the  plane  Y^MxX  and  that 
equations  (36)  state  that  mi,  Mi,  •'t.  'i  are  also  the  coordinates  of  a  point 
lying  in  that  plane.  If  both  pairs  of  equations  hold  these  are  one  and  the 
same  point.  Other  relations  of  this  sort  may  be  obtained  from  equations  (37) 
and  equations  (38). 

The  term  "  family  ’’  is  used  here  in  view  of  the  fact  that  the  term 
"  group  ”  is  not  applicable;  a  rotation  of  type  A|  followed  by  a  rotation  of 
type  At.  does  not,  of  course,  give  a  rotation  transforming  the  plane  Y^MiX 
nto  the  plane  K"— 0. 


1 
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by  the  equation  Y’^MtX,  any  rotation  of  type  Ai  transforms 
it  into  a  plane  represented  by  the  equation 


Mi- Ml 


(39) 


while  any  rotation  of  type  Bi  transforms  it  into  a  plane  repre¬ 
sented  by  the  equation 


Mi{Mi-M_d 
Mi{\->rMiMi)  ' 


(40) 


where  Mi  and  Mt  are  the  conjugates  of  Mi  and  Mi,  respectively. 
Thus  the  family  of  type  A|  and  the  family  of  type  Bi  is  each  a 
family  of  regular  rotations,  aach  of  whose  members  transforms 
each  regular  plane  into  the  same  regular  plane  that  any  other 
rotation  of  the  family  does. 


12.  Other  Special  Families  of  Regular  Rotations.  By  choos¬ 
ing  two  interdependent  parameters  m/  and  w/,  satisfying  the 
eqiiation  «i*  and  substituting  them  in  equa¬ 

tions  (37)  for  nti  and  nj,  we  get  for  a  given  choice  of  mi 'and  n/ 
a  new  sub-family  of  rotations  which  we  shall  call  of  type  A/. 
Each  of  the  rotations  of  the  family  A/  makes  the  plane  Y’^MiX 
go  into  the  A' '-plane  as  before,  but  the  A-plane  no  longer  becomes 
the  plane  V"—— AfiA"'.  Moreover,  the  family  of  rotations  Ai' 
has  the  property  stated  at  the  close  of  Section  11.  A  similar  state¬ 
ment  may  be  made  for  the  family  of  rotations  Bi'  obtained  by 
the  same  substitution  in  equations  (38). 

By  varying  the  choices  of  m '  and  n '  we  get  an  infinite  number 
of  families  of  type»Ai'  and  an  infinite  number  of  families  of 
type  Bi ',  giving  all  the  regular  rotations  which  transform  Y^MiX 
into  V"»0.  Thus,  each  of  the  two  two-parameter  families  of 
regular  rotations  having  this  property  can  be  represented  as 
a  one-parameter  family  of  one-parameter  families.  Each  rotation 
of  one  of  these  sub-families  transforms  each  regular  plane  into 
the  same  plane  that  any  other  rotation  of  the  sub-family  does. 
In  each  of  these  families  of  families  there  is  a  special  sub-family 
having  the  further  property  that  each  rotation  of  the  sub-family 


FOUR-SPACE  REPRESENTATION  OF  COMPLEX  PLANE  ANALYTICS  23 


transforms  the  A'-plane  into  the  plane  represented  by  the  equa¬ 
tion  Y'**  —MiX';  namely,  the  sub-families  Ai  and  Bi.“ 


13.  Regular  Planes  Cutting  Planes  Parallel  to  the  Plane  of 
Reals  (and  Planes  Parallel  to  the  Plane  of  Imaginaries)  in  Straight 
Lines.  If,  and  only  if,  a  regular  plane  cuts  a  plane  parallel  to 
the  plane  of  reals  (parallel  to  the  plane  of  imaginaries)  in  a  straight 
line,  the  plane  represents  the  equation  of  a  line  having  a  real 
slope  in  plane  analytics  and  cuts  an  infinite  number  of  such 
planes  in  straight  lines. 

Consider  the  plane  in  St  representing  the  equation  AX+BY 
-|-C*0  and  a  plane  parallel  to  the  *>>-plane,  giving  the  two  pairs 
of  equations  in  real  variables  with  real  coefficients 

ax+by—au—^+C’^0 

^  (41) 

axA-^y-\-au+bv-\-y*0 


u*=r 

r—j 


(42) 


If,  and  only  if,  planes  (41)  and  (42)  intersect  in  a  straight  line, 
all  the  four-rowed  determinates  vanish  in  the  matrix 


a 

b 

—  a 

—c 

a 

/8 

a 

b 

-y 

0 

0 

1 

0 

r 

0 

0 

0 

1 

s 

This  gives  rise,  and  is  equivalent,  to  the  three  conditions 

0/8—06*0 

(06 -f  0/8)  r -f- (6* -H /8*)5  * /8c — 6y 

(a*-h  o*)r+ (a6-|- 0/8)5  *  oc — ay 

It  has,  of  course,  been  shown  by  writers  on  four-sp^  geometry  that 
ere  is  a  single  infinitude  of  rotations  about  the  origin  leaving  two  completely 
lerpendicular  codrdinate  planes  invariant  which  aim  leave  a  double  infinitude 
of  planes  through  the  origin  invariant.  The  foregoing  discussion  shows  that 
there  are  two  distinct  such  single  infinitudes  of  rotations.  The  problem  with 
which  we  have  been  concerned  becomes  the  problem  just  stated  if  we  choose 
Af ,  -0. 
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Solving  the  last  two  equations  of  (44)  simultaneously  for  r  and 
s,  we  find  that  we  have  a  single  infinitude  of  solutions  if  the  first 
eqtiation  of  (44)  holds,  since,  in  that  case,  all  the  two-rowed 
determinants  vanish  in  the  matrix 


(06-1-0/8) 

ib*+^) 

(/8c -6y) 

(a*-ha*) 

(06-1-0/8) 

(cur— 07) 

But  a^—ab^O  means  that  the  slope  of  the  line  (in  plane 
analytics) i4  y-fC*0  is  real.  A  similar  discussion  leads 
to  the  same  result  for  a  regular  plane  which  cuts  a  plane  parallel 
to  the  uv-plane  in  a  straight  line,  and  the  theorem  is  established. 

This  means  that  if  in  S4  a  regular  plane  represents  the  equation 
of  a  line  of  real  slope  in  plane  analytics  (a  plane  of  real  slope  in 
£4).  after  a  parallel  translation  in  St  so  that  the  plane  will  become 
Y'^ntX'  we  can  then  transform  it  into  the  plane  y’"»0  by 
a  rotation  of  the  form 

A'- A"cosa- K"sina;  F'- A"sina-|- V^cosa,  (46) 

where  a  =  tan“*w.  This  differs  from  the  general  case  in  that  the 
rotation  in  S4  given  in  complex  form  by  (46)  is  also  a  rotation  in 
£4  and  is  a  rotation  in  plane  analytics. 

14.  Complex  Angle  Between  Two  Regular  Planes  in  £4.  In 
Section  4  we  defined  the  complex  angle  between  two  planes 
making  a  “  determinate  complex  angle  ”  (two  regular  planes) 
with  the  A-plane  as  the  difference  of  these  two  complex  angles. 
We  may  arrive  at  this  definition  (or  show  its  geometric  significance) 
as  follows:  • 

Consider  the  two  regular  planes  through  the  origin  of  the  form 

(47) 


(48) 


y  =  M|A, 


F-A/,A, 


y^ntix—niu 

v^nix+ntiu 

y**m**— n2« 

V’^ntX-^-ntfU 


f 
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If,  in  accordance  with  the  definition  in  plane  analytics,  we  define 
any  plane  of  the  form 


as  a  plane  "  perpendicular  ”  to  plane  (47)  in  24,  the  tangent  of 
the  angle  between  planes  (47)  and  (48)  may  be  readily  found. 
Taking  any  point  Pi  (*i,  yi,  ui,  vi)  in  plane  (47),  we  may  then 
write  the  equation  of  the  plane  “  perpendicular  ”  to  it  at  Pi. 
Solving  for  the  point  of  intersection  of  this  plane  with  plane  (48) 
we  get  the  coordinates  of  Pj(*j,  y*,  ut,  Vt).  The  ratio  of  PiP* 
to  OPi,  where  we  use  the  definition  of  complex  distance  in  finding 
these  lengths,  is  independent  of  the  choice  of  Pi  in  plane  (47), 
giving  for  tan^u,  the  angle  between  planes  (47)  and  (48) 


tan^u 


M,-Mi 

l+MiM, 


(50) 


If  the  planes  (47)  and  (48)  be  interchanged  in  the  above  discussion 
we  get  tan^2i  equal  to  the  negative  of  tan^u. 

It  should  be  noted  that  (50)  does  not  give  a  result  whose  abso¬ 
lute  value  is  the  tangent  of  the  angle  between  the  two  planes 
as  measured  in  ordinary' four-space,  S4.  In  fact,  plane  (49)  is 
not  the  plane  in  St  completely  perpendicular  to  plane  (47).  From 
equations  (17)  and  (18),  Section  9,  we  know  that  in  S4  the  plane 
completely  perpendicular  to  plane  (47)  is  represented  by  an 
equation  of  the  form 

F--=Lx-|-P.  (51) 

Ml 

So  that  applying  the  method  outlined  above  we  would  have  for 
the  angle  0  between  the  two  planes  in  S4 


tan*^= 


(ntt-tni)*-\-(th-ni)* 

(1 -l-mimj-f  nini)*-H  (miM,  -  m,ni)* 


(52) 


This  is  the  square  of  the  absolute  value  of  the  slope  of  plane  (39) 
Section  11. 

If,  instead  of  employing  definition  (49)  for  the  equation  of  the 
plane  "  perpendicular  ”  ■  to  plane  (47)  in  £4,  we  had  employed 
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equation  (51)  from  Si,  we  should  have  had  a  very  curious  situa¬ 
tion.  In  that  case  we  should  have  obtained,  in  24, 


tunff  Mj  —  Mi 

Vl+A/i*  l+MiM,’ 


We  should  also  have  had,  however,  this  condition  arising.  Using 
definition  (1),  Section  3  (distance  in  24),  for  the  lengths  OPi 
and  PiPt  we  would  get 


and 


0Pi*=Xi*+ 


(l+MiMi)* 

(l+Mi*)(M,-A/.)«y, 

(1+M,M,)* 


where  we  have  used  the  x  and  u  coordinates  of  Pj  as  the  arbitrar>' 
parameters.  If  we  then  apply  the  Pythagorean  Theorem  to  the 
triangle  OPiPj,  in  accordance  with  the  principle  we  used  in 
evolving  our  definition  of  distance  in  24,  we  get 

OPt*  =  OPi^-\-KPi\ 

which  may  be  written  in  terms  of  Mi,  Mi,  and  Xt  from  above. 
But  if  we  find  the  value  of  OPt  directly  from  the  coordinates  of 
Pi  by  the  use  of  our  definition  of  complex  distance,  we  get 

OPi*  =  V’,* = (1 +M,*)  a:,* 

That  these  two  values  for  OPt*  are  not,  in  general,  the  same  may 
readily  be  seen.  Hence,  it  would  seem  that  we  would  introduce 
needless  confusion  by  attempting  to  define  perpendicularity  in 
24  as  the  same  as  ^rpendicularity  in  SiV  And  it  would  also 
seem  that  the  question  of  complex  angle  between  two  planes  and 
the  complex  distance  between  two  points  in  24  are  in  certain 
respects  very  closely  related. 

As  the  author  has  pointed  out  in  the  article  referred  to  in 
footnote  1,  the  problem  suggests  itself  of  seeking  to  formulate  a 
modified  extension  of  the  plane  analytic  geometry  of  real  variables 

“  Perpendicularity  ”  to  a  plane  in  Z4  in  case  the  plane  has  a  real  slo]>e 
the  same  as  complete  perpendicularity  in  54.  This  fact  is  of  particular 
ortance  in  the  work  of  the  next  section.  * 
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to  the  complex  case,  so  defining  complex  distance  and  angle  that 
when  translated  intc  terms  of  four-space  geometry  this  modified 
complex  plane  analytics  will  give  a  type  of  four-space  bearing 
a  simpler  relation  to  S*  than  is  the  case  with  £4-  The  author 
hopes  to  have  a  paper  on  this  subject  in  form  for  publication  in 
the  near  future. 

15.  Some  Applications  to  the  Theory  of  Functions  of  a  Complex 

Variable.  We  shall  retain  the  terminology  chosen  in  conformity 
with  the  usage  of  analytic  geometry,  employing  the  letters  X 
and  Y  instead  of  the  Z  and  W  of  function  theory.  We  shall 
ordinarily  consider  X  the  independent,  and  Y  the  dependent, 
variable.  Unless  specifically  stated  otherwise  we  shall  be  dealing 
throughout  with  four-space  £4.  Since,  in  the  cases  to  be  con¬ 
sidered,  “  perpendicularity  ”  in  £4  will  be  identical  with  complete 
perpendicularity  in  54,  we  shall  use  the  latter  term  to  emphasize 
this  fact  (see  footnote  13). 

Suppose  Y^F{X),  where  the  functional  relationship  is  such 
that  y*/i(x,  u)  and  c=“/»(x,  a)  exist  and  determine  a  two-dimen¬ 
sional  surface  in  the  four-space  £4  (the  existence  of  regular  planes 
in  the  four-space  is  evidence  that  such  functions  exist).  We  shall 
now  ascertain  the  geometric  conditions  under  which  the  surface 
represents  a  function  having  a  unique  derivative  at  a  point. 

Geometric  Significance  of  Derivability.  Given  a  value  of  X, 
call  it  determining  one  or  more  values  of  Y.  Call 

one  of  these  values  giving  some  point  Piix\,  yi,  ui, 

Ri)  of  the  surface,  and  suppose  Y»F{X)  continuous  at  this  point. 
Consider  a  neighboring  point  of  the  surface  Pi(xi-1-Ax,  yi+A>, 
Wi-I-  Vi-|-  At).  Construct  the  regular  plane  determined  by  these 
two  points  (two  points  determine  one,  and  only  one,  regular 
plane).  Now  let  point  P|  approach  P|  along  the  surface.  If, 
and  only  if,  the  limiting  position  of  this  plane  is  the  same  regardless 
of  the  path  on  the  surface  along  which  Pi  approaches  Pi  (an 
infinite  number  of  turns  about  Pi  e.xcepted),  the  surface  has  a 
determinate  complex  slope  at  the  point  Pi  (the  complex  slope  of 
the  limit  plane)  and  the  branch  of  F{X)  giving  the  value  Vi 
for  X^  X\  has  a  imique  derivative  at  X*  Xi. 

Stated  in  slightly  different  terms,  if,  and  only  if,  all  the  lines 
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tangent  to  the  surface  at  P\  have  the  same  complex  slope,  they 
all  lie  in  a  regular  plane  which  is  tangent  to  the  surface  at  Pi, 
and  the  given  branch  of  the  function  has  a  unique  derivative  at 
A'“  A'l,  which  is  equal  to  the  complex  slope  of  this  regular  plane. 

If  two  or  more  branches  of  the  surface  pass  through  the  point 
Pi,  and  if  F{X)  has  a  unique  derivative  at  A*  Ai  for  each  of 
the  branches,  there  will  be  two  or  more  (distinct  or  coincident) 
such  tangent  regular  planes,  the  number  of  such  planes  being 
equal  to  the  number  of  branches  passing  through  P\. 

TTie  equivalence  of  these  statements  to  the  Cauchy-Riemann 
equations  is  so  immediately  evident  that  the  formal  demonstra¬ 
tion  is  omitted.  In  fact,  these  statements  are  simply  the  translation 
into  geometric  language  of  the  conditions  as  ordinarily  expressed. 

The  Dijffereniial  of  a  Function  of  a  Complex  Variable.  Likewise, 
the  differential  of  P(A)  has  a  simple  geometric  significance. 
Suppose  Y"*FiX)  has  a  derivative  at  point  Pi.  Measure  any 
complex  distance  dX^^dx+idu  from  Pi  parallel  to  the  A-plane 
{dx  measured  parallel  to  ox  and  du  parallel  to  ou—dx  and  du 
being  independent  of  each  other).  Then  d  Y  ^dy+idv  is  the  com¬ 
plex  distance,  measured  completely  perpendicular  to  the  A-plane 
from  the  point  thus  reached  to  the  regular  plane  tangent  to  the 
surface  at  the  point  Pi.  A  V  =  Ay+iAv  is  the  distance  similarly 
measured  from  Pi  to  the  stirface  Y~F{X). 

The  Integral  of  a  Function  of  a  Complex  Variable.  fF{X)dX 
also  has  a  geometric*  interpretation  strikingly  similar  to  the  real 
function  interpretation.  Kommerell  has  given  an  admirable 
interpretation  in  terms  of  vector  products  (reference  given  in 
Section  1).  The  interpretation  which  follows  differs  from  Kom- 
merell’s  in  that  chords  are  used  instead  of  tangent  vectors;  also, 
the  author’s  "  copiplex  distance  ”  differs  from  Kommerell’s 
vector  lengths  in  the  general  case  and  permits  the  use  of  language 
bearing  a  closer  resemblance  to  that  used  in  the  real  function 
interpretation.  , 

Suppose  we  are  to  compute  feF{X)dX,  the  integration  to  be 


from  the  point  Ao  to  the  point  A  along  the  curve  C  in  the  A'-plane. 
Divide  the  curve  C  into  n  parts  in  the  usual  manner.  Through 
each  of  the  n  division  points  Ao,  A'l, . .  A^-i  take 
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the  plane  completely  perpendicular  to  the  ^-plane  and  obtain 
the  pKjint  of  intersection  of  each  plane  with  that  branch  of  the 
siu*face  representing  the  branch  of  Y^F(  X)  for  which  the  inte¬ 
gration  is  to  be  performed.  Call  these  points  So,  Si,  .  .  . 
S,^i.  Through  point  So  take  the  plane  p>arallel  to  the  X-plane, 
cutting  the  plane  through  X\,  completely  perpendicular  to  the 
X-plane  in  some  point  S/.  By  the  same  procedure  obtain  the 
points  S|',  ....  S,'.  Join  points  A’o  and  So,  So  and  S/,  Xo 
and  Xt,  and  Xi  and  S/  by  straight  lines.  We  thus  obtain  a  plane 
rectangle  A'oSoS/Xi  which  has  a  base  whose  complex  length  is 
(AX)o  and  whose  altitude  is  of  complex  length  Yo^FiXo). 
We  shall,  therefore,  define  the  “  complex  area  ”  of  this  rectangle 
to  be  F(Ao).(AA)o-  Similarly,  we  obtain  the  plane  rectangles 

AiSiSt'A, . A,^iS,^iS,'A,  (where  Xn~  X,  the 

upper  limit  of  the  integral)  having  the  complex  areas  F(A'i) 

. (A A)i, . .  F( A",^!). (A AJ„_i,  respectively.  The  integral 

in  question  may  thus  be  defined  as  the  limit  of  the  stun  of  the 
complex  areas  of  these  n  plane  rectangles  (not  all  co-planar,  in 
general)  as  n  becomes  infinite,  if  such  a  limit  exists,  for 

p  t-n-l 

'  F(A)dA-Hm  Vf(A<)'(AA),  (1) 

J  «  <-0 

«• 

* 

feF{X)dX  is,  therefore,  the  complex  area  swept  out  by  a  line 

segment  of  variable  length  perpendicular  to  the  A-plane  as  it 
moves  along  the  curve  C  from  Ao  to  Ai,  this  line  segment  ending 
in  the  point  of  the  surface  Y  =  F{X)  corresponding  to  the  point 
of  the  curve  C  on  which  the  foot  of  the  perpendicular  at  each 
instant  rests.  Thus  the  integral  is  the  complex  measure  of  the 
area  "under"  the  surface  V'*F(A)  which  has  the  portion  of 
the  curve  C  between  the  points  A©  and  A'  as  base. 

The  extension  of  the  above  interpretation  to  the  indefinite 
integral,  if  the  integration  is  independent  of  the  curve  C,  is 
obvious. 

The  Connection  vdih  the  Methods  of  the  Classic  Theory  of  Func¬ 
tions  of  a  Complex  Variable.  The  classic  method  of  studying 
Y^F(X')  as  a  mapping  of  the  A-plane  on  the  V-plane  can  be 
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viewed  as  a  special  way  of  discussing  the  stu^ace  representing 
Y ^F{X)  in  the  four-space.  Given  some  point  Xt  in  the  X-plane, 
we  may  take  the  plane  through  Xi  perpendicular  to  the  X-plane. 
This  plane  will,  in  general,  cut  the  surface  representing  Y^F{X) 
in  one  or  more  points.  Through  each  of  these  points  take  the  plane 
completely  perpendicular  to  the  F-plane.  Each  of  these  will 
cut  the  V-plane  in  a  single  point.  The  points  thus  obtained  are 
the  points  of  the  K-plane  corresponding  to  the  point  Xi  of  the 
X-plane.  The  region  (or  regions)  of  the  V-plane  corresponding 
to  a  region  of  the  A'-plane  can  be  obtained  in  a  similar  manner. 

As  has  been  f)ointed  out  by  Kommerell,  the  Riemann  surfaces 
of  the  classic  theory  of  functions  of  a  complex  variable  are  the 
projections  of  the  corresponding  surfaces  of  the  four-space  54 
on  the  X-plane.  Since  this  is  a  case  in  which  perpendicularity  is 
the  same  in  Z4  as  in  S4,  this  statement  holds  also  for  Z4. 

Rotations  Leaving  All  Regular  Surfaces  Regular.  Any  stu^ace 
representing  a  regular  function  will  be  called  a  regular  surface. 
If,  and  only  if,  a  rotafion  is  a  regular  rotation  (type  A  or  type  B) 
all  surfaces  representing  regular  functions  remain  surfaces  represent- 
regular  functions.  Since  all  regular  surfaces  have  all  their 
tangent  planes  regular  planes  the  theorem  follows  immediately. 


ON  HAMILTON’S  CANONICAL  EQUATIONS 
AND  INFINITESIMAL  CONTACT 
TRANSFORMATIONS 

By  Joseph  Lipka 

1.  Introduction.  The  ordinary  Lie  theory  of  homogeneous 
infinitesimal  contact  transformations,  under  which  a  certain 
linear  differential  expression  or  Pfaffian  remains  invariant,  has 
found  many  important  applications.  We  here  consider  a  case 
which,  in  one  sense,  is  a  restriction  on  the  ordinary  theory,  in 
that  we  demand  that,  in  addition  to  the  Pfaffian,  a  certain  integral 
function  be  conserved  under  an  arbitrary  variation  of  the  variables; 
on  the  other  hand,  this  case  is  an  extension  in  that  it  leads  to  a 
characteristic  function  of  the  transformation  which  is  more  general 
than  that  in  the  ordinary  theory. 

A  very  important  application  of  the  results  obtained  is  made 
to  the  problem  of  the  motion  of  a  particle  in  space  under  a  system 
of  conservative  forces.  If  the  field  of  force  is  given,  i.e.,  for  a  given 
constant  of  energy,  the  possible  paths  are  in  number, 

where  n  is  the  dimensionality  of  the  space  V,.  About  fifty  years 
ago,  Lipschitz^  announced  the  remarkable  theorem,  which  may 
be  stated  as  follows:  The  curves  of  a  system  of  dynamical 
trajectories  or  of  a  natural  family  of  curves  which  start  out 
normally  to  any  hypersurface,  V^-x,  from  a  normal  congruence, 
i.e.,  admit  oo'  normal  hypersurfaces.  This  theorem  was  a  general¬ 
ization  of  the  analogous  theorem  concerning  the  geodesics  of  a 
space,  stated  a  few  years  previously  by  Beltrami.*  In  a 
recent  paper,*  the  writer  proved  that  the  above  geometric  property 
was  characteristic  of  natural  families  of  curves,  i.e.:  If,  in  any 
space  Vn,  a  system  of  curves  is  such  that  the  oo"'*  curves 

of  the  system  which  meet  an  arbitrary  hypersurface,  V^-t,  orthog- 

1  UnUrsuchung  eitus  Problems  der  Variationsrecknung  in  welckem  das 
Problem  der  Mechanik  enlkalten  ist.  Crelle’s  Journal,  Vol.  74. 

s  Sulla  teorica  generate  dei  parametri  differenziali.  Memorie  dell’  Academia 
delle  Sciense  deW  Institulo  di  Bologna,  series  2a„VoI.  8,  p.  549. 

•  Some  geometric  investigations  on  the  general  problem  of  dynamics. 
Proc.  of  the  Am.  Acad,  of  Arts  and  Sciences,  Vol.  65,  No.  7. —  June  1920, 
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onally  always  form  a  normal  congruence,  the  system  forms  a  * 
natural  family.  The  proof  of  this  converse  theorem  is  long  and 
laborious. 

By  means  of  Hamilton’s  canonical  equations  and  the  theory  of 
infinitesimal  contact  transformations,  both  the  direct  and  converse 
theorems  stated  above  are  here  proved  in  a  very  brief  and  elegant 
manner.  This  method  of  attack  of  the  problem  has  recently  been 
pointed  out  to  the  writer  by  Professor  Levi-Civita,  to  whom  also 
is  due  the  matter  contained  in  Section  2. 


2.  Canonical  Equations  and  the  Pfaffian.  Let  us  consider  a 
set  of  2n  variables  xi,  Xt,  .  .  . ,  x„,  pu  pt,  .  .  . ,  p,  defined  as 
functions  of  a  parameter  t  by  the  system  of  differential  equations 


^  dji  ^ 

dt  ~  dpi’  di~‘~dxi 


..»)  (1) 


where  His  a.  function  of  the  2n  variables,  not  containing  t  explicitly, 
so  that 

//(x|p)» constant  “it  (2) 


is  an  integral  of  the  system  (1).  We  shall  consider  such  variations 
hpi  of  the  variables  as  conserve  equation  (2),  i.e.,  such  that* 

Sh-V— 8x,  +  y~8p<-o,  (20 

^dxi  ^Bpi 

but  which  are  otherwise  arbitrary. 

Let  us  study  the  linear  differential  expression  or  Pfaffian 

'  y  (3) 

i 

We  shall  distinguish  two  cases; 

(t)  H  is  homogenecms  of  degree  zero  in  p,  i.e.,  we  have  identically 


*  Throughout,  the  summations  are  to  extend  from  1  to  n  for  the  indicated 
subacripts. 
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Hence 


On  the  other  hand, 

and  since  dSxi^Sdxi,  we  may  write,  using  (1), 

by  (4)  this  becomes 

iypfix,.  -  yt^Sx.^  V— *ft-  -8 

<Uy  ^Bx,  ^Bf, 

and  ultimately  by  (201  we  have 


(4) 


(5) 


Hence,  we  conclude' that  the  Pfaffian  (3)  is  invariant  with  respect 
to  the  parameter  t. 

(ii)  H  is  not  homogeneous  of  degree  zero  in  p,  i.e.. 

We  transform  the  parameter  /  to  t  by 

j  dt  ,  1  ^  ^  /a\ 

dr^ — ,  where  — «  >  Pi — .  (6) 

W  W  4-  ^ 


Here,  W  is  a  ftmction  of  x  and  p,  and  by  means  of  the  solutions 
of  (1)  is  expressible  as  a  function  of  t.  By  means  of  the  trans¬ 
formation  (6),  (1)  becomes 
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As  above,  using  (1 '), 

1 2^^-  2.^'*-+  2^-1^*-) 
-»'2:-f«-+'"2^»(:-f)+»'^2% 

But,  from  (6), 


and  hence 
d 


±  XpM- -WtH. 

and  ultimately,  by  (20.  we  have 

|2'’‘*“'0 


dH 


(7) 


So  that  we  conclude  that  the  Pfajffian  (3)  is  invariant  with  respect 
to  the  parameter  t. 


3.  A  General  Infinitesimal  Contact  Transformation.  Consider  a 
field  of  2n  variables  xi,  xt,  ,  Xn,  Pu  Pt,  ....  Pn-  Lie* 

has  shown  that  the  most  general  infinitesimal  transformation 
corresponding  to  the  increments  dx,  dp  which  leaves  the  Pfaffian 

p,Sxi  invariant,  i.e.,  such  that  —  p,^Xi »  0,  has  the  form 


^ - jIH  . 

dr  dpi  dr  dxt 


•  Theorie  der  TransformatioHigruppen,  Vol.  2,  p.  262. 
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where  H(x\p)  must  be  homogeneous  of  the  first  degree  in  p. 
Lie  calls  this  transformation  a  homogeneous  infinitesimal  contact 
transformation,  and  H  the  characteristic  ftmction  of  the  trans¬ 
formation. 

Let  us  find  the  most  general  infinitesimal  transformation  in  the 
variables  x  and  p,  which  leaves  the  Pfaffian  invariant,  and  where 
an  integral  equation  H{x\p)^h  is  conserved  tmder  the  variation 
of  the  variables.  We  may  write  the  required  transformation  in 
the  form 

P-Ux\p).  (•■-1.2 . »).  (8) 

dr  dr 

and  we  are  to  find  the  functions  (  and  w  so  that  we  have  identically 

(9) 


and  so  that 


(20 


Now,  by  (8) 


hence, 
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Since  (10)  and  (20  must  hold  simultaneously  for  the  arbitrary 
variations  8x  and  8p,  we  must  have 


(*.  ;-l.  2 .  n); 


and  since  the  x’s  and  the  p’s  are  independent  variables,  this  may 
be  written 

- ^ - ^ 1.2 . »).  (II) 


If  we  designate  the  common  value  of  these  ratios  by  <f>(xlp), 
and  further  write 


(11)  becomes, 


’’'+r 

. «), 


and  our  transformation  (8)  takes  the  form 

I 

£  dxi  BG  H  ^Pi  /‘in  \ 

c<-— -- — 0— .’>■<- . ♦*)•  (13) 

dr  Bpi  Bpi  dr  Bxi  Bxi 

By  (12)  and  the  first  of  equations  (13),  we  have 


(14) 
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We  shall  now  distinguish  two  cases: 

(0  H  is  homogeneous  of  degree  zero  in  p,  i.9., 

2BH  - 


then,  from  (14) 


(16) 


(150 


or  is  homogeneous  of  degree  one  in  p.  We  may  easily  verify, 
as  in  Section  2,  that  the  transformation  (13)  together  with  the 
conditions  (15),  (150  and  (20.  and  with  <f>  arbitary,  render 


(it)  H  is  not  homogeneous  of  degree  zero  in  p,  i.e.. 


. 

then,  from  (14)  we  determine 

dG 

i 


NT'  ^  n 

>  Pi - G 


(16) 


We  may  easily  verify,  as  in  Section  2,  that  the  transformation  (13) 
together  with  the  conditions  (16)  and  (20.  and  with  H  and  G 
arbitrary,  render 

dr^ 


We  may  now  state: 

The  most  general  infinitesimal  transformation  in  2n  variables 
xi.  Xn,  pi,  pt . p,  which  leaves  the  Pfajffian  ^Pi^i 
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invariant  and  for  which  the  integral  relation  //(x|p)“fc  is  con¬ 
served,  has  the  form 


dxi  dG  jdH  dpi  dG ,  .dH 

— - 9r— .  T"”"":; — , 

dr  dpi  dpi  dr  dxt  dxi 


(*■-1.2 . n).  (13) 


where,  (i)  H  is  homogeneous  of  degree  zero  in  p,  G  is  homogeneous 
of  degree  one  in  p,  and  <f>  is  arbitrary,  or  (it)  H  and  G  are  arbitrary 
and  is  determined  by  (16). 

We  may  add  that  if  H{x\p)^h  is  to  be  an  integral  of  (13),  we 
must  have 


d  ^  ^  d  H  dxi_^  d  H  dpi 
dr  dxi  dr  i^dpi  dr 


^  'dxj  dpi 


dpi  dxj  ^  dpi  dpi  dXi ' 


or  iHG)^0,  where  (HG)  is  the  well-known  Poisson  symbol. 
Hence  H  and  G  must  be  in  involution. 


4.  Geometric  Interpretation.  Let  us  consider  xi.  xi,  .  .  . ,  x. 
as  the  coordinates  in  a  space  V„  whose  metric  is  determined  by 
the  choice  of  the  element  of  length  in  the  form 

d5*»  ^aadx<dx*,  (17) 

ik 

and  pi,  Pt,  .  .  . ,  p,  as  auxiliary  variables  in  such  a  space,  to  be 
defined  as  we  see  fit.  We  choose  arbitrarily  a  V^i  in  V*,  putting 

x}“’=xi®’(ui,  M,,  .  .  .,M,ei)  (t*l,  2 . n),  (18) 

and  we  determine  by  requiring 

(а) 

everywhere  on  and 

(б)  //(x<‘’>lp<->)-A. 


0  • 
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Conditions  (o)  and  (b)  are  sufficient  to  determine  since,  by 

(18), 


8m*, 


*Ii 

and  introducing  this  into  (a)  which  holds  everywhere  on  V^^i, 
i.e.,  for  arbitrary  values  of  Sm*.  we  get  (m  — 1)  linear  conditions 

Buk 


(A-1.2 . »-l) 


which  together  with  (b)  give  n  equations  sufficient  for  the  determi¬ 
nation  of  the  in  terms  of  the  m’s,  assuming  that  the  corre¬ 
sponding  Jacobian  does  not  vanish. 

Using  the  values  and  p^^\  thus  obtained,  for  initial  values, 
we  may  write  the  solution  of  equations  (1)  in  the  form 

=^<(/|mi,  u, . u^i)  (t  =  1,  2,  ....  n) 

Pi  -  /3i(t  p^°^)  -  p<(<  |mi,  M, . «,.i)  (t  =  1 ,  2,  . . . ,  n) 


(19) 


Equations  (19)  then  determine  a  system  of  oo*“*  curves  in  V,, 
one  such  curve  passing  through  each  point  of  our  arbitrarily 
chosen  Here  t  is  the  parameter  along  the  curves,  and  we 

have  shown  in  Section  2,  that 

according  as  H(xlp)  is  or  is  not  homogeneous  of  degree  zero  in  p. 
Hence,  since  *=0  initially  by  (o),  we  have  p,8ie<=»0 

i  i 

when  the  parameter  is  increased  by  dl  or  by  but  the  points 

thus  reached  on  our  system  of  oo"“‘  curves  determine  a  neighboring 

V^i,  so  that  ^  Pj8zj*0  everywhere  on  this  neighboring  V»_i. 

i 

By  continuing  this  process  we  shall  get  a  simple  system  o/oo‘ 
hyper-surfaces,  and  our  system  of  curves  are  such  that  on  each 

of  these  hypersurfaces  the  condition  p^i  *  0  is  satisfied.  We 


'JsiiLi. 
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may  proceed  in  an  entirely  similar  manner  with  eqtiations  (13) 
or  with  the  general  equations  (8). 

Let  us  consider  any  system  of  curves  in  V^-  Such  a 

system  may  always  be  represented  by  a  set  of  n  differential 
equations  of  the  second  order, 


(PXi 


“filxuxt . *"•  ^**  ^ . •  (»“  1*2 . «)  (20) 

'  as  as  as' 


where  the  parameter  s  is  the  arc  length  and  is  not  contained 
explicitly  in  the  functions  fi,  and  where  the  may  be  so  chosen 
that  equations  (20)  possess  the  quadratic  integral 


±!.l. 

a  ds  ds 


(200 


Let  us  now  change  our  parameter  to  t,  defined  by 
J-X(xi,  X,,  .  .  xj, 

where  X  is  an  arbitrary  function  of  the  codrdinates.  Equations 
(20)  and  (200  become 


(PXj 


Xt, 


•  • 


dxi  dxi 

dr  dr 


■  ^),(»-1.2 . n)  (21) 

dr  / 


^■2 


(210 


where  (210  is  a  quadratic  integral  of  (21). 

We  may  now  intr9duce  a  set  of  quantities  pi,  pt . Pn, 

which  are  arbitrary  functions  of  xi,  x»,  .  .  . ,  x«,  — , 

dr  dr  dr 

say. 

(i-l,  2,  .  .  .,  »)  (22) 

dx 

but  so  that  equations  (22)  are  solvable  for  the  n  derivatives 

QT 
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t.#.,  we  have 

(<-1.2 . »).  (23) 

dr 

Furthermore,  by  differentiation  of  (22),  —  is  a  function  of 

dr 

X,  — ,  and  by  means  of  (21)  and  (23),  —  can  be  expressed 

dr  dr*  dr 

as  a  function  of  x  and  p,  i.e., 

(.-1,2 . n).  (24) 

dr 

The  quadratic  integral  (21 0  becomes 

(25) 

ik 

Equations  (23),  (24)  and  (25)  are  equivalent  to  equations  (21) 
and  (210.  so  that  we  have  shown  that  any  system  of  curves 

in  Vn  tnoy  be  represented  by  2n  differential  equations  of  the  first 
order  (23),  (24),  together  with  the  quadratic  integral  (25). 


5.  The  Trajectories  of  Djmamics.  Direct  Problem.  (Consider 
in  Vn  a  conservative  field  of  force,  where  the  kinetic  energy, 
negative  potential  energy,  and  kinetic  potential  or  Lagrangian 
are  given  by 

U^Uixux, . xj.  L~T+U.  (26) 

^  at  dt 


respectively,  and  where  xi,  xt,  .  .  . ,  x,  determine  the  position  of 

dxi 

a  unit  particle  at  time  t.  Writmg  x<—  — ,  let  us  define  the  auxiliary 

dt 

variables  p  as  the  generalized  moments 


Pi' 


ik  il.v 

Bxi  Bxi  ^ 


(27) 


Representing,  as  usual,  by  the  coefficients  of  the  quadratic 

form  reciprocal  to  (17),  i.e.,  is  the  quotient  of  the  minor  of 
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a, A  in  the  determinant  lai^  I  and  the  value  a  of  the  determinant, 
we  have  the  relations 


0,if;>» 

1,  if  y-t 


Using  these  relations,  we  may  solve  (27)  for  Xi  and  get 

(28) 

k 

Introdudng  (27)  and  (28)  into  (26),  we  obtain 

U.  (29) 

i  U 

Finally,  introducing  the  total  energy  or  Hamiltonian,  H 

//(*lp)-r-U  =  L-  2f/=i^ V.F* -  U,  (30) 

ik 

the  trajectories  are  defined  by  the  canonical  system  of  equations* 


dt  dpi  ’  dt  Sxi 


(31) 


For  a  given  constant  of  energy  H{x\p)^h,  these  eqiiations  define 
a  totality  of  c»*^""‘^curves,  one  through  each  point  in  each  direction. 
By  the  Principle  of  Least  Action,  the  trajectories  are  such  that 
the  equation  of  energy  is  conserved  for  an  arbitrary  variation 
of  the  path. 

Now,  equations  (31)  have  the  same  form  as  equations  (1), 
so  that  we  may  apply  the  results  of  Section  4  and  state  that 
for  the  oo""*  dynamical  trajectories  which  meet  a  hypersurface 

so  that  there  exist  a  simple  system  of  oo^  hyper- 

i 

surfaces  which  are  met  by  these  trajectories  so  that  on  each  of 


these  the  condition 


0  is  satisfied.  But  the  p’s  are 


defined  by  (27),  so  that 

'y^  pjBxj^  Xk  8xj«0, 

ik  ik 


*  Cf .  E.  T.  Whittaker,  Analytical  E>ynamics,  2d  Edition,  p.  264. 
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is  evidently  the  condition  of  orthogonality  of  curve  and  hyper¬ 
surface;  hence  the  oo"“‘  trajectories  meet  oo*  hypersurfaces 
orthogonally.  Thus  we  have  shown  that: 

In  a  conservative  field  of  force  and  for  a  given  constant  of  energy, 
the  00 trajectories  which  meet  any  hyper  surface  orthogonally 
form  a  normal  congruence. 

Evidently,  from  (30),  H  is  not  homogeneous  of  degree  zero 
in  p,  and  hence,  to  pass  from  one  hypersurface  to  a  neighboring 
one,  we  must  proceed  along  the  curves  an  interval  given  by 

U)dl-2Tdi. 

or  an  interval  equal  to  the  action  corresponding  to  an  increase  in 
f  by  dl,  so  that  the  hypersurfaces  belonging  to  a  normal  congruence 
are  hypersurfaces  of  equal  action. 

The  trajectories  in  a  conservative  field  of  force  may  also  be 
defined  by  the  Principle  of  Least  Action, 

8/|;2rdI  -  =  hflvds  -  8)7  V  2(  t/+ A)  ds, 

where  v  is  the  velocity. 

A  natural  family  of  curves’  is  defined  by 

8/,/(^i,  Xi,  ,  ac,)d5  =  0 

and  may  therefore  be  considered  as  a  system  of  dynamical  trajec¬ 
tories  in  a  conservative  field  of  force,  the  force  fvmction  being 
given  by 

so  that  the  above  orthogonality  property  may  be  stated  for  any  natural 
family  of  curves. 

6.  The  Trajectories  of  Dynamics.  Converse  Problem.  Con¬ 
sider  in  Vn  a  system  of  curves,  one  through  each  point  in 

each  direction.  As  shown  in  the  latter  part  of  Section  4,  such  a 


T  Cf.  Note  3. 
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system  may  be  represented  by  the  2n  differential  equations  of  the 
first  order 

f  (i-1,2 . n)  (32) 

dr  dr 

f  together  with  the  quadratic  integral 

j  (33) 

'  »* 

Here,  the  p’s  may  be  chosen  as  convenient  functions  of  x  and 
I  (ix 

^  — ,  while  X  may  be  chosen  a  convenient  function  of  the  x’s.  Our 

I 

I  problem  is  to  find  the  forms  of  the  functions  ^  and  ir  so  that  the 

I  00*"*  curves  of  the  system  which  meet  any  hypersurface  orthog- 

I  onaUy  should  form  a  normal  congruence. 

I  Proceeding  as  in  the  first  part  of  Section  4,  we  choose  an 

]  arbitrary  hypersiuface,  V*_i, 

Xi^Xiirlui,  M*.  .  .  «,-i)  (*-l,  2 . n), 

and  we  choose  from  the  system  (32)  a  set  of  00*^*  curves  by  means 
of  the  condition  of  orthogonality. 


and  the  identity  (33).  If  this  set  of  oo""*  curves  is  to  meet  orthog¬ 
onally  the  neighboring  V^i,  we  must  have 


If,  now,  we  choose  the  p’s  so  that 

ft  -  (•- 1,  2 . «),  (36) 

the  conditions  (34)  and  (35)  are  equivalent  to  the  conditions 

(37) 
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If  we  further  write 

X»-2(  t/+A) 


(38) 


where  U  is  an  arbitrary  function  of  the  x’s,  and  h  is  a.  constant, 

dx 

then  by  means  of  the  solutions  of  (36)  for  — ,  vis., 

dr 

. «).  (39) 

we  may  write  the  integral  (33)  in  the  form 

(40) 

a 


Now,  we  have  shown  in  Section  3,  that  under  the  second  of  the 
conditions  (37)  and  the  conservation  of  (40),  equations  (32) 
necessarily  take  the  form 


dxf  BG  id H  dpi  BG  I  1 9 H 

dr  Bpi  Bpi  ’  dr  Bxi  Bxi 


where 


(*-1.2, 


i  ^Pi 

"V  3/f 


n),  (13) 


(16) 


Owing  to  otu*  choice  of  the  p’s,  equations  (13)  will  take  a  special 
form.  For  by  (40)  and  (39) 


B_H 

Bpi 

BH 


Bpi  V  dr 


(41) 


2  -  2^a'“ViP*-2(l/+/t)-X*. 


Comparing  the  first  of  equations  (13)  with  (41),  we  have 
BG  ,BH  \  BH  dG  ,  1\BH 


(42) 
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Substituting  in  (16)  and  using  (42),  we  get 


or  (7“  1. 


Hence,  from  (43) 


1 


X*’ 


With  these  values  of  G  and  <f>,  equations  (13)  become 

(,-12 

dr  X*  dpi  ’  dr  X*  dxi 
If  we  finally  change  the  parameter  t  to  /,  so  that 
dT»\*dt~2iU+h)dt, 


(44) 


equations  (44)  take  the  form 

— (t-1,2 . n),  (45) 

dt  dpi  dt  dxi 

which  we  recognize  as  Hamilton’s  canonical  equations  of  a  system 
of  dynamical  trajectories,  where  t  represents  time,  the  p's  are  the 
generalized  moments,  U  is  the  force  function,  and  H  is  the  total 
energy. 

We  have  thus  shown  that: 

If  a  system  curves  (one  passing  through  each  point  in 

each  direction)  in  a  space  F,  is  such  that  those  oo"~^  curves  of  the 
system  which  meet  an  arbitrary  hypersurface  orthogonally  always 
meet  a  neighboring  hypersurface  orthogonally,  these  curves  will 
form  a  normal  congruence,  and  the  entire  system  may  be  considered 
as  the  dynamical  trajectories  in  a  conservative  field  of  force  for  a 
given  constant  of  energy,  or,  in  other  words,  a  natural  family  of 
curves. 


Rome,  March  26,  1922. 


THE  POLYNOMIAL  DETERMINED  BY  2n+l  POINTS 
By  Gborgb  Rutledgb 


1.  Introduction.  Interpolation  formulas,  such  as  the  formulas' 
of  Lagrange,  Newton,  Stirling,  Gauss  and  Bessel,  applicable 
(not  necessarily  exclusively)  to  an  odd  number  of  evenly  spaced 
points, 

i-nh,  . i-h,  y_0,  (o,  y^,  (h,  yO . (nh,  yj.  (1) 

and  based  (except  in  the  case  of  the  formula  of  Lagrange)  on 

tabulated  differences  of  the  given  y’s  of  order  1,  2 . .  2n, 

are  all  equivalent  forms  (when  complete)  of  a  fundamental 
polynomial, 

....  d-Pa,^*-.  (2) 

whose  coefficients  are  uniquely  determined  by  the  given  points. 

The  coefficients  of  this  important  fxmdamental  polynomial 
are  not  to  be  found  in  the  literature  of  interpolation,  so  far  as 
the  writer  is  aware.  The  principal  object  of  this  paper  is  to 
determine  these  coefficients  and  show  their  direct  dependence  on 
the  binomial  coefficients  of  integral  order. 

Incidentally  the  polynomial  (2)  becomes  in  itself  a  valuable 
interpolation  formula.  The  given  y’s  enter  linearly  into  the 

expressions  (17)  for  Pi,  Pi, . Pa,,  thus  making  it  a  very 

simple  matter  to  write  down  this  polynomial  for  a  given  set  of 
points  (1),  provided  the  expressions  (17)  are  tabulated  for  the 
value  of  n  involved.  This  tabulation  is  made  ((31),  (32),  (33), 
(34)]  for  the  cases  of  most  practical  value,  namely,  for  three 
points,  for  five  points,  for  seven  points,  and  for  nine  points. 

1  See  Edinburg  Mathematical  Tracts  No.  2,  Interpolation  and  Numerical 
Integration,  by  David  Gibb,  G.  Bell  &  Sons,  London,  1915. 
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2.  The  Polynomial  with  Parameter  fi.  The  coefficients  of 
the  polynomial, 

. (3) 

are  determined  by  the  given  points  (1)  and  the  parameter  fi. 
For  a  particular  value  of  (16),  P'2,+1  vanishes  and  the  poly¬ 
nomial  (3)  reduces  to  the  polynomial  (2). 

The  coefficients,  P't,  P\ . P'a*.  P'2«+i.  of  (3)  must 

satisfy  a  system  of  2n  linear  equations  to  which  the  following 
systems  are  separately  eqtii valent. 

P',2(n%*)-|-  0  +  .  .  .  .  -|-P'2,2(n*";t*-) 

+  0  -y«+y-,-2yo 


P',2(2*A*)-|-  0 

*4-  .  .  . 

.  +P'2,2(2^“;»^ 

+  0 

~y»-\-y-»-2yo 

P'i2A»  +  0 

+  .  .  . 

.  +P'a,2A’" 

+  0 

”yi+y-i-2y* 

P'lfc*  -P'Jt* 

+  .  .  . 

.  +P'2,/t>" 

-y-x-yo+fiA 

P',2*fe*  -P',2*fc*-h  .  .  . 

.  +P'2,2^"A’- 
-P'2,+i2^"+‘A*"+* 

~y-*-yo’¥f*’2h 

P',n*fc*  -P',n*A*+  .  .  .  . -|-P'2,n*"A*" 


w 
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P',2(n*fc*)+  0  + 


+P'a,+i2(«*'+‘A’"+‘) 
+  0 


• 

• 

• 

• 

. 

• 

. 

. 

P',2(2*;i*)+  0 

+  .  . 

.  .  . 

+  0 

»yt-y^-2fi2k 

+  0 

+  .  . 

.  .  . 

+  0 

^yi-y-i-2fih 

P'jl* 

-P'Ji* 

+  .  . 

.  .  .  +P'».+, 

-P'lJf 

•yo-y-i-t*^ 

p'a*h* 

-P'^'h*  +  .  . 

•  •  .  +P'2,+i2*-+‘A^+* 

-P'a,2^fc^" 

•yo-y-i-p2h 

• 

• 

• 

• 

• 

. 

. 

• 

• 

PWh* 

-PWh*  +  .  . 

~y,-y-,-pnh 

(5) 


The  determinant 


D« 


1  2*  3*  ...  . 

.  n* 

1  2*  Z*  , 

.  n* 

1  2*  Z*  ...  . 

.  n* 

1  2^3*".  .  .  . 

•  • 

.  n»- 

=  n!3!5! 


.  .  2n-l!* 


(6) 


•  55ee  this  Journal,  Vol.  1,  p.  80.  We  may  also  write 
2!  4!  ...  .  2"^! 


P- 


2" 
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|T 


and  its  square, 

n!  — 

2!  3!  4! . 2n\,  (7) 


are  fundamental  to  the  solution  of  equations  (4)  and  (5). 

The  determinant  of  either  system,  (4)  or  (6),  may  be  written 


i 

1 

(8) 

i 

I 

which,  by  use  of  (7),becomes 

I 

A-(-l)>0*  2!  3!  4! . 

(9) 

! 

I 

■i 

Solution  of  equations  (4)  and  (5)  by  means  of  (9)  yields  the 
following  form  for  the  polynomial  (3), 

2!  4! ... . 

(10) 

where 

y-i 

(11) 

■i  -  - 

n 

Tj**  Z 
y-i 

(12) 

■1 

i4y  being  the  cofactor  of  the  element  in  the  »***  row  and 
umn  of  the  determinant  D,  and 

/***  col- 

1 

1 

1 

1 

1 

(13) 

It  should  now  be  noted  that  the  numbers 

^1.  . . .  *m 

(14) 

and  the  numbers 

U,  k.  U . t. 

(15) 

are  descriptive  of  certain  well-defined  geometric  properties  of  the 
given  set  of  points  (1).  If  the  points, 

y-d).  (+y*.  yj)> 
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are  joined  by  a  line-segment  Lj,  the  height  of  the  mid-point  of 
this  line-segment  differs  from  by  the  number  ej  and  the  slope 
of  this  line-segment  differs  from  fi  by  the  number  tj. 

Two  facts  are  then  of  principal  importance,  namely: 

The  2n  numbers  (14)  and  (15)  are  independent,  that  is,  the  y's 
in  (1)  may  be  varied  so  as  to  cause  any  specified  ones  of  these  num¬ 
bers  to  assume  specified  values,  the  others  remaining  fixed. 

The  coefficients  of  the  even  powers  of  (3)  depend  on  the  numbers 
(14)  [the  heights]  alone,  and  vanish  when  these  numbers  vanish; 
the  coefficients  of  the  odd  powers  depend  on  the  numbers  (15)  [the 
slopes]  alone  and  vanish  when  these  numbers  vanish. 


3.  Determination  of  fi.  If  in  formula  (10)  we  place  (making 
use  of  the  first  of  formulas  (21)  below) 


(16) 


where  ft/  is  the  slope  of  the  line-segment  L/,  the  polynomial  (3) 
reduces  to  degree  2n  (or  less). 

This  value  of  ft  is  independent  of  that  is,  the  polynomial  (2) 
determined  by  the  points  (1)  has  a  fixed  slope  at  the  origin  when 
its  height  at  the  origin  is  regarded  as  a  variable  parameter  (the  other 
2n  points  being  fixed). 

A  well-known  particular  case  of  the  theorem  stated  by  (16) 
is  the  fact  that  the  slope  of  a  parabolic  arc  determined  by  three 
points  equally  spaced  as  to  abscissa,  at  its  middle  point  (as  to 
abscissa),  is  equal  to  the  slope  of  the  chord  joining  its  extremities. 

The  fundamental  polynomial  (2)  may  now  be  written  (using 
the  case  n«>3  for  illustration); 
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+ 1”' 


2D^~ 


dlV,  +  +  ^yi-2  2  ^5^0  ) 

2D  2D  2D  i~i2D  /  h* 


.3^y_,-2^y^-  dliy. 
2I>  2£>  2D 


+3illV»  +2^y,  +  )- 

2D  2D  2D  fh* 


,  /  ,  a4tl  ,  ,  Atl 

+  1  +  — y-«+  —  y-*H — -y-i 
V  2D^  2D  2D 


Att  I  Att  ,  Ati  _  *  >4j<  \** 


+  (  _3d"yj-2^’,.-.-  — V-. 
V  2D  2D  2D 


.  «i4*i  I  I  •'^*1 

+3— y»  4-2 — yi  +  — Vi  I— 
2D  2D  2D  h* 


.  /  .  Alt  ,  An  ,  At\ 

+  —Vi  +  —y*  +  — yi-2  Z^yo  )— 

2D  2D  2D  i-i2D  h* 
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Formula  (17)  may  be  verified,  independently  of  the  theory  by  which 
it  has  been  derived,  by  direct  substitution  of  the  coordinates  of  the 
points  (1). 

The  detennination  of  the  cofactors  of  D  was  incidental  to 
a  former  paper  of  the  writer  on  an  allied  subject.*  In  the  notation 
of  that  paper, 


2D 

2D 

2D 


;* 

1 

1*  r* 

lU)  1 

;•  r's* 


(18) 


where 


U)  1 

and  where  Z  ~  repre^nts  the  sum  of  the  squared  reaprocals 

.  .  ^  I 

of  the  first  n  integers,  excepting  2^^  represents  the  sum  of 

the  products  of  these  squared  reciprocals  taken  two  at  a  time,  etc. 
By  use  of  (19)  in  (18)  we  have 


Ai.j  2nW^y 

2D  ”  (2n)!  Vn-yAy/  ’ 

^  2n 

2D  "  (2n)!  Vn-yAy/  ’ 

^  -  (ZI^V  2n  \(niy^  J_, 

2D  (2n)!  Vn-yAy/  ^  r*5* 


(20) 


•  Explicit  Determination  of  Cotes’  Coefficients  for  Polynomial  Area,  this 
Journal,  Vol.  1,  p.  78. 
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or,  by  combining  the  last  two  factors  in  each  of  the  expressions  (20), 


AjlL 

2D 

A»-ij 

2D 

2D 


(2«)! 

(2n)! 

(2n)! 


(21) 


U) 

where  Z  r*  represents  the  sum  of  the  squares  of  the  first  n  integers, 
W) 

excepting  j,  Z  f*5*  represents  the  sum  of  the  products  of  these 
squared  integers  taken  two  at  a  time,  etc. 


Thxis  we  see  that,  apart  from  the  factor 


(2n)l  ’ 


the  numbers 


2D 


are  positive  multiples  of  the  binomial 


coefficients 


A 

4.  Computations.  Matrices  having  ^  for  the  element  in  the 

row  and  /***  column  will  serve  to  illustrate  the  formulas  (21), 
thus: 


for  ««»1, 


for  n**2. 


1 


16 

-1 

4! 

4! 

-4 

1 

41 

41 

(22) 


(23) 
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for  n-3, 


for  n—4, 


540 

-54 

4 

61 

6! 

6! 

-195 

60 

-5 

6! 

6! 

6! 

15 

-6 

1 

6! 

6! 

6! 

32,256 

-4,032 

512 

-36 

8! 

81 

8! 

8! 

-13,664 

4,732 

-672 

49 

8! 

8! 

8! 

81 

1,624 

-728 

168 

-14 

8! 

8! 

8! 

81 

-56 

28 

-8 

1 

8!  • 

8! 

8! 

8! 

(24) 


(25) 


If  we  detennine  the  Cotes’  Coefficients  for  ntimerical  inte¬ 
gration  by  integration  of  formula  (17),  we  have 


K 


K 

i~i  2i+l  2D' 


(26) 


and  hence  the  published*  values  of  these  coefficients  serve  as  a 
valuable  check  on  our  computation  of  the  numbers  — thus: 


for  «“1, 


Kt.i 


11 

3  2!  "  6  ’ 


(27) 


*  Markoff,  Differenunrecknunt,  p.  61,  Leipzig,  1866;  also  Pascal,  Reper- 
torium,  and  other  handbooks. 
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for  n  —  2, 

K  2«  (-4)  _32 

3  4!  6  4!  *90’ 

K  -2*(-l).2^  1  _7. 

*•*  3  4!  5  4!  90’ 


for  n*3, 


540  3« 

(-195)  ,  3*  15 

-  27 

3 

6!  5 

6! 

7  6! 

*840’ 

60 

.  3‘  (-6) 

_216 

3 

6!  5 

6! 

7  6! 

“840’ 

jL+H 

(-6) 

-L 

. 

•*  3 

6!  5 

6! 

7  6! 

*840’ 

r  n»4. 

Kai^  — 

32,256  , 

13,664)  4* 

1,624 

8! 

5 

8!  "^7 

8! 

1  ^  V 

+■9  ^ 


10,496 

28,350’ 


/^M-3 


4* 


4*  (-4,032)  .  4«  4,732  .4*(-728).4»  28 


8! 

-928 

'28,350 


7  8! 


9  8! 


4^  (-672)  168  4*  (-8) 

^5  8!  7  8!  9  8! 


4*  (-36) 


5,888 

*28,350 

49 

8! 

989 

*28,350 


^  (-14)  4»  1 

"^7  8!  "^9  8! 


i 
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A 

The  numbers  — tabulated  in  (22),  (23),  (24),  (25),  may  now 
2  D 

be  substituted  in  formula  (17)  to  yield  the  interpolation  polynomials 
in  which  we  are  primarily  interested,  thus: 


Thre€  Points  («“1). 


-y-r+y,)l 

y-.+yi-Zy,)^; 

(31) 

Five  Points  (n-2). 

2y^-  16y_i+  16yi-2yiJ^ 

-  y-i+lGy-i-f  16yi-  yi-30yo)^ 

(32) 

\x* 

-2y_,+  4y_i-  4yi+2y»)— 

y_i-  4y.i-  4yi-f  >^  +  6yol-; 

'h* 
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Seven  Points  (e^S). 

y  -  >0+4'.  (  “  12y_,+  108y-i  -  MOy.i 

6! ' 

+  12y,  -108y»+540y,)^ 

+-^(  4y_|-  54y^+540y.i 

6! ' 

4-  iyt  -  54>»  +540^1 -980yo)^ 

+— (  15y-*-120y^+195y-i 

6!' 

-15y,  +120y,  -195y,)^‘ 

^  +-^(-  5y_i4-  60>'-i-195>'-j 

-  5y,  +  60y,  -195>-»  +280yo)^ 

fh* 

+— (-  3y.*+  15y.i 

6!^ 

+  Sy,  -  12yr-h  16y,)^ 

+— (  y-t  -  6y_i-l-  I5y-i 

6! ' 

f  yt  -  6>»»  +  16yi  -20y^^^ ; 


(33) 
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Nitu  Points  (n—4). 

y-y„-\-—(  144y.«-  1536y-,+8.064>r_.-32,256y-i 
8! ' 

-144^4  +1536>',  -8,064>^  +32.256y,)- 

fh 

+— (-  36>-4+  512y.,-4,032y_,-|-32,256y., 

8! ' 

-  36>'4  +  512y,  -4,032y,  +32,256y,  -ST^OOy*) — 

+ — (  -  196y.4+ 2016y.i  -  9,464>-,+ 13,664y_, 

+  196>'4  -2016y,  +9.464>^  -13,664)^,  )  — 

!  h* 


81 


8! 


8! 


81 


49>’-4- 

672y.,+4,732>-^- 

IZ.my.i 

+ 

49^4  - 

672>'i  4-4,732>^  — 

13.664y,+19,110>-, 

)- 

fh* 

i( 

56j'_4-_ 

504>'_i+l 

[,456>'_i— 

l,624y., 

- 

56^4  +|504>'i  —  l,456>»j  + 

1, 624^1  j 

\- 

h* 

(34) 

14>--4+ 

168>'-i- 

728>--,+ 

l,624y-i 

- 

14^4  + 

168>',  - 

728>^  + 

l,624yi- 

-2,100yo) 

X* 

(- 

4y_4+ 

24y-i- 

56y-,+ 

56y-i 

+ 

4^4  — 

24y, + 

56>»i  - 

66>'i 

)- 

h' 

( 

y.*  - 

8y_i+ 

2Sy.i- 

66y.i 

[ 

+ 

y*  - 

»yi+ 

2Sy,l- 

56y,+  70yo' 

i 
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5.  An  Application.  Let  us  approximate  the  function, 


/(*)“-— -l-**+af*-«*+**- . 

1+x* 


on  the  interval  to **  +  by  a  sequence  of  polyno¬ 

mials  agreeing  with  the  given  function  at  three,  five,  seven  and 
nine  equally  spaced  points  on  the  given  interval. 

Applying  (31),  (32),  (33),  (34),  we  obtain: 
rJ2i/  X  4— 3x* 


52-51x*+36x« 

62 

3472  -  3468x*-|-3321x«-2187x* 
3,472 


p,8i,  X _ 48,412-48, 409r«-H48.204x«-44,928x*-t-27,648x» 

~  48,412  ^  ^ 

The  order  of  approximation  which  (39)  is  to  (35)  may  be  judged 
from  the  table  of  corresponding  values  of  the  two  functions  which 
is  given  below.  The  values  ±.l,  ±.2,  ±  3,  ±.4,  :fc.6,  are 
fairly  well  separated  from  the  values 


jt-0  :i=l  =1=3  ±1 

**  ’  WT'  2>/T’  WT  vT’ 


I 
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at  which  the  functions  have  identical  values  by  hypothesis.  The 
nearest  decimal  in  the  sixth  place  is  retained. 


1 

1+** 

*-±.1 

.990099 

.990099 

*-±.2 

.961538 

-.961538 

(40) 

*-±.3 

.917431 

.917432 

*-±.4 

.862069 

.862073 

*-±.5 

.800000 

.799978 

»  TT  -3.141593,  (41) 


-  -3.141579.  (42) 

22,874,670 

It  seems  to  the  writer  worth  while  to  state  the  comparison  (40)  in 
terms  of  physical  graphs.  If  we  assume  that  the  greatest  difference 

between  — —  and  P**'(x)  on  the  given  interval  is  about  .00002 

(a  degree  of  separation  which  appears  to  be  attained  only  near 
the  ends  of  the  interval),  and  we  draw  the  graphs  of  the  two 

functions  to  such  scale  that  this  difference  will  appear  as  —  inch 

(not  allowing  for  the  thickness  of  the  two  graphs),  then  the 


Moreover  we  have 
1 


1. 

J-h  *+*■ 


P‘*'(x)  dx 
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necessary  scale  will  be  about  eighty  feet  equal  to  unity.  That  is, 
in  order  that  finely  drawn  graphs  of  these  two  functions  shall  be 
distinguishable  anywhere  on  the  given  interval,  one  from  the 
other,  this  enormous  scale  is  required,  and  even  with  this  scale 
the  graphs  coincide  (physically)  over  at  least  eighty  percent  of 
the  given  interval. 

This  simple  illustration  is  mentioned  for  the  purpose  of  adding 
force  to  the  truism  that  the  analytic  character  of  a  fimction  is 
not  discernible  from  its  physical  graph  (or  from  its  tabulated 
values).  In  other  words,  an  equation  derived  solely  (that  is,  with¬ 
out  support  of  theory  for  its  form)  from  a  physical  graph  or  from 
tabulated  values,  a  so-called  "empirical  equation”,  cannot  be  used 
legitimately  in  any  way  which  makes  essential  use  of  its  analytic 
form, 

6.  Safeguards  Used  to  Insure  Accuracy  of  Computation. 

Since  the  value  of  the  computed  numbers  (22),  (23),  (24),  (25) 
and  of  the  formulas  (31),  (32),  (33),  (34),  based  on  them,  is  wholly 
dependent  upon  guarantees  as  to  accuracy  in  their  computation, 
it  should  be  stated  that  three  independent  checks  of  these  numbers 
and  formulas  exist  in  the  foregoing. 

First.  The  polynomials  (36),  (37),  (38),  (39),  derived  from 
(31),  (32),  (33),  (34),  may  be  directly  verified  by  substitution  of 
the  coordinates  of  the  points  determining  them. 

Second.  The  polynomials  (36),  (37),  (38),  (39),  when  inte¬ 
grated  dir^ly  and  also  by  means  of  the  published  values  of  the 
Cotes’  Coefficients  yield  identical  results,  thus  checking  these 
polynomials  a  second  time  and  incidentally  verifying  the  pub¬ 
lished  values  of  the  Cotes’  Coefficients. 

Third.  Eqtiations  (27),  (28),  (29),  (30)  yield  the  published 
values  of  the  Cotes’  Coefficients,  thus  checking  (22),  (23),  (24), 
(25)  independently  of  (31),  (32),  (33),  (34). 


CONFORMAL  TRANSFORMATIONS  OF  LINEAR 
HOMOGENEOUS  DIFFERENCE  EQUATIONS 
AND  THEIR  INVARIANTS 

By  S.  D.  Zbldin 

1.  It  is  the  object  of  this  paper  to  find  the  most  general  con¬ 
formal  transformation  which  leaves  invariant  the  general  linear 
homogeneous  difference  eqviation  of  degree  n,  and  to  determine 
the  fimctions  of  the  coefficients  which  form  independent  absolute 
invariants. 

The  method  used  here  has  been  suggested  in  part  by  a  paper  of 
Dr.  C.  B.  Hennel  published  in  the  American  Journal  of  Maihe- 
matics,  Vol.  35,  1913,  p.  431,  where  point  transformations  of 
linear  difference  equations  are  discussed  and  very  interesting 
invariants  are  determined. 

2.  Preliminaries  and  Definitions.  We  consider  the  linear 
homogeneous  difference  equation 

(/) 

where  the  p’s  are  arbitrary  functions  of  v  and  where  repre¬ 
sents  the  value  of  u  when  v  is  replaced  by  c-f-*  (»“0,  1,  .  .  . ,  n). 
Equation  (/)  is  said  to  be  in  normal  form  when  either 

/\,(p)-p,(»)-l 

or 

The  variables  »  and  u  will  here  be  regarded  as  the  circular 
codrdinates  of  a  point  in  two  dimensional  space,  so  that  if  x 
and  y  are  the  rectangular  codrdinates  of  that  point,  we  have 

u^x+iy,  v^x—iy. 

The  general  finite  conformal  transformations  of  the  infinite 
group  are  then,  as  is  known,^ 

>L.  I.  Hewes,  Annals  of  Mathematics,  VoL  11,  1900,  p.  fiO; 

C.  L.  Bouton,  Bull.  Am.  Math.  Soc.,  VoL  11,  p.  300. 
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where  and  i/f  are  arbitrary  functions  of  the  new  variables 
(  and  rf(. 

Equation  (/)  is  said  to  be  invariant  under  a  transformation  if 
the  linearity,  homogeneity,  degree,  and  character  of  being  a 
difference  equation  with  argxunent  difference  unity,  are  tmchanged 
by  that  transformation. 

An  absolute  invariant  is  any  function  of  the  p’s  and  their  differ¬ 
ences  which  is  equal  to  the  same  function  formed  by  the  coeffi¬ 
cients  of  the  transformed  equation. 

3.  Restrictions  for  and  \ff.  To  find  the  conditions  which 
<!>{€)  and  must  satisfy  in  order  to  leave  equation  (/)  invari¬ 
ant,  we  shall  consider  for  simplicity  the  linear  difference  equation 
of  degree  one. 

(1) 

Applying  to  this  equation  the  transformation 
we  get 

-  0, 

where  denotes  what  f  becomes  when  v  is  replaced  by  c+l. 

If  equation  (1)  is  to  remain  linear  under  the  transformation, 
must  clearly  be  linear  in  r/f,  i.e., 

-ci’lf +ci. 

where  Ci  and  c*  are  arbitrary  constants.  Equation  (1)  therefore 
becomes 

and  since  po  and  pi  are  arbitrary,  ct  has  to  be  zero  in  order  to  leave 
the  equation  homogeneous.  Finally,  in  order  that  the  transformed 
equation  shall  be  a  difference  equation  of  degree  one,  one  of  the 
two  equations 

must  hold,  i.e.,  as  s  is  changed  into  v+1,  i  changes  into  either 
or  (^-1. 
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It  can  be  shown,  exactly  in  the  same  way  as  Dr.  Hennel  shows,' 
that  must  satisfy  one  of  the  two  equations 

It  is  also  evident  that  and  ^(i7|)  will  have  to  satisfy  the 
same  conditions  for  a  difference  equation  of  a  degree  higher  than 
one.  For  the  conditions  for  invariancy  of  an  equation  are  the 
same  for  any  value  of  n  (the  degree). 

We  can  therefore  state  the  following  theorem:  The  most  general 
conformal  transformation  that  leaves  invariant  every  linear  homo¬ 
geneous  difference  equation  of  the  form 

is 

where  satisfies  one  of  the  two  equations 
and  c  is  an  arbitrary  constant. 

4.  The  Absolute  Invariants.  Let  us  transform  the  difference 
equation 

A)(»)«»+»+Pi(»)«.+»-i+  •  •  •  +P»(f)Nf-0 
by  the  transformation 

After  dividing  by  c  it  will  take  the  form 

(77)  po[M\nt+n+Pi[<f>i^ht+-i+  •  •  •  +P-il<^(fth#-»-i 


-1 


if 
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is  obtained  by  replacing  f  by  f+n— 3  in  the  identity 
and  dividing  by  it  the  identity 

Now,  in  order  to  normalize  the  transformed  difference  equation 
{11)  we  shall  impose  on  <f>{$)  the  condition  that  it  satisfy  equation 

or,  what  is  the  same 

This  is  possible,  for  the  last  equation  is  a  linear  difference  equa¬ 
tion  of  degree  one  and  can  therefore  be  solved.* 

From  the  last  equation  we  get 

<^(f)  pVi(6 

Replacing  i  by  f -|- 1  in  equation  (2)  and  multiplying  the  resulting 
equation  by  (2),  we  get 

^(6  (>Vi(6.?Vitf+i)'  ‘ 

Replacing  in  this  last  equation  ^  by  ^-1- 1  and  multiplying  the 
resulting  equation  by  (3),  we  get 

<^(^+3)  _  p\{() .  p'J^+ 1) .  pA^+2) 

Proceeding  in  the  same  way  as  above  we  get  in  general 

p\{p.p\{^+l)  ■  ■  .  p\{^+k-D  . 

“pVi(l).pVi(f+i)  .  .  .  pVi(f+*-i) 


(*-l.  2 . «). 

*  G.  Boole:  Cakulus  of  Finite  Differences,  p.  161. 


(5) 
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Let  US  now  substitute  in  equation 


for  the  p’s  their  equivalents  in  terms  of  the  p''s,  and  we  shall  get 


^i^+n).p'o{C).'nt+n+  ■  ■  .  +<t>((+l)p'n-ii€)rit+i 

+  <f>iC}-P'nit)Vt~^- 

Dividing  this  equation  by  <f>{$) .  p'nii)  and  making  use  of  equations 
(o),  (6)  and  (5),  we  obtain 


Pii[<^(^+1)]  •  •  •  — 1)] 

pu<f>i^] . . .  Pn-im+n-Dr^^''^ 


Vt*2-\-Vi+i+Vt~0, 


or 

^o[<t>{()]Vt-*-n+'iri[<t>i^]Vt+n-i+  .  .  .  +’»-^a[<^(f)hf+a 

+Vt+i+Vt^O, 


where 


Pw[<^(f4-1)]  . 

pn-l[<f>{^]  •  . 


(*-0.  1.  .  . 


»  Pn[<f>i^+n-k-l)], 
P»-i[<f>{i+n-k-l)] 

,  n-2). 


We  shall  now  prove  that  the  it’s  are  absolute  invariants. 
Transforming  the  origiral  equation 

/H»(’rK+»4-  .  .  .  +p«(t»)«,  =  0 
by  the  transformation 

we  get,  after  dividing  by  the  constant  c', 

M<^'(^0hV+-+  •  •  •  +P»[<^'(^0hV“O. 


(6) 
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Let  xis  apply  to  the  last  equation  the  transformation 

and  impose  on  the  restrictions  that  it  should  satisfy  the 

equations 

p.  { nr'  (f")i }  -(>►.  {nr '((")] }  ■ 
nr'(r')]-rf)- 


The  first  equation  is  to  be  satisfied  in  order  to  bring  the  difference 
equation  to  the  normal  form,  and  the  second  equation  is  to  be 
satisfied  in  order  that  the  combination  of  the  transformations  (6) 
and  (7)  should  change  v  exactly  as  the  single  transformation 


u,~crff 

does. 

Now  by  transformation  (7)  our  difference  equation  takes  the 
form 


p>{nr'((")])r'r-^.+  ■  •  •  +p.{nr'((")i}  r'r-o, 

and  if  instead  of  pt{^'{<fi "((")]{  we  write  p''k[*t>"(€")] 

for  ik«0,  1,  2 . n,  which  is  legitimate,  we  shall  obtain,  by 

reasoning  in  the  same  way  as  above,  the  equation 

w".[<^"(f'0h'Vr.+  ■  •  •  +w’Vs(<A"(f")h",~.r 


where  ir".[i^''(f")]- 


P"ir'i(")] 


P".lr'(("+l)]  ■  ■  ■ 


(t-0,  1.  .  .  .  n-2). 

Since  the  rr"’s  are  the  same  functions  of  the  p"‘s  as  the  w's 
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are  of  the  p's,  and  since  the  transformed  difference  equation  is 
identical  with  the  equation 

.  .  .  +’r*-a[<^(^h#+2+i7t  +  i+’7|-0. 


except  for  a  constant  factor,  it  follows  that  the  function 


P»-i[<f>i^]  .  .  .  Pi^i[<f>(.^+n-k-l)] 


(*-0.  1 . n-2). 


are  independent  absolute  invariants. 

It  is  to  be  observed  that  we  may  obtain  a  similar  set  of  abso¬ 
lute  invariants  by  considering  the  coefficients  poiv)  and  pi(v)  in 
the  same  way  as  p»-i(v)  and  />,(»)  were  considered,  and  the 
invariants  will  have  the  forms  similar  to  those  obtained  above, 
except  that  the  subscripts  n  and  n— 1  will  have  to  be  replaced 
by  0  and  1  respectively. 

Let  us  now  suppose  that  p,(v)  (n>r>0)  is  the  first  non-zero 
coefficient  preceding  p,(t))  (which  is  assumed  to  be  different  from 
zero)  in  the  original  difference  equation.  We  then  express  the 
in  the  transfcnmed  equation  as  follows: 

Pt[M]  *  +5  + 1) .  P',i(). 

P»-i[<f>i^]  -  <t>ii+s+2) .  p's-iii), 


P,[<t>{()]^<t>(^+n-2).p\i$). 

Pi[<f>i^]  *  1)  • 

o(f). 

We  shall  choose  <^(f)  in  such  a  way  that 
Pn[<f»i^]^P.[<f>{C)], 
whence,  by  virtue  of  the  above  identities, 

'M+s+n  f',(e> 

<Kf+s)  ~  f'/f)  ■ 


CONTORMAL  TRANSFORMATIONS  OP  DIFFERENCE  EQUATIONS  71 


Replacing  f  by  f-Hl  in  eqiiation  (8)  and  mulitiplying  the  result¬ 
ing  equation  by  it,  we  get 

and  replacing  in  this  last  equation  ^  by  1  and  multiplying  the 
resulting  equation  by  (8),  we  get 

<ki^+s)  p'.ii)p\ie+l)p'.i€+2)  • 

or,  in  general, 

<f>i(-^s+k)  _p\{i)  .  .  .  p\{^+k-l), 

<f>ii+s)  .  .  .  p\{$+k-l) 

(ib  —  0,  1,  .  .  .  ,  n—s). 

We  also  have 

Pn[<t>{(+k)]  _  4>i^+S+k).p\{^+k) 

p,[<i>{^+k  - 1)] "  ^i^+s+k).p',i^-\-k-i) 

P'ni^+k) 

Therefore  the  equation 

P>[M]Vt  +  n+  .  .  .  +P,[<i>i^ht  +  n-,+Pn[Mht~0, 


by  reasoning  in  the  same  way  as  above,  becomes 

P<\M]Vi^n+  .  .  .  +P^-iMht+»-+i 

+T7l+»-i+>?f-0, 


where 


felt J 


(*-0,  1. 


,  j-1). 


The  P’s  are  independent  absolute  invariants.  The  method  of 
proof  is  exactly  the  same  as  the  one  above. 
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Since  analogous  invariants  can  be  found  when  several  tenns 
after  the  first  are  absent  in  the  difference  equation,  we  may 
state  the  following  theorem: 


If  all  the  coefficients  in  the  equation 

MM]Vt+n-¥  ■  ■  •  +P»[<^(f)hf-0,  (9) 

preceding  p, [<!>{$)],  where  0<,s<n,  are  identically  tero,  except  pn, 
then  the  functions  where 


Ps[<f>i()] 


P,[<l>{i+h-s)] 


form  independent  absolute  invariants. 

If  all  the  coefficents  in  equation  (9),  succeeding  p,  where 

0<5<1,  are  identically  zero,  except  pn,  then  the  functions 


where 


(*-0.  1 . 5-1). 

form  independent  absolute  invariants. 

January  24,  1922. 
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ON  IRREVERSIBLE  DYNAMICAL  SYSTEMS 
By  Joseph  Lipka 

1.  Reversible  and  irreversible  systems.  In  the  usual  cases 
considered  in  the  study  of  the  dynamics  of  a  particle  in  a  con¬ 
servative  field  of  force,  we  deal  with  the  case  in  which  the  field 
is  reversible,  i.e.,  if  in  the  equations  of  motion  t  (the  time)  is 
replaced  by  —t,  these  equations  are  not  altered  —  the  trajectories 
may  be  described  in  either  sense.  In  this  case  the  Lagrangian 
function  L  is  composed  of  two  parts,  —  a  part  quadratic  in  the 
velocities  (usually  called  the  kinetic  energy)  and  a  part  which  is 
a  function  of  the  coordinates  only  (called  the  potential  energy) 
or‘ 

L-r-V,  (1) 

where 

V^VixuXr,.  .  .  ,  *.),  dO 

dt  dt 

and  where  the  a,*  are  also  functions  of  the  coordinates  only; 
the  system  has  n  degrees  of  freedom,  and  can  therefore  be  repre¬ 
sented  by  the  motion  of  a  particle  in  a  space  of  n  dimensions 
whose  fundamental  form  is 

ds  *  =  ^  aa4x4xh  (2) 

*.  A 

On  the  other  hand,  the  field  is  said  to  be  irreversible  (some  writers 
call  the  field  "  non-natural  ”)  if,  when  t  is  replaced  by—/,  the  equa¬ 
tions  of  motion  are  altered  —  the  trajectories  cannot  be  described 
in  either  sense.  In  this  case  the  Lagrangian  function  L  is  com¬ 
posed  of  three  parts,  —  a  part  quadratic  in  the  velocities,  a  part 
linear  in  the  velocities,  and  a  part  which  is  a  function  of  the 
coordinates  only.  Thus 

L~U+Li+U  (3) 

^We  shall  hereafter  assume  that  all  summations  are  to  extend  from  1  to  n 
for  the  indicated  subscripts. 
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where 


and  the  a^*  and  the  are  also  functions  of  the  coordinates  only ; 
the  trajectories  m^y  be  considered  as  curves  in  a  space  of  n 
dimensions  whose  fundamental  form  is  (2). 

The  reversible  system  (1)  may  also  be  defined  by  means  of  a 
problem  in  the  calculus  of  variations,  for  by  the  principle  of  least 
action,  we  must  have 


by  the  use  of  (1)  and  (lOi  where  8  is  the  ordinary  symbol  for 
variation  and  We  further  have  the  energy  equation 

.  dL 

Xi-p—  —L^h,  or  T-\-V^h, 

where  A  is  a  constant.  Now,  if  v  is  the  velocity,  we  have 
v*~2T~2ih-V), 


X 

i 


and  hence,  we  may  write  (4)  in  the  form 

vds*^^  r  \/2{h-V)ds 

-8 

the  extremals  connected  with  this  variation  problem  are  called 
a  natural  family  of  curves.  We  note  that  constant  defines  the 
geodesics  in  the  Riemannian  space  whose  fundamental  form  is  (2). 

On  the  other  hand,  the  irreversible  system  (3)  may  also  be 
defined  by  means  of  a  problem  in  the  calculus  of  variations,  for 
by  the  principle  of  least  action  we  must  have 

s£'(^i,^)dt-Sj\2U+L,)dt-0,  (5) 


T 


F(xi,  xt,  .  .  .  , 
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by  the  use  of  (3)  and  (S').  We  further  have  the  energy  equation 
.  dL 


or  U-U~h, 

^  OXi 


and 


c*  *  2JLj  fe -f"  ■£»0' 

Hence,  we  may  write  (5)  in  the  form 

J  '  Lidt^  V2{h+L;)ds 

•  .  .  «  x^ds 
Xt . rjdxij  -0, 

and  the  extremals  connected  with  this  variation  problem  may  be 
called  a  non-natural  family  of  curves.  We  note  that  constant 
defines  the  geodesics  in  a  Weyl  space,  i.e.,  a  space  whose  metric 
is  determined  by  the  fundamental  quadratic  form  (2)  together 
with  a  fundamental  linear  form  d<f>^ 

i 

A  system  of  trajectories  in  a  conservative  reversible  field  in 
a  space  of  any  dimensionality  and  for  a  given  constant  of  energy 
consists  of  00  curves,  one  through  each  point  in  each  direc¬ 
tion;  the  system  has  the  following  geometric  property: 

The  00*"**  trajectories  which  start  out  normally  to  any  hypersurface 
form  a  normal  congruence,  i.e.,  admit  of  oo*  normal  hypersurfaces; 
these  hypersurfaces  are  hypersurfaces  of  equal  action.* 

This  property  is  characteristic  of  the  trajectories  in  a  reversible 
field,  for  we  may  also  state  the  converse  theorem: 

If  in  any  space  a  system  of  oo  **"*‘^  curves,  one  through  each 
point  in  each  direction,  is  such  that  ffce  oo  "”*  curves  of  the  system 

*H.  Weyl,  Raum-Zeit-MaUrie,  Section  16  (4th  edition). 

•  Lipachitz,  Untersuckuni  eines  Problems  der  Variatumsrecknung  in  wdckem 
das  Problem  der  Meckanik  enkalten  ist.  Crelle’s  Jotimal,  vol.  74. 
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which  meet  an  arbitrary  hypersurface  orthogonally  always  form  a 
normal  congruence,  then  the  system  may  be  regarded  as  the  tra¬ 
jectories  in  some  reversible  conservative  field.* 

It  is  the  purpose  of  this  paper  to  characterize  geometrically 
the  system  of  trajectories  in  an  irreversible  field.  Indeed,  we 
find  that  the  trajectories  in  an  irreversible  conservative 

field  for  a  given  constant  of  energy  have  the  following  property: 

The  oD^'^trajectories  which  start  out  from  the  points  of  an  arbi¬ 
trary  hypersurface  in  directions  such  that  the  resultant  of  the  velocity 
vector  and  the  vector  is  normal  to  the  hypersurface,  form  a  con¬ 
gruence  which  admits  of  oo'  hypersurfaces  cutting  the  trajectories 
so  that  at  each  point  of  intersection  the  resultant  of  the  velocity  vector 
and  the  vector  <f>i  is  normal  to  the  corresponding  hypersurface. 

If  the  vector  <f>i  vanishes,  this  theorem  reduces  to  the  theorem 
stated  above  for  the  ti^jectories  in  a  reversible  field.  The  property 
stated  for  the  trajectories  in  an  irreversible  field  is  characteristic 
of  these  trajectories.  Let  us  define  a  (<f>,  v)  congruence  of  curves 
with  reference  to  a  vector  field  </»,  and  a  scalar  field  »,  as  a  congru¬ 
ence  of  curves  which  are  cut  by  oo' hypersurfaces  such  that  at  each 
point  of  intersection  of  a  curve  and  a  hypersurface  the  resultant  of 

dx' 

the  vector  and  the  vector  v  — '  {i.e.,  the  vector  of  magnitude 

ds 

V  tangent  to  the  curve),  is  normal  to  the  hypersurface.  We  may 
now  state  the  converse  theorem; 

If  in  any  space  V,,,  a  system  of  oo  curves,  one  through  each 
point  in  ecuh  direction,  is  such  that  relative  to  some  vector  field  <f>i 
and  some  scalar  field  v,  the  «"“*  curves  of  the  system  which  meet 
an  arbitrary  hypersurface  so  that  the  resultant  of  the  vector  and 
the  vector  of  magnitude  v  tangent  to  a  curve  is  normal  to  the  hyper¬ 
surface,  always  forin  a  {<f>,  v)  congruence,  then  the  system  may  be 
regarded  as  the  trajectories  in  some  irreversible  conservative  field. 

The  method  of  proof  of  these  theorems  for  the  irreversible 
field  by  the  use  of  Hamilton’s  canonical  equations  and  the  Lie 
theory  of  infinitesimal  contact  transformations,  is  similar  to  that 

*  Cf.  the  author’s  Some  geometric  investigations  on  the  general  problem  of 
dynamics.  Proc.  Am.  Acad,  of  Arts  and  Sciences,  Vol.  56,  1920,  pp.  285-322. 
Also  the  author's  On  Hamilton’s  canonical  equations  and  infinitesimal  contact 
transformations.  Joum.  of  Math,  and  Phys.,  Mass.  Inst,  of  Tech.,  Vol.  II, 
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employed  by  the  author  in  the  second  article  mentioned  in  Note 
(4)  and  we  shall  hereafter  refer  to  this  article  by  the  brief  title 
“  Journal.” 


2.  The  equations  of  the  trajectories  in  an  irreversible  field. 

The  trajectories  in  an  irreversible  field  with  n  degrees  of  freedom 
are  defined  by  the  Lagrangian  equations 


d  /dL\  dL  ^  /  to 

. 


(6) 


where  L  is  defined  by  (3)  and  (3').  We  may  replace  these  « 
Lagrangian  equations  of  the  second  order  by  the  2m  Hamiltonian 
canonical  equations  of  the  first  order,* 


dxf  dpi 

dt  ^pi  dt 


dxi  ’ 


(*»1,  2 . m) 


(7) 


where  the  generalized  moments  are  defined  by 

Pi^^^  (1  =  1,2 . n),  (8) 

dxi 

and  the  Hamiltonian  function  H  is  defined  by 

H  ’*'^piXi-L  (9) 

i 

expressed  as  a  function  of  the  xj  and  p;. 

From  (8)  and  (30,  we  get 


(**1.2 . m).  (10) 

“k 

Representing,  as  usual,  byo^’*^  the  coefficients  of  the  quadratic 
form  reciprocal  to  (2),  we  have  the  relations 


I  0,  if  i4i ^ 
1  1.  *//-* 


Using  these  relations  we  may  solve  (10)  for  the  jr,  and  get 


(•■-1,2 . »). 

k 

•  Cf.  E.  T.  Whittaker,  Analytical  Dynamics,  2d  edition,  p.  264. 


(11) 
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To  express  //  as  a  function  of  the  Xf  and  pi ,  we  have 


and  hence,  by  (9), 

Ip)  “  {2Lt+Li)  —  (Z4+ Li+Lo)  *  Lt—  Lo,  (12) 

or,  by  (11), 

mx\p)^^^a^*^\Pi-if>i)  (p,-^,)-Lo.  (13) 

ik 

is  the  desired  expression  for//.  It  is  important  to  note  from  (12) 
that,  as  in  the  reversible  case,  H  is  the  total  energy,  and  the  energy 
equation 

^(*|P)  “A  (a  constant),  (14) 

is  an  integral  of  equations  (7),  and  according  to  the  principle  of 
least  action  is  conserved  for  an  arbitrary  variation  of  the  path 
between  two  points. 

3.  The  geometric  property  of  the  trajectories  in  an  irreversible 
field.  In  “  Journal  ”  Section  4,  we  have  shown  that  if  we  choose 
an  arbitrary  hypersurface  V*n-\,  given  by 

Mt . «„.»)  (»“1.  2,  .  .  .  ,  «), 

and  use  these  x^°^  as  initial  values  of  the  x„  we  may  uniquely 
determine  the  initial  values  p^°^  of  the  Pi  by  requiring 

(o)  -0 

(where  the  Sx,  represent  arbitrary  variations  of  the  x<  along  the 
hypersurface)  everywhere  on  and 

ib)  //(*1p")-fc. 

These  uniquely  determined  initial  values  determine  uniquely, 
by  (11),  the  initial  components  of  velocity  x}®^  or  the  initial 
directions,  and  hence  a  congruence  of  curves  corresponding  to 
the  initial  hypersurface  are  uniquely  determined.  With  these 
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initial  conditions,  the  solutions  of  equations  (7)  determine  a 
congruence  of  curves  which  have  the  property  that  they  are  cut 
by  00*  hypersurfaces  on  each  of  which  the  condition 

y  (15) 


is  satisfied.  Piuther,  these  hypersurfaces  are  such  that 


dt »  constant 


(16) 


when  measured  along  the  curves  between  any  two  of  them. 

To  find  the  geometric  meaning  of  the  condition  (15),  we  intro¬ 
duce  the  values  of  p,-  from  (10),  and  get 


2  (2 


■  0. 


(150 


Now  the  <f>i  which  are  functions  of  the  codrdinates  only  determine 
a  vector  field  or  a  vector  at  each  point  of  space  whose  magnitude 
is  given  by 

ik 

and  the  are  the  moments  of  the  vector.  We  may  also 
write 

. *0,  (17) 

It 

where  the  are  the  corresponding  parameters  of  the  vector, 
i.e.,  we  also  have 

A 

and  the  quantities  may  be  said  to  determine  the  vector  field 
uniquely.  For  the  sake  of  symmetry  we  shall  write  for  the  mag¬ 
nitude  V  of  the  velocity  vector 


^aikXiXk~ 


V 
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where  the  quantities  v^^/v  are  the  parmeters.  Now  (160  takes 
the  form 

(15'0 

ik 

and  since  the  quantities  8ar,  determine  an  arbitrary  direction  on 
the  surface,  condition  (15'0  says  that  the  vector  which  is  the 
resultant  of  the  and  vectors  is  orthogonal  to  the  hyper¬ 
surface.  Furthermore,  from  (13),  we  have 


2( //+ Lo) -f  Li  =*  2Z4+ Li, 


{2Lt+  Li)dt  *  action — constant. 


Recalling  the  definition  of  a  congruence  given  in  Section  1, 
we  may  now  state  the  theofem: 

In  an  irreversible  conservative  field  of  force  for  a  given  constant 
of  energy,  the  00*“'  trajectories  which  start  out  from  the  points  of 
an  arbitrary  hypersurface  so  that  the  resultant  of  the  velocity  vector 
and  the  vector  <f>i  is  orthogonal  to  the  hypersurface,  form  a  ((ft,  v) 
congruence.  The  00'  cutting  hypersurfaces  are  hypersurfaces  of 
equal  action. 

(If  the  space  is  euclidean,  we  may  use  a  simple  geometric  con¬ 
struction  to  find  the  initial  direction  of  the  trajectory  of  our  con¬ 
gruence  which  passes  through  a  point  of  our  initial  hypersiu’- 
face.  We  note  that  the  magnitude  of  the  velocity  vector  for  all 
trajectories  of  the  system  passing  through  a  point  is  a  fimc- 
tion  of  the  coordinates  of  only,  since,  by  the  equation  of 
energy,  t>*=2(kH-Lo),  and  hence  v  is  the  same  for  all  trajectories 
passing  through  Now  the  vector  must  lie  in  the  plane 

of  the  vector  <ft^'^  and  the  normal  to  the  hypersurface,  and  its 
extremity  must  lie  on  a  circle  with  as  center  and  v  as  radius. 
Furthermore,  by  the  law  of  the  composition  of  vectors,  the  extrem- 
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ity  of  must  lie  on  a  line  parallel  to  the  normal  and  drawn  at 
a  distance  equal  to  the  distance  of  the  extremity  of  the  vector 
from  the  normal.  The  extremity  of  the  vector  is  thus 
uniquely  determined,  and  hence  the  initial  direction  of  the  tra¬ 
jectory  through 


4.  The  differential  equations  of  a  system  of  curves 

in  K,.  Any  system  of  curves  in  Vh  (one  through  each  point 

in  each  direction)  may  be  represented  by  a  system  of  n  differential 
equations  of  the  second  order 


d'xi 

IF 


dxi 
ds  ’ 


1,  2, 


..n)  (18) 


together  with  the  quadratic  integral 

dxi  dxk 


4^  ds  ds 


(19) 


where  s,  the  arc  length,  is  the  parameter  along  the  curves,  and  is 
not  explicitly  contained  in  the  function  /<. 

Let  us  now  change  the  parameter  to  T,  defined  by 

dxi 


(20) 


where  X  and  the  <f>i  are  arbitrary  functions  of  the  coordinates. 
From  (20)  we  have 


dxj 

ds 


^dxj 

^dr 


1-  2^,^ 

I  dT 


and  hence  our  equations  (18)  and  (19)  take  the  forms 

—‘-F,(x . x.,p . (.-1,  2 . «),  (18') 

dr*  '  dr  dr  f 

_ _ S--*—  — -i. 

(i-T^,*')’  “  *■  *■ 

and  (19')  is  an  integral  of  the  equations  (18'). 


(19') 
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If  we  introduce  a  quantity 

(190  niay  b®  written  in  the  more  convenient  form 
V  X  /  dT  dr 


(21) 


(19'0 


Our  system  can  therefore  be  represented  by  n  differential 
equations  of  the  second  order  (180  together  with  the  integral 
(19") 

Let  us  now  introduce  a  set  of  quantities  which  are  arbitrary 


functions  of  x\,  .  . 


dx\% 

•  *»»  • 
dr 


dr 


say 


'■‘■“Hs)  . 


I  dr 

dXi 

but  which  may  be  solved  for  the  n  derivatives  —  ,  i.e. 

dr 


(.-11,2,. 

dr 


,  n). 


(22) 


(23) 


Furthermore,  by  differentiation  of  (22),  the  — ’  are  functions  of 

dr 

dx’  d^Xj  • 

the  Xi,  — * ,  — * ,  and  by  means  of  (180  and  (23),  these  can  be 
dr  dr* 

expressed  as  functions  of  the  Xi  and  Pii  thus 


dr 


(»-l.  2 . n). 


The  integral  (19'0  becomes 


(24) 

(25) 


where  the  left  member  may  be  expressed  as  a  function  of  the 
Xi  and  Pi  only. 
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Equations  (23),  (24),  and  (25)  are  equivalent  to  eqtiations  (180 
and  (19'0.  and  we  have  thus  shown  that  a  system  of  co  curves 
(one  through  each  point  in  each  direction)  in  V„  may  be  represented 
by  2n  differential  equations  of  the  first  order  (23),  (24),  together 
with  the  integral  (25). 

5.  The  convene  problem  for  an  irreversible  field.  Consider 
in  Va  a  system  of  curves,  one  through  each  point  in  each 

direction.  As  shown  in  the  last  section,  such  a  system  may  be 
represented  by  the  eqtuitions 

^  ~l(x\p),  -^r,(*|p)  (,- 1,  2 . n),  (26) 

dr  dr 

<27) 

where  the  Pi  may  be  chosen  any  convenient  functions  of  the 
(lX‘ 

Xi  and  — .  while  X  and  the  <f>i  may  be  chosen  any  convenient 
dr 

functions  of  the  Xi.  In  other  words,  X  determines  an  arbitrary 
scalar  field,  while  the  tf>i  determine  an  arbitrary  vector  field  in 

V,. 

Our  problem  is  to  determine  the  forms  of  the  functions  and 
ir<  so  that  the  oc  ciuves  of  the  system  which  meet  an  arbitrary 
hypersurface  such  that  the  resultant  of  the  vector  and  the 
dx 

vector  »^^-X — ^is  orthogonal  to  the  hypersiuiace,  should  form  a 
ds 

(<^,  v)  congruence. 

We  choose  an  arbitrary  hypersurface,  V^i, 

Xi^‘Xl(Tlui,Ut . uj  (t-1,  2,  .  .  ,  ,  f») 

and  as  in  Section  3,  we  choose  from  the  system  (26)  a  set  of  oo 
curves  by  means  of  the  condition  of  orthogonality 

(28) 

ik 

and  the  identity  (27).  These  conditions  uniquely  determine  the 
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set  of  curves.  If  this  set  of  (x""'  curves  is  to  meet  the  neighboring 
Vn-i  in  an  analogous  manner,  we  must  have 


If,  now,  we  choose  the  p,  so  that 


the  conditions  (28)  and  (21))  are  equivalent  to  the  conditions 


Now,  in  (30)  introducing 


and  obtain 


The  parameter  t  is  determined  by  (20),  which  may  be  written 

dT  \'+Li 


Substituting  this  in  (27),  our  integral  becomes 

i  ((..-.A*)-: 


and  if  we  finally  write 


X*»2(Lo+Ii), 
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where  Lo  is  an  arbitrary  function  of  the  coordinates  and  A  is  a 
constant,  our  integral  (27)  takes  the  form 

(37) 

ik 

We  have  shown  in  Section  3  of  “  Journal  ”  that  under  the 
second  of  the  conditions  (31)  and  the  conservation  of  (37),  equa¬ 
tions  (26)  necessarily  take  the  form 


n),  (38) 


dXi  ^  dG  _  1 

dr  dpi  dpi 

(*  =  1.2, 

dr  dpi  ^  dpi  j 


where 


dG  ~ 


^  dpi 


(39) 


and  G  is  an  arbitrary  function  of  the  *,  and  pi. 

Owing  to  our  choice  of  the  p„  these  equations  will  take  a  special 
form ;  for  by  (37)  and  (34)  we  have 


dpi  * 
and 


Va(‘*>(p*-<^*)  =  (X*-|-L,)^.  (*=1.2 . n),  (40) 

d4>.-  dr 


^Pi  ik 


ik  ik 

'  2(k + Lo) + “  X  * -j- Li  . 


(41) 


Comparing  the  first  of  equations  (38)  with  (40),  we  have 


^  ,dH_  1  dH 
dpi  dpi  X*+Li  dpi 


(t  =  l,  2 . n). 
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or 


. ">• 

Substituting  in  (39)  and  using  (41),  we  get 


(42) 


G~l. 


Hence,  from  (42), 


1 


X*+L,  • 

With  these  values  of  G  and  i/>,  equations  (38)  take  the  form 


(43) 

(44) 


dxi 


1  dH  .  dpi 


1  3H 


dT  X*+L,  dpi  dr  X*+Lt  dxi 
If  we  finally  change  the  parameter  t  to  f  by 

dT-(X*+L,)d<. 

equations  (45)  become 

^  dji  ^  an 


.  .  n) .  (46) 


(46) 


dt  3  pi 


dt 


3xi 


(*-1.2,  .  . 


«) 


(47) 


which  together  with 

mx\p)~\^a^^\Pi-if>d{pk-<^ki-U^h  (37) 

A 

t 

are  recognized  as  Hamilton's  canonical  equations  of  a  system  of 
trajectories  in  an  irreversible  conservative  field  for  a  given  con¬ 
stant  of  energy  h,  where  t  represents  the  time,  the  pi  are  the 
generalized  moments,  H  is  the  total  energy,  and  the  Lagrangian 
function  has  the  form 

L  — Li+Li+Lo. 

We  have  merely  used  the  condition  that  the  orthogonality  prop- 
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erty  be  conserved  for  the  neighboring  hypersurface.  We  may 
then  state  the  converse  theorem  thus: 

If  in  any  space,  Vn,  a  system  of  curves  (one  through  each 

point  in  each  direction)  is  such  that  relative  to  some  vector  field  <f>i 
and  some  scalar  field  v,  the  oo*"'  curves  of  the  system  which  meet 
an  arbitrary  hypersurface  so  that  the  resultant  of  <f>i  and  the  tangent 
vector  to  the  curve  of  magnitude  v  is  orthogonal  to  the  hypersurface, 
always  meet  a  neighboring  hypersurface  in  an  analogous  manner, 
these  curves  will  form  a  v)  congruence,  and  the  system  may  be 
regarded  as  the  trajectories  in  some  irreversible  field;  here  v  is  the 
magnitude  of  the  velocity  and  the  <f>i  are  the  coefficients  of  the 
term  in  the  Lagrangian  function  which  is  linear  in  the  velocity 
components). 


A  METHOD  FOR  THE  NUMERICAL  SOLUTION  OF 
INTEGRAL  EQUATIONS 
By  Prank  L.  Hhchcock 


The  linear  integral  equation  may  be  written  in  the  form 

r{x)-\-S^K{x,  y)r{y)dy’-‘s{_x)  (1) 

where  s(x)  is  a  known  function  of  x,  K(x,  y)  is  a  known  function 
of  X  and  y,  and  r  is  a  required  function.  A  method  of  solution  is 
desirable  which  shall  not  demand  too  much  in  the  way  of  evalu¬ 
ation  of  definite  integrals.  A  little  bookkeeping  and  arithmetic 
are  not  objectionable,  the  less  so  if  most  of  the  work  can  be  done 
by  aid  of  a  calculating  machine. 

The  method  to  be  described  implies  the  evaluation  of  the  follow¬ 
ing  definite  integrals,  and  these  only: 

I.  The  evaluation  of  fs{x)dx  over  the  interval  from  0  to  1, 
or  over  any  desired  finite  part  of  that  interval. 

II.  The  evaluation  of  //  K{x,  y)dx  dy  over  a  unit  square 
where  both  variables  run  from  0  to  1,  or  over  any  desired  finite 
square  contained  within  the  unit  square. 

The  method  consists  of  four  distinct  parts.  I  shall  first  give 
the  rules  governing  each  of  these  four  parts,  illustrating  each 
part  by  a  simple  example,  and  shall  afterwards  discuss  very 
briefly  the  theory  which  lies  behind  the  work. 

The  four  parts  may  be  named 

1®.  Formation* of  the  chessboard  kernel. 

2®.  Setting  up  the  step-equations. 

3®.  Solving  the  step-equations. 

4®.  Finding  a  smooth  function. 

Each  of  these  parts  is  very  simple  to  carry  out,  amounting  to 
little  more  than  a  matter  of  bookkeeping,  provided  the  integrals 
above  mentioned  have  been  evaluated. 
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Part  One.  Fomution  of  the  Chessboard  Kernel 

Rule  1.  Divide  the  interval  from  Q  to  \  into  a  number  of  equal 
parts.  Make  a  picture  of  a  unit  square,,  and  draw  lines  through 
the  points  of  division,  giving  a  diagram  resembling  a  chessboard. 
Write  in  each  small  square  the  integral  of  the  kernel  ff  K{x,  y)  dx  dy 
taken  over  that  small  square. 

The  method  is  simplest  when  the  number  of  equal  parts  into 
which  either  side  of  the  square  is  divided  is  four,  eight,  or  some 
higher  power  of  2.  As  a  first  exemplification  of  the  method  four 
equal  parts,  giving  a  chessboard  of  sixteen  squares,  will  be  quite 
sufficient. 

I  choose  for  an  illustrative  example  an  integral  equation  which 
can  easily  be  solved  by  various  known  methods,  in  order  that  the 
answer  may  be  readily  checked,  namely 


Here  the  kernel  is  xy  when  y  is  less  than  x,  and  is  y*  when  y  is 
greater  than  *.  We  draw  axes  of  X  and  Y  in  the  usual  manner. 
The  blank  chessboard  will  then  appear  as 


Taking  first  the  case  of  any  small  square  wholly  above  the 
line  y — we  shall  have,  if  the  lower  left-hand  comer  of  the  square 
be  denoted  by  (*,  |), 


Sf  X{x,  y)dx  dy' 


_3£±3^1 

768 


r{x)+fQxy  r{y)dy+S^'r{y)dy' 
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Therefore  the  numbers  to  be  written  in  the  six  small  squares 
lying  wholly  above  the  line  y**  are  found  by  giving  in  formula 
(3)  the  values  1,  2,  and  3  to  9  in  succession. 

For  any  small  square  wholly  below  the  line  y  *  x  we  shall  have 

ccLTi  ^  ^  w  (2p+l)(2<7+l) 

fSK{x,y)dxdy^S ^  xydxdy^-  ^  -  (4) 

Thus  the  munbers  to  be  written  in  the  six  small  squares  which 
are  wholly  below  the  line  y  =  x  result  from  formula  (4)  by  giving 
to  p  the  successive  values  1,  2,  3,  while  q  receives  the  values 
0,  1,  and  2. 

In  the  case  of  the  four  small  squares  bisected  by  the  line  y  —  x, 

// A'(x,  y)dx  dy*/^  ^  f^xy  dx  dy+f^^  ^  y*  dx  dy 

_2Ap*+2»p+9  (5) 

6144 

From  formula  (5)  the  numbers  to  be  written  in  the  four  small 
squares  bisected  by  the  line  y  —  x  are  found  by  letting  p  equal 
0,  1,2,  and  3  resjjectively. 

The  results  being  most  conveniently  reduced  to  the  common 
denominator  6144,  we  find  for  the  chessboard  kernel 


296 

296 

296 

309 

152 

152 

161 

210 

56 

61 

90 

126 

1 

i  ^ 

18 

30 

42 

V.  here  the  numerators  only  have  been  entered  in  the  squares. 
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Part  Two.  Setting  Up  the  Step-Equations 
The  second  part  of  the  process  consists  in  writing  down  a  set 
of  equations  of  the  form 

(l+aii)Ci+  OiiCi-|-  2aitCi+  2auC«“6i 

aijCi+(l+aii)Ci+  2oj|Ci+  20*4^4*6* 

OsiCi-f-  aaCt+(l  +  2an)Ci+  2di4C'4*fei 
O41C1+  a4iCf+  2a4iCj+(l  +  2a44)C4“64 


where  Ci,  C*.  Cj,  and  C4  are  unknown  quantities.  The  numbers 
On,  Oil.  On,  etc.,  are  to  be  calculated  by  what  follows. 

Each  of  the  numbers  On,  Ou,  otu  etc.,  is  a  very  simple  linear 
function  of  the  numbers  which  have  been  entered  in  the  small 


squares  of  the  chessboard  kernel.  In  fact  we  have  merely  to  multi¬ 
ply  each  small  square  by  either  -fl,  —1,  or  zero,  and  add  alge¬ 
braically.  The  multipliers  are  distributed  over  the  chessboard  in 
a  different  manner  in  each  case.  The  distribution  is  most  easily 


shown  by  diagrams. 
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This  diagram  means  that  the  multipliers  are  to  be  distributed 
over  the  chessboard  in  each  case  according  to  the  positions  indi¬ 
cated,  and  the  whole  board  added  up.  For  example,  from  the 
chessboard  (6)  we  find 

a„=  -90+126-1-30-42-24 

Again,  an  is  the  sum  of  the  first  column  minus  the  stun  of  the 
second  column  giving  an  — 513  —  527— — 14.  It  is  evident  that 
these  coefficients  are  rapidly  computed  from  the  chessboard 
kernel,  even  without  a  calculating  machine. 

The  numbers  6i,  5*,  and  64  are  given  by  the  formulas 
bi’>f\six)dx 
bi  “  S\s{x)dx — S\s{x)dx 

I  »  (9) 

b  1 »  S\s{x)dx  -  /j  s{x)dx 
b*  *  S\s{x)dx — S\5{x)dx 

The  rule  for  the  second  part  of  the  process  may  now  be  stated. 

Rule  2.  Set  up  equations  (7),  calculating  the  numbers  an,  au, 
Oji,  etc.,  by  multiplying  every  element  of  the  chessboard  kernel  by 
+ 1,  —  1,  or  0,  according  to  the  diagrams  (8)  and  adding  algebraically, 
and  calculating  61,  6j,  6|,  64  from  the  integral  of  the  given  function 
six)  by  the  formulas  (9). 

Applying  this  rule  to  the  illustrative  example  (2)  we  find 
8448Ci-l440C,-  468C,-1044C«-  2048 
-224C,+6080C,+  108C,-  108C4--1536 

(7a) 

-14C,-  14C,+6136C,+  OC4--I92 

-110C,+  14C’,+  48C,+6072C4--576 

where  the  common  denominator  6144  has  been  rejected  through¬ 
out. 
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Economical  Arrangement  of  Work  in  Using  Diagram  (8) 

It  is  not  necessary  to  go  over  the  entire  chessboard  sixteen 
times,  (or  in  general  n*  times)  in  using  the  diagrams  (8),  but  only 
four  times  (in  general  n  times,  where  n  is  the  number  of  sub¬ 
intervals).  To  see  this,  note  that  the  algebraic  sum  of  any  column 
in  computing  is  munerically  the  same  as  the  corresponding 
column  for  Oi,,  or  else  vanishes.  We  therefore  compute  by  columns 
in  the  following  manner:  Choose  an  element  Ui,,  and  find  the 
algebraic  sums  of  its  respective  columns^  noting  the  result  under 
each  column.  Then  add  (algebraically)  the  first  footing  to  the 
second,  writing  the  result  underneath.  Similarly  add  the  third 
and  fourth  footings  (and  so  on,  if  we  have  more  subintervals). 
Then  add  these  new  footings  in  pairs  (and  so  on).  The  final 
total  will  be  Oi,  itself.  The  difference  of  the  pair  of  footings  just 
above  the  total  will  be  02,.  In  general,  the  differences  of  adjacent 
pairs  of  footings  will  give  all  the  Op^.  To  illustrate,  I  give  the 
footings  and  results  in  finding  an,  On,  an,  and  041  from  the  chess¬ 
board  (6). 


-296 

-296 

-296 

-309 

-152 

-152 

-161 

-210 

+  56 

+  61 

+  90 

+  126 

+  9 

+  18 

+  30 

+  42 

-383 

-369 

-337 

-  351  aa=  -14/6144, 041=  + 14/6144 

- 

752 

- 

688  Ob— 752+688  =-64/6144 

— 

1440 

au— 1440/6144 

We  might,  of  course,  have  proceeded  by  rows  in  a  similar  way* 
and  may  so  do  as  a  check  if  desired. 

The  elements  Ui,  and  Opi,  evidently,  are  formed  by  a  principle 
easily  remembered,  for  which  the  reason  will  shortly  be  given. 
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Part  Three.  Solving  the  Step-Equations 
We  have  now  to  solve  the  equations  (7)  for  the  unknowns 
Cl,  Ct,  Cl,  Cl.  The  method  of  Ritz  is  well  adapted  for  the  piupose. 
We  first  divide  the  four  equations  respectively  by  (l+Ou), 
(l+o«),  (l+2a*»),  and  (I-I-2044),  so  as  to  reduce  to  unity  the 
coefficients  of  the  main  diagonal.  That  is,  in  (7a)  we  divide  the 
first  equation  by  8448,  the  second  by  6080,  the  third  by  6136, 
and  the  fourth  by  6072.  The  result  is 

C, -0.170454  C, -0.0553977  C1-O.I2358OC4 

-0.242424 

-0.0368421  Ci-\-  Ci-l-0.0177632  Ci-0.0177632C4 

- -0.252632  (10a) 

-0.00228162Ci-0.00228162C,-|-  C,+0 

-  -0.0312907 

-0.0181159  C,+0.00230567C,+0.00790514C’,+C4 

-  -0.0948617 

To  make  the  method  of  Ritz  clear,  let  the  equations  thus 
obtained  by  division  be  denoted  by 

Ci-f  9i*Ci+qiiC»+qi4C4— C/ 

qiiCi*f  C\-\-q%tPi-\-qnCi^Ci  (10) 

qMCi+q»iC'i+  Ci+qi4C4  — 

941C1+ C4  — C4' 

The  method  consists  in  assuming  the  right  members  of  these  equations 
to  be  a  first  approximation  to  the  unknovuns  of  corresponding  sub¬ 
script,  substituting  Ci»Ci'-|-«i,  C*-Ct'+<*,  etc.,  and  repeating 

the  process  until  the , right  members  become  negligibly  small. 

The  new  right  members,  which  may  be  called  Ci”,  Ct',  Ct" 
and  Ct",  obtained  by  writing  Ci'+€i  for  Ci,  etc.,  are  easily  seen 
to  be 

“(qifC'i'-|-  qi/^t'-T-  q\tCt)^Ci" 

-~{.qvCi  ■¥  qi/^i qnPt)^Ct"  (11) 

“(qiiCi'-f  qt£^i  qiiPt)^Ct" 

“(941C/-I-  q4aPt qt^i^^Ct" 
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while  the  coefficients  on  the  left  side  remain  unchanged.  Thus, 
for  example,  from  equations  (10a)  we  find 

Ci"-  -(-0.170454)  (-0.252632) -(-0.0553977)  (-0.0312907) 
-(-0.123580)  (-0.094862) 

-  -  0.056520 

and  so  on.  The  new  right  members  C/',  Ct",  etc.,  are  now  taken 
as  an  approximation  to  the  increments  c,,  e,,  etc.,  and  the  process 
repeated.  Thus  we  find  C/",  Ct",  etc.,  by  substituting  Ci" 
for  Cl',  Ct"  for  Ct,  etc.,  on  the  left  of  (11).  Finally  we  take 

Ci^Ci'-\-Ci"-\-Ci"'-\-  etc.  (12) 

Ct~Ct'+Ct"+Ct"'+  etc. 
etc.,  etc. 

until  the  increments  become  neglible. 

Applying  the  method  of  Ritz  to  (10a)  gives 
Cl  -  0.242424  -  0.0565185+0.001973  -  0.000474  +0.000015 
-0.187420 

with  a  convergence  of  similar  character  for  the  other  unknowns, 
giving  C,- -0.246779,  Ci= -0.0314252,  C4= -0.090649.  A 
set  of  equations  like  (7)  is  solved  in  an  hour  or  two  by  aid  of  a 
calculating  machine. 

The  method  for  part  three  may  be  stated; 

Rule  3.  Divide  the  step-equations  through  by  the  coefficients  of 
the  main  diagonal.  Assume  the  new  right  members  as  a  first  approxi¬ 
mation  to  the  unknowns.  Call  these  C/,  C*',  Ci',  and  C4'.  Calculate 
Cl",  Ct",  Ct",  and  C4"  by  formulas  (11).  Then  calculate  Ci", 
Ct",  Ct",  and  C4"'  by  similar  formulas  from  Ci",  etc.  Finally 
take  Cl  — Ci'+Ci"+Ci'"+  .  .  .  and  so  on. 

EconomicAl  Arrangement  of  Work  in  Using  the  Method  of  Ritz 

Set  up  the  coefficients  on  the  left  of  the  equations  of  form  (10) 
in  a  square  matrix,  omitting  the  main  diagonal.  Write  the  right 
hand  members  in  a  row  above  the  columns  of  corresponding  sub¬ 
script.  Now  multiply  the  coefficients  of  any  column,  each  in 
succession,  into  the  number  that  was  written  at  the  head  of  that 
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column,  placing  the  products,  with  proper  sign,  in  a  new  matrix 
below  the  first  (or  on  a  separate  sheet  if  preferred).  Add  the  new 
matrix  by  rows,  change  the  sign  of  each  result,  and  write  these 
results,  in  order,  at  the  heads  of  the  columns  to  serve  as  the  multi¬ 
plicands  in  the  next  approximation.  The  respective  algebraic 
sums  of  the  numbers  at  the  heads  of  the  columns  will  ultimately 
be  the  required  unknowns.  The  first  step  in  solving  (10a)  is  here 
given  for  illustration,  the  remaining  steps  being  similar.  The 
multipliers  are  always  the  elements  of  the  old  matrix. 

-0.0565185  +0.00780215  -0.000022291  +0.00522158  Second  mnlHpli- 

cands 

+0.242424  -0.252632  -0.0312907  -0.0948617  First  mulHplu 

cands 


.  -0.170454  -0.0553977 

0.0368421  .  +0.0177632 

0.00228162  -0.00228162  . 

0.0181159  +0.00230567  +0.00790514 


0.123580 

■0.0177632 


matrix  from  (10a) 
multipliers 


.  +0.0430621  +0.00173343  +0.0117230 

0.00893141  .  -0.000555823  +0.00168508 

0.000553119  +0.000576410  .  0 

-0.00439173  -  0.000582486  -  0.000247357  . 


+0.0565185 

-0.00780215 

+0.000022291 

-0.00522158 


Part  Four.  Finding  a  Smooth  Function 

Rule  4.  Substitute  the  Values  of  Cj,  C^,  Ci,  and  Ct  in  the 
following  formulas, 

jCj+8Ci+ jC4 

A,-|117C,-52C»-28C«]  (13) 

A,-16(-4C,-|-9C,+7C4l 

A4-Mi[C,-2C,-2C4l 

Take  as  an  approximate  solution  of  the  integral  equation  {\)  the 
cubic 

f(x)»Ai-l-i4ix+A*x*+A4**  (14) 

For  the  illustrative  example  (2)  the  result  is 

r(x)- -0.1412  -  0.0306*  +1.1159**-0.1123  *»  (15) 
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whereas  by  the  method  of  undetermined  coefficients  the  solution, 
correct  to  four  decimal  places,  is  easily  found  to  be 

f(*)-  -0.1484+**+0.0247  *»-0.0500  *‘-0.0008ic* 

+0.0009*»  (16) 

It  is  easy  to  see  that  our  solution  (15)  is  in  some  sense  a  better 
approximation  to  the  true  solution  (16)  than  would  be  the  cubic 
obtained  by  taking  the  first  three  terms  of  the  true  solution, 
that  is  — 0.1484+it*-f 0.0247at*.  For  instance  the  average  value 
of  this  latter  cubic  over  the  whole  interval  from  0  to  1  is  0.1911, 
the  average  of  the  true  solution  (16)  is  0.1828,  and  the  average 
of  the  approximate  solution  (15)  is  0.1874.  The  significance  of 
the  solution  (15)  with  reference  to  the  true  solution  will  appear 
in  the  discussion  which  follows. 


Discussion  of  the  Method 

The  theoretical  basis  of  the  process  above  described  consists 
essentially  in  assuming  the  expansion  of  the  required  function 
r{x)  in  terms  of  a  series  of  step-functions  defined  as  follows: 


ii(x)  “  1,  throughout  the  interval  from 

0  to  1 

ii(x)  —  1  from  0 

to 

i  and 

—  1  from 

i 

to 

1 

is(*)  —  1  from  0 

to 

\  and 

—  1  from 

i 

to 

and 

0  from  i  to  1 

i4(x)-0  from  0 

to 

i  and 

-|-1  from 

k 

to 

I,  and 

—  1  from  }  to  1 

is(x)  -« 1  from  0 

to 

i  and 

—  1  from 

i 

to 

1,  and 

0  from  J  to  1 

Uix)  - 1  from  i 

to 

i  and 

—  1  from 

i 

to 

1,  and 

elsewhere  zero 

ir(x)  —  1  from  i 

to 

1  and 

—  1  from 

1 

to 

1,  and 

elsewhere  zero 

i$(x)  - 1  from  } 

to 

1  and 

—  1  from 

i 

to 

1,  and 

elsewhere  zero 

ii(x)  *  1  from  0 

to 

and 

—  1  from 

A 

to 

i,  and 

elsewhere  zero 

and  so  on.*  (17) 

*  These  step-functions,  aside  from  the  numerical  factors  required  to  nor¬ 
malize  them,  are  identical  with  those  given  by  A.  Haar,  “Zur  Theorie  der 
OrtkoitmaUn  Functionemysteme”,  Math.  Ann.  69,  (1910),  p.  361.  These  fac¬ 
tors,  which  involve  /s,  would  be  troublesome  in  computation,  and  are  not 
necessary  in  the  present  work. 
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It  is  evident  by  inspection  that  these  functions  form  an  orthog¬ 
onal  system,  that  is 

when  p4  q.  (18) 

Any  continuous  function  can  be  expanded  in  terms  of  this  series 
of  step-functions  (or,  in  fact,  any  function  having  merely  a  finite 
number  of  finite  discontinuities  in  the  interval;  but  it  is  well  known 
that  r{x)  must  be  continuous  provided  the  kernel  K{x,  y)  is 
regular).  We  may  therefore  assume 

f(x)  -C,i,-|-CA4-2CUi-|-2C4i4+4Cai+4C,i,+4CTi7+4Ca.  (19) 

as  an  approximate  form  of  r  (*).  {The  factors  2,  4  are  introduced 
for  convenience,  to  avoid  fractions  in  writing  and  printing,  as  will 
presently  appear.)  The  character  of  this  approximation  is  nearly 
obvious:  we  have 

Ci"‘f'r{x)dx,  Ci^f\r{x)dx-f'^r{x)dx,  (20) 

Ct~f\r(x)dx-S^r{x)dx 

and  so  on.  Suppose  the  interval  from  0  to  1  divided  into  eight 
equal  Let  mi,  ms  ...  ,  mi,  be  the  average  values  of  r{x) 

in  these  eight  intervals.  It  is  evident  that  the  coefficients  Ci . .  .Ci 
are  linear  functions  of  these  eight  average  values.  If,  therefore, 
the  eight  coefficients  are  rigorously  known  the  eight  average  values 
are  rigorously  known,  and  the  assumed  form  of  r{x)  is  then  pre¬ 
cisely  the  ste{>-function  obtained  by  replacing  the  true  solution 
by  its  average  values  in  each  of  the  eight  intervals.  This  step- 
fimction  is  in  fact  approximately  determined  by  the  third  part 
of  the  process  above  illustrated.  (Of  course  when  we  use  only 
four  subintervals,  we  get  approximately  the  average  values  over 
these  four  intervals). 

To  derive  the  step-equations  (7)  which  are  to  determine  the 
coefficients  Ci  .  .  .  Ci,  we  substitute  the  assiuned  form  of  r(x) 
in  the  original  equation  (1).  The  functions  ii  .  .  .  i|  behave  like 
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orthogonal  vectors.  For  brevity  and  clearness  we  may  write 
S\K{x,  y)i,Cy)dy-  AT.i, 

S\  p{x)f\K{x,  y)i^iy)dx  dy~i,.  AT.i,  (21) 

f\i,(x)s{x)dx’‘bp 

f\[ip(x)Vdx-i,.i,. 

The  first  result  of  substituting  the  value  (19)  of  rix)  in  the 
original  equation  (1)  is 

Ciii -h  Cjit + 2C»i» + 2C4i4 + 4^*1* + 4C’»i* + 4^77!? 4C»ii 

+C, /C.ii+C.A:.  i,+2C,  iC.  i,4-2C4  A”.  i4+4Ci  A:.i.+4C, /C.  i, 

+4CiA’.i7+4C,A’.i,-i(*)  (22) 

where  all  the  terms  are  functions  of  x.  The  step-equations  (7) 
follow  immediately  by  multiplying  successively  by  ii(x),  ii(af), 
etc.,  and  integrating.  (Note  that  ii.ii  —  1,  it.ii^l,  but 
while  etc.) 

For  example,  multiplying  through  by  ii(*)  and  integrating  gives 

K.ii+C^i.  K.it+2C^i.  K.U+2Cdi.  K K .U 

+4C^i.  K.it+iCiU.  K.U+4C^,.KA,^br  (23) 

from  which  the  first  of  the  step-equations  follows  by  writing 

(24) 

It  is  evident  from  the  definitions  of  the  i’s  that  any  is  the 
integral  of  the  kernel  over  the  unit  square,  affected  in  each  small 
square  by  a  multiplier -f-1,  —1,  or  zero. 

As  a  further  illustration,  the  third  step-equation  is  found  by 
operating  with  !«.,  giving 

a*iCi-|-a«iCf+ (i+aM]2C»-|-2oa4C4+4aj|C|-H  etc. (25) 

which  illustrates  how  the  introduction  of  the  factors  2  and  4  is 
convenient,  since  the  coefficient  of  Ct  becomes  (l-f2att]. 

I  now  give  for  convenience  of  reference  the  step-equations 
derived  from  a  chessboard  of  sixty-four  squares  and  determining 

the  approximate  values  of  the  coefficients  Ci,  Ct . Ct  in 

the  expansion  (19). 
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The  Step-Eqtuitions 

(l-|-a„)C,-|- 

+ 

On  C*-l- 
4ou  C»-l- 

2ou  C|-|- 
4ai«  C«+ 

2ai4  C4 

4ai7  C7-f- 

4au  Ci“6i 

0*1  Ci-1-(1-|-  ajj)Ct+ 

+  4a»  C»-|- 

2au  C*+ 
4aj»  C*+ 

2a*4  C4 

40*7  C7+ 

40**  C»*6» 

Oil 

-h 

Ojj  Cj-|-(H-2o**)C*-l- 
4a»  C*+  4ai«  C*-|- 

20i4  C4 

40|7  C7  + 

4o3«  C%^b% 

Oil  Ci-h 

On  Cj-f- 
4a*»C*-|- 

20*1  Cj-f*(l-f-2a44)C4 

404*  C|-|-  4047  C7  + 

404|  Ct*64 

0*1  Cl  +  ou  C*+ 

-|-(l+4a«)C,+ 

2o*i  C*-f- 
4a**  C»+ 

2a*4  C4 

40*7  C7  + 

4a**  C%^b% 

0*1  Cl  -|- 
+ 

0*1  Cj-H  2a«t  Ci-f- 
4a**  C*-|-(l+4a**)C*-|- 

2o*4  Ci 

4a*7  C7  + 

4a**C*»6* 

Oti  Ci-f- 
+ 

On  C*-|- 
4071  C*-}- 

207*  Cl-f-  2074  C4 

407*  C*-l-(H-4a77)C7+ 

407*C*-67 

0*1  Ci-f- 
+ 

Om  Cf-|- 
4oi*  C*+ 

2a«i  Cs-j- 
4ai»  C*-|- 

2o*4  C4 

4o*7  C7+(1+4o*i)Ci*6| 

In  finding  any  Op^  the  rule  for  distribution  of  multipliers  over  the 
small  squares  of  the  chessboard  is  merely  that,  for  a^,  the  multi¬ 
plier  for  any  square  is  the  product  of  the  multipliers  in  the  same 
square  for  ui,  and  o^i.  The  latter  follow  immediately  from  the 
definition  of  the  step-functions  ip{x)  and  ijCv).  The  chessboard 
is  made  with  y  increasing  upward  and  x  increasing  to  the  right 
in  the  usual  manner.  ^ 

In  computing  the  ap,  it  is  not  necessary  to  have  before  us  a 
complete  diagram  of  multipliers  like  (8).  For  the  munbers 
Oil,  oit,  au,  ....  ail,  .  .  .  which  occur  in  the  first  of  the 
step-equations,  involve  the  same  multiplier  throughout  any  one 
row  of  the  chessboard.  The  distribution  by  rows  is  an  immediate 
consequence  of  the  definitions  of  the  step-functions  it,  ii,  etc. 
As  a  key  diagram,  however,  the  distribution,  of  multipliers  by 
rows  for  an,  .  .  .  ,  au  is  as  follows  (eight  sub-intervals) : 
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ail 

ait 

ait 

ai4 

ait 

ait 

aiT 

ait 

+ 

- 

0 

- 

0 

0 

0 

- 

+ 
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0 
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0 

0 

0 

+ 

+ 

- 

0 

+ 

0 

0 

- 

0 

+ 

— 

0 

+ 

0 

0 

+ 

0 

+ 

+ 

- 

0 

0 

- 

0 

0 

+ 

- 

0 

0 

+ 

0 

0 

+ 

+ 

+ 

0 

- 

0 

0 

0 

+ 

+ 

+ 

0 

0 

0 

0 

0 

In  finding  any 

we  first 

foot 

up  Oi, 

by  columns  and  combine 

in  pairs  as  already  exemplified. 

The  form  (19)  of  r{x)  gives,  as  already  pointed  out,  a  step- 
function  which  has,  in  each  of  the  eight  sub-intervals,  nearly  the 
same  value  as  the  average  of  the  true  solution  r{x)  over  the  same 
interval.  The  fourth  and  last  stage  of  the  process  consists  in  find¬ 
ing  a  continuous  function  which  shall  have  for  its  average  value 
in  each  interval  precisely  the  same  value  as  (19).  This  is  the  same 
as  finding  a  continuous  function  which,  if  expanded  in  terms 
of  ii,  i*,  .  .  .  ,  ia,  shall  give  precisely  the  function  (19).  Any 
desired  form  of  continuous  function  might  in  general  be  assumed, 
provided  there  are  eight  disposable  constants  occurring  linearly. 
I  choose  a  polynomial  of  the  seventh  degree, 

A\-\- AiK-i- Atx*+  .  .  .  (26) 

To  expand  this  polynomial  in  terms  of  ii,  .  .  .  ,  it  we  first  write 
*"*^(iiii+^«iij+  •  •  •  A’Pnt  it  +  .  .  (28) 

Multiplying  successively  by  ii,  if,  .  .  .  ,  U  and  integrating,  we 
find,  since  the  i’s  form  an  orthogonal  system, 

i».*--P,ai*.i*  (29) 

which  determines  the  P»*.  Carrying  out  the  integration  gives 


1  ,  .  1-2"  .  .  1-2' 


«-|-l  2"(n+l) 


3« + 1  _  2" — 2*" + * 

2*"+‘(«-|- 1)^**"*"  2*"+‘(n+l) 


1-2" 


i»+i 


:4it+- 


2*"+*(n-|-l)‘'*  '  2^+*(n-|-l) 

y«i+i_2"  3"+* _ 2*""*^* 


-4it+- 


-«+i _ 2"  _ 2^" 


2*"-^*(n+l) 


-4i7 


2^  •*■  *(«+!) 


4it 


(30) 


I 


1 
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By  giving  to  n  successive  values  from  0  to  7  a  set  of  eight 
equations  is  obtained  which  are  the  expansions  of  I,  x,x*,  .  .  .  ,  x’ 
in  terms  of  the  step-functions  ii .  it . it.  These  eight  expan¬ 

sions  are  substituted  in  (26),  the  result  is  equated  to  (19).  and  the 
respective  coefficients  of  the  step-functions  are  equated.  The 
resulting  set  of  eight  equations  is  solved  for  the  A's  in  terms  of 
the  C’s.  It  is  needless  to  give  the  details  of  the  calculation. 
The  solution,  which  of  course  plays  the  same  part  in  working 
with  the  sixty-four-square  chessboard  as  was  fulfilled  by  the 
equations  (13)  in  the  abridged  or  sixteen-square  process,  is  the 
last  stage  in  the  solution  of  the  integral  equation. 


Equations  which  determine  r{x)  as  a  polynomial  like  (14). 

Ai~  —  [315C,  -2706C,-840C,+  1896C4-f  10080C»-1-2352(X:, 

-|-14112Ct+1440C,] 

.  JL  (3004  lCi+9692C,  -  18476C«  -  69264Ci  -  224336C, 

-142128Ct-14832C,) 

(-4060C,-517C,+2421C«+6980Ci+28692C, 

-fl9664C7+2108C,] 

Ai-^— (7735C,  -  4 14C,  -  4414C«  -  10528C»  -  51456C,  -  38176C7 

-4288C,] 


/lj-llif!(_508C,-|-95C,+273C«-f575C'»-|-3195C«+2581C7  . 

®  ^  +305C,] 

At  -  —  [  149C,  -  42C,  -  7iCt  -  146C,  - 894C,  -  782C7  -  98C,1 
15 

i47  -  -  40C,+ 14C,+ 18C«-f  35C,+231C,-|-217C7+29C,1 

45 

yl,-i^^^I5C,-2C,-2C-4-4C,-28C,-28C7-4C,]  (31) 
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To  obtain  the  maximum  accuracy  with  a  sixty-four-square 
chessboard  kernel,  the  C’s  should  be  detennined  from  the  step- 
equations  by  the  calculating  machine  correct  to  eight  or  more 
significant  figures.  The  equations  (31)  for  fitting  the  A’s  are  in 
themselves  rigorous.  The  degree  of  accuracy  in  the  answer  depends 
therefore  upon  the  accuracy  with  which  the  step-equaticns  serve 
to  determine  the  unknowns  Ci,  Ct,  ...  Ct-  In  the  illustrative 
example  above  worked  out,  it  was  noted  that  the  result  was,  on 
the  average,  somewhat  more  accurate  than  an  equal  number  of 
terms  of  the  true  polynomial  solution;  and  this  example  repre¬ 
sents  fairly  the  order  of  accuracy  obtained  in  the  problems  for 
which  the  method  has  so  far  been  tried  out.  A  fiuther  investiga¬ 
tion  of  the  question  is  in  progress.  The  process  is  necessarily 
convergent  provided  the  given  integral  equation  possesses  a 
continuous  solution.  (It  is  assumed  that  six)  is  not  identically 
zero.)  The  method  is  capable  of  a  good  deal  of  extension,  for 
example  to  a  two-dimensional  domain.  The  logic  of  the  process 
is  of  course  unimpaired  if  the  kernel  contains  an  arbitrary  param¬ 
eter.  Such  extensions,  however,  lie  outside  the  purpose  of  the 
present  paper,  which  has  been  to  provide  a  workable  method  for 
solving  certain  types  of  equations  occurring  in  Physics  and 
Engineering. 

Economical  Arrangement  of  Work  in  Using  Equations  (31) 

The  manner  of  working  resembles  the  method  of  Ritz.  Write 
the  coefficients  in  a  square  matrix.  Set  the  values  of  Ci,  Ct, 
.  .  .  ,  Ci  at  the  tops  of  the  columns,  in  order,  to  serve  as  multi¬ 
plicands.  Multiply  each  C  by  the  elements  below  it,  writing  the 
products  in  a  new  matrix  with  proper  sign.  Finally  add  this  new 
matrix  by  rows.  The  algebraic  sums  are  the  required  Ai,  At, 
.  .  .  ,  At- 

The  equations  (31)  have  been  checked  in  various  ways,  and  are 
believed  to  be  correct  as  printed.’  In  testing  the  utility  of  the 

▼  Since  going  to  press.  Dr.  Rutledge  has  kindly  pointed  out  how,  by  the 
methods  of  his  paper  on  “The  Polynomial  Determtned  by2n  +  \  Points,”  (This 
Journal,  Vol.  II,  No.  I,  Dec.  1922),  the  equations  (31)  may  be  at  once 
written  down  for  any  value  of  n.  By  this  means  the  equations  as  printed 
have  been  indepradently  checked. 

The  example  in  the  text,  by  the  64-square  method,  yields  the  A’s  nearly 
correct  to  three  places  of  decimals,  or  about  1%  error  with  respect  to  the 
averages  over  the  sub-intervals. 


■ 
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process,  it  is  desirable  to  collect  the  results  of  a  large  number  of 
examples.  Correspondence  will  be  welcomed  by  the  author.  He 
finds  that  whereas  the  abridged,  or  sixteen-square,  process  is  easily 
carried  through  in  an  evening,  the  sixty-four-square  computation 
is  rather  more  than  a  full  day’s  work. 

Summary  of  the  Process 

To  solve  an  integral  equation  of  the  form  (1),  set  up  the  step- 
equations  by  computing  the  numbers  an,  Oij,  etc.,  from  the  diagram 
of  multipliers  and  the  chessboard  kernel.  Solve  these  equations  by 
the  method  of  Ritz.  Substitute  the  values  of  the  C's  thus  found  in 
the  equations  (31).  The  result  is  a  polynomial  of  the  seventh  degree 
of  form  (26). 

Abridged  Process 

As  a  less  accurate  method,  use  a  sixteen-square  kernel,  and  the 
step-equations  (7)  and  diagrams  (8).  Substitute  in  (13)  and  obtain 
a  solution  in  the  form  of  a  cubic. 


NETS  AND  THE  DIRICHLET  PROBLEM 

By  H.  B.  Phillips  and  N.  Wibnbr 

1.  Introduction.  In  this  paper  the  Dirichlet  problem  on 
the  plane  and  in  three-space  —  in  general,  in  n-space,  as  a 
matter  of  fact  —  is  attacked  through  the  analogous  problem 
relating  to  the  potential  on  a  net  of  equally  spaced  wires  of  con¬ 
stant  resistance.  This  method  leads  at  once  to  the  solution  of 
the  Dirichlet  problem  for  any  continuous  boundary  conditions 
on  any  polygonal  or  polyhedral  boundary  of  a  certain  type. 
Then  by  means  of  an  important  lemma  to  the  effect  that  if  {  /?,  } 
is  any  set  of  polygonal  or  polyhedral  regions  of  this  type,  and 
potential  ftmctions  Un  are  assigned  so  as  to  be  equicontinuous 
and  uniformly  bounded  over  the  boundaries  of  the  R«’s,  they 
shall  be  equicontinuous  over  the  interiors  of  the  R,’s,  we  extend 
our  solution  of  the  Dirichlet  problem  to  regions  of  a  much  more 
general  character. 

Let  us  start  with  some  definitions.  To  begin  with,  a  set  of  func¬ 
tions  {/«(P) },  each  ranging  over  some  corresponding  region 
is  said  to  be  equicontinuous  if  there  is  a  function  such  that 

lim<^(jt)-0, 

*-•0 

and  such  that  if  P  and  Q  lie  on  R„, 

y.(p)-f.(.Q)\«HPQ)-  (1) 

Be  it  noted  that  the  regions  need  not  be  regions  having  area 
(or  volume)  —  they  may,  for  example,  be  arcs  of  curves.  Even 
in  this  case,  the  quantity  PQ  occurring  in  (1)  is  to  be  taken  as 
distance  measured  in  a  straight  line.  Curvilinear  distances  play 
no  part  in  this  paper. 

Given  a  region  R  in  three-space,  the  net  of  order  n'  over  R 
consists  of  those  portions  of  the  planes  x^ajlSf,  y^bl2'‘,  t^cl2* 
which  lie  within  /?;  o,  h,  and  c  assuming  all  integral  values.  The 
lines  of  the  net  are  the  intersections  of  planes  of  two  distinct 
systems.  The  nodes  of  the  net  are  the  points  where  planes  of  all 
three  systems  intersect.  A  function  /(P)  is  defined  over  the  net 

^Cf.  C.  V.\i'ng,e,GiiOiHguche  Nackrickten,  Math.-Phys.  Klassc  1911.  Cf.  also 
R.  G.  D.  Kichiutlson,  Trans.  Am.  Math.  18  (1917),  pp.  489-521. 
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when  it  is  defined  at  the  nodes.  A  boundary  node  of  the  net  is  a 
node  such  that  some  adjacent  node  does  not  He  within  /?— that 
is,  such  that  the  net  over  R  contains  less  than  six  nodes  adjacent 
to  the  one  in  question.  A  function  /(P)  defined  over  the  net  is 
defined  within  any  mesh  which  contains  in  its  interior  no  point 
not  on  R,  as  follows: 

fix,  y,  z)  */(*!,  yi,  *i)-}-2"[/(x,,  y,.  2,)  -/(xi,  yu  z^)]ix-x^) 

+2"  \fixu  yi,  t\)-fixi,  yi,  Si)l(y-yi)+2"[/(xi,yi,2,)-/(xi,yi,2i)](2-2i) 
-|-2*"[/(x,,  y,,  2,)  -/(*,,  y,,  2,) -fixi,  yi,  2,)+/(x,,  yi,  «i)](*-*i)(y-yi) 
+2^"l/(*i,  y*.  2,) -fixi, yi,  2t) -/(xi,  y,.  2,)4-/(xi,  yu  21)]  (y-yi)(2-2i) 
+2^"[/(xj,  yi,  Zt) -fixu  yu  2i)  -/(**,  yi,  2i)  +  f(*i,  yj,  Xi)]  (x-*,)(z-Xi) 
+2’"[f(x,,  y,,  xi)  -/(xi,  yi.  z,)  -/(xt,  yi,  z*)  -/(xt.  y»,  Zi)  +  /(xi,  yu  21) 
+  /(xi.  yi,  z,)+/(xj,  yu  *i)-/(xi,  yi,  z,)](x-xi)(y-yi)(z-zi) 

(2) 

A  similar  definition  holds  in  the  case  of  two  or  n  dimensions. 


2.  The  Diflerence-Equation  of  Potential  on  a  Net.  Consider 
a  net  of  order  v  in  space  of  three  dimensions  with  nodes  at  points 
having  coordinates  of  the  form 


(3) 


m,  n,  p  being  integers.  We  shall  now  show  that  there  exists  a 
function  /(x,  y,  2)  which  has  given  values  at  the  boundary  nodes 
and  has  at  each  interior  node  a  value  which  is  the  average  of  its 
values  at  the  six  adjacent  nodes  with  which  that  one  is  connected 
by  Hnes  of  the  net.  If  the  cobrdinates  (3)  represent  such  an  interior 
node,  the  condition  to  be  satisfied  is 


r  27  v  2"  27  “V  2'  2*^ ’27 

(m  n— 1  p\  im  n+1  p\ 

2"'  T  '  2)  ’  ~¥'  ’  y) 

^^\2'  2'  2'  r  v  / 


(4) 
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A  function  satisfying  (4)  will  be  called  a  potential  function  on  the 
net.  If  adjacent  nodes  are  connected  by  wires  of  eqxial  resistance 
and  given  potentials  -are  maintained  at  the  boundary  nodes, 
Kirchoff’s  laws  show  that  the  electric  potential  determined  at 
the  nodes  of  the  net  is  such  a  potential  function. 

To  show  the  existence  of  a  potential  function  with  given  bound¬ 
ary  values,  consider  the  function 


W- 

+ 

+ 


/w-fl  n  p\  /m  n  px!  » 

2^2^2^[^\2r  '  t' r)  ^\t' r  t)\ 

/»»  p\  w  p\i* 
r  '  t)  ^\r' r' •r)] 

a 

v'  tJ  ^\2r' r' 2r)\ 


each  sxunmation  being  extended  to  all  values  of  m,  n,  p  for  which 
the  arguments  \ised  represent  nodes  of  the  net.  Let  g(x,  y,  i) 
have  the  assigned  values  at  the  boundary  nodes  and  values  at 
the  interior  nodes  which  make  W  a  minimiun.  Since  W  is  a 
definite  quadratic  form  in  a  finite  number  of  variables  (the  values 
of  g  at  the  interior  nodes)  such  a  minimum  exists.  Differentiating 
W  with  respect  to 

1,  t\ 

T  2rl 


we  find  that  the  function  g(x,  y,  *)  satisfies  the  equation 

(m  n  p\  /m-fl  n  p\ 

'm—l  n  p\ 

+  .  -0 

which  is  equivalent  to  (4). 

There  cannot  be  two  distinct  solutions  of  (4)  having  the  same 
values  at  the  boundary  points  of  the  net.  For,  if  there  were, 


1U8  PHILLIPS  AND  WIBNBR 

their  difTerence  would  be  zero  at  the  boundary  points  and  would 
satisfy  (4)  at  all  interior  nodes.  Now  a  function  satisfying  (4) 
cannot  have  a  maximum  numerical  value  at  an  interior  node  of 
the  net.  Hence  the  difference  of  the  two  assumed  solutions  has 
its  maximum  numerical  value  zero  at  the  boundary,  which  proves 
the  two  solutions  indentical. 

The  equations  (4)  could  be  solved  in  the  following  way.  Take 
the  equation  expressing 

’\ie  2'  i’) 

in  terms  of  values  at  adjacent  nodes.  For  each  term  on  the 
right  of  this  equation  corresponding  to  an  interior  node  substitute 
its  expression  in  terms  of  adjacent  values  by  the  proper  equation 
of  the  type  (4).  In  the  result  substitute  again  for  all  terms  corre¬ 
sponding  to  interior  nodes,  and  continue  this  process  indefinitely. 
At  each  stage  of  this  process 


-'^2'  r  tt) 


is  expressed  as  a  linear  function  of  values  of  f{x,  y,  %)  at  interior 
and  boundary  nodes.  From  the  form  of  equations  (4)  it  is  seen 
that  the  coefficients  in  this  linear  function  are  all  positive  and 
have  a  sum  equal  to  1.  If  r  is  the  largest  number  of  steps  from  a 
node  to  an  adjacent  node  necessary  to  pass  from  any  node  to  the 
boundary,  after  r  substitutions  the  coefficients  multiplying  bound¬ 
ary  values  in  the  linear  function  have  a  stun  not  less  than 


The  sum  of  coefficiehts  of  interior  values  is  then  not  greater  than 

1-  -. 

6' 

After  rs  substitutions,  the  sum  of  coefficients  of  interior  values 
is  not  greater  than 
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which  approaches  zero  as  s  increases  indefinitely.  The  coefficients 
of  boundary  values  are  less  than  1  and  never  decrease.  They 
therefore  approach  definite  limits.  In  the  limit 

2r  r) 

is  thus  expressed  as  a  linear  function  of  the  boundary  values  with 
coefficients  all  positive  and  having  a  stun  equal  to  1. 

3.  The  Potential  on  a  Cubical  Net.  Let  us  now  consider 
a  net  of  order  v  extending  over  the  interior  of  a  cube  which 
we  may  without  essential  restriction  of  generality  consider  to  be 
the  cube  bounded  by  the  cobrdinate  planes  and  the  planes 
y—1,  i»l.  Let  us  suppose,  moreover,  that  the  potential 
is  everywhere  zero  over  the  surface  of  the  cube  except  for  the 
nodes  in  the  xy-plane.  On  these  nodes  it  is  a  given  continuous 
function  fix,  y).  We  wish  to  determine  the  potential  at  all  the 
nodes  of  the  cube. 

Following  the  method  of  Bernoulli  let  us  seek  solutions  of  (4) 
of  the  form  X(*)  Yiy)  Z(a).  For  such  a  function  (4)  becomes 

8XW  Y{y)  Z(.)  -  Y(y)Z(z)  +  x(.+  M  Y(y)Z(x) 

+  a:w  v'(,.-i)z(.)+  X{x)  y  (y+^z(z) 

+  XW  y  W2(2-1) + X(x)  ywz(r+l).  (s) 

By  division  we  get 

x(.-l)+x(x+i)  y(,-L)+y(,+  L) 

2X(x)  ■*"  2Y{y) 

2Z(Z) 

(6) 


no 
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Let  US  note  that 

.inx(,-L)+sinx(^+l) 
2  sin  Xx 

sinh  p  ^z—  ^  +a^  +8inh  p^z+^ 

2  sinh  p(z+a) 


(7) 


Hence 


sin  (Xx)  sin  (jiy)  sinh  p(z+a) 


(8) 


is  a  solution  of  (6)  provided 

cos^+  cos^  +  cosh  —  —  3.  (9) 

2*'  2’’  2' 

If,  moreover,  X*nr,  ft—yir,  a—  —1,  where  r  and  s  are  integers, 
(8)  vanishes  when  x*0,  x*»  1,  y»0,  y*  1,  or  z—  1.  It  thus  vanishes 
over  all  the  surface  of  the  cube  except  the  part  in  the  xy-plane. 
Equation  (9)  may  be  written  in  the  form 


whence 


1— cos  — +1— cos—  — cosh— — 1, 
2*’  2"  2*’ 


2  sin*— ^  +  2  sin*-^*2  sinh*— ^ 


From  this  it  is  clear  that  for  any  given  X  and  p 
Lim  /)*  — X*+ft*. 


(10) 


(11) 


Let  k,  I  he  positive  integers  and  let  m  be  the  positive  number 
such  that 

\^kir,  p^lir,  p^mir  (12) 

satisfy  (9).  Then 


2*-l  2»-l 

22  Au  sin  (kirx)  sin  (liry)  sinh  mir(z—  1)  (13) 
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is  a  solution  of  (4)  which  vanishes  over  all  the  surface  of  the  cube 
except  the  part  in  the  xy-plane  where  it  reduces  to 


r-i 


-2E  Au  sinh  mn  sin  (ktrx)  sin  (Iny). 


(14) 


It  is  to  be  noted  that  m  is  a  function  of  k  and  1. 

Let  us  suppose  that  (14)  assumes  the  same  values  as  the  func¬ 
tion  f{x,  y)  at  the  points 


V 


y^L 

^  r' 


where 


0<»<2',  0</<2'. 


Prom  theorems  concerning  finite  Fourier’s  series,  we  get 
-^wsinhmTr-^,^^^/  (*  l)sin*-^sin^. 


(15) 


•.>-1 

As  V  increases  indefinitely,  this  approaches 

•I  /.i 


sin  {kns)  sin|(/ir/)  ds  dt 


(16) 


since  f{s,  t)  is  continuous.  It  is  never  greater  in  absolute  value 
than  4  max.  \f{x,  y)\. 

Using  (16),  expression  (13)  can  be  reduced  to  the  form 


^S=a  22  I  2  2  ^  sin/Try 


ikir  jlir 


sinh  mir(l— z) 


sinh  (mir) 


(17) 


If  z<l, 


sinh  mir(l  —  z) 


V  )  — 


sinh  mn 


(18) 


L 

I 
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Consider  (17)  as  a  double  summation  with  respect  to  the  sub¬ 
scripts  k,  1.  Prom  (18)  any  term  of  this  double  stun  is  in  absolute 
value  not  greater  than  the  corresponding  term  in  the  series 


Each  term  in  this  double  series  is  in  absolute  value  not  greater 
than  the  corresponding  term  in 

Vy4ii,ax.|/(*,y)|<-—  (20) 


which  in  the  region  s>  «>  0  is  absolutely  and  uniformly  convergent 
As  V  increases  indefinitely,  from  (11)  and  (12).  m  approaches 
the  limit 

m~‘Vk*+lK  (21) 

The  k,  I  term  of  (17)  approaches  the  limit 

A  f  [ft,  »wir(l  —z) 


uniformly  throughout  the  cube,  where  m  has  the  value  (21). 
The  series 


is  term  by  term  in  absolute  value  not  greater  than  (20).  It  there* 
fore  converges  absolutely  and  uniformly  in  the  region 

l^s>6>0.  (24] 

We  have  then  shown  that  (13)  approaches  the  limit  (23)  uni¬ 
formly  in  the  region  (24) ;  for  the  terms  in  which 

l<n 


NETS  AND  THE  DIRICHLET  PROBLEM 


113 


approach  uniformly  the  corresponding  terms  in  (23)  and  as  n 
increases  indefinitely  the  remainder  in  each  case  approaches 
zero  independently  of  v. 

Since  k,  I,  m  satisfy  (21)  the  function  of  x,  y,  z  defined  by  (23) 
is  harmonic  within  the  cube.  Hence  the  net  potential  function 
approaches  a  bounded  continuous  harmonic  function  uniformly 
in  the  portion  of  the  cube  for  which  z^«>0.  If  the  boundary 
values  are  given  by  a  function  continuous  over  the  whole  surface 
of  the  cube,  the  net  potential  is  the  sum  of  six  potentials  of  the 
kind  just  discussed.  In  that  case  it  therefore  has  as  limit  a  func¬ 
tion  harmonic  within  but  not  necessarily  on  the  surface  of  the 
cube. 

Suppose  now 

J(x,y)~\.  (26) 

Let  f(x,  y,  z)  be  the  harmonic  function  defined  by' (23)  and  let 
/r(*.  y.  *)  be  the  net  potential  on  the  net  of  order  v.  In  a  similar 
way  we  could  start  with  a  function  which  is  1  on  the  plane  z  ~  1 
and  0  on  the  other  faces  of  the  cube.  The  continuous  function 
thus  defined  is 

/(«,  y,  1-z; 

and  the  nfet  potential 

frOt.  y,  1-z). 

Similarly  we  define  a  pair  of  functions  for  each  face  of  the  cube. 
The  sum  of  the  six  net  potentials  thus  obtained  is  the  net  poten¬ 
tial  with  value  1  at  all  the  nodes  on  the  surface  of  the  cube. 
Therefore 

Mx,  y, »)  +Mx,  y ,  1  -  z)  y,  x)  +Mz.  y,l-x)  +Mx,  z,  y) 

+Mx,i.l-y)^l.  ' 

At  any  point  inside  the  cube  each  of  the  net  functions  approaches 
the  corresponding  continuous  function  as  limit.  Hence,  at  any 
interior  point, 

/(*.  y,  *)  +/(*,  y,  1  -  »)  +/(*.  y,  *)  +/(*,  y.  l  -  *)  +/(*,  x,  y) 

+/(*.x.l-y)-l.  ^ 
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In  the  region 

0<e<*<l-€ 

<<>'<l-€  ►  (28) 

0<x<l 

all  the  functions  of  (27)  except  /(x,  y,  t)  approach  0  uniformly 
as  i  approaches  0.  Hence  f{x,  y,  z)  approaches  1  uniformly. 
In  the  same  region  each  term  of  (26)  except  f,ix,  y,  z)  approaches 
uniformly  the  corresponding  term  of  (27).  Hence  /,(*,  y,  z) 
approaches  the  continuous  harmonic  function  /(*,  y,  z)  uniformly 
in  the  region  (28). 

If  the  value  1  is  assigned  at  the  nodes  of  two  or  more  faces  of 
the  cube  and  the  value  0  at  the  others,  we  show  in  a  similar  way 
that  in  any  closed  region  belonging  to  the  cube  and  not  con¬ 
taining  points  where  the  boundary  values  are  discontinuous  the 
net  potential  approach^  imiformly  a  continuous  potential  which 
has  the  assigned  boundary  values. 

4.  A  Boundary  Problem.  Let  R  he  a.  region  whose  boundary 
c  is  made  up  entirely  of  a  finite  number  of  finite  rectangles  lying 
in  the  planes. 

x-On,  ybn,  *  (29) 

where  a.,  6.,  c.  are  terminating  binary  numbers.  With  a  point 
P  of  the  surface  as  center  construct  a  cube  To  with  sides  parallel 
to  the  codrdinate  planes  and  edge  S  so  small  that  if  a  cube  of  this 
size  or  smaller  is  constructed  with  any  point  of  C  as  center  a  part 
of  its  stirface  will  lie  outside  and  a  part  inside  R.  Let  Co  be  the 
part  of  C  within  To.  Let  a  function  F  be  equal  to  1  at  the  bound¬ 
ary  nodes  on  Co  an4  equal  to  0  at  all  other  boundary  nodes. 
Let  F,  be  the  continuous  function  obtained  by  constructing  the 
potential  determined  by  F  on  the  net  of  order  v  and  continuing 
it  through  the  cells  by  trilinear  interpolation.  We  wish  to  show 
that  a  cube  can  be  constructed  with  P  as  center  within  which 
F,  differs  from  1  by  less  than  an  arbitrarily  assigned  quantity  c. 

For  this  purpose  construct  a  series  of  cubes  Fi,  Ft,  .  .  .  F,,. 
with  centers  at  P,  sides  parallel  to  the  codrdinate  planes,  and 
edges  of  length  ^  S,  ^  8,  .  .  .  ,  jf.  8.  Let  the  part  of  C  within 
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Fm  be  Cm  and  let  the  surface  of  Fa,  within  /?  be  /«.  On  the  sur¬ 
face  /o  the  functions  F,  are  zero  or  positive.  We  first  show  that 
these  functions  have  on  /i  a  value  everywhere  greater  than  a 
definite  positive  number  p>0.  For  all  finite  values  of  v  these 
functions  are  positive  on  U,  since  they,  like  the  net  potentials, 
have  their  greatest  and  least  values  on  the  boundary.  For  stif- 
fidently  large  values  of  v  we  can  construct  a  cube  F'  within  Fo 
with  sides  of  the  form  (29)  and  lying  as  close  to  those  of  Fo  as  we 
please.  If  we  construct  functions  F,'  which  are  zero  on  the 
surface  I’  of  this  cube  within  R  and  1  on  the  part  of  C  within 
F',  we  shall  have 

f,>f: 

at  all  the  nodes  on  the  surface  Df  F'  and  so  at  all  points  of  R 
within  F'.  As  v  increases  indefinitely,  F,*  approaches  uniformly 
a  function  F'  harmonic  within  F'.  Since  this  function  is  not 
zero  on  Ii,  the  functions  F,  have  a  lower  limit  ^>0on  7i.  This 
value  p  can  be  taken  independently  of  the  position  of  P  on  the 
stuface,  for  the  limit  of  such  positions  is  again  a  position  at  which 
p  is  not  zero.  The  same  value  can  be  used  for  all  cubes  of  edge 
^8;  for,  when  the  edge  is  very  small,  the  part  of  R  within  the 
cube  is  similar  to  one  obtained  with  a  larger  cube. 

Consider  now  the  functions  ' P»—p.  These  ftmctions  are  all 
zero  or  positive  on  h  and  equal  to  1— F  on  the  part  of  C  within 
Fi.  These  functions  satisfy  the  same  conditions  on  Ft  that 
Fp  did  on  F«  except  that  the  value  on  the  surface  is  1  —  p  instead 
of  1.  Hence  on  It 

or 

F,>i-ii-py. 

By  a  continuation  of  this  process  we  show  that  on  /«, 

P,>l-(1-Fr.  (30) 

Since  these  fimctions  have  the  value  1  on  the  remainder  of  the 
siuface  of  the  region  conunon  to  F*  and  R,  it  follows  that  (30) 
is  valid  for  all  points  of  R  within  Fap. 
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5.  A  Special  Case  of  the  Dirichlet  Problem.  Let  R  he  a. 
region,  as  in  §  4,  whose  boundary  c  is  finite  and  made  up  entirely 
of  rectangles  in  the  planes  y^b^,  z^c,,  where  a„  b,,  c, 

are  terminating  binary  numbers.  Let  the  function  U{x,y,  a) 
be  determined  on  C  and  let  it  be  continuous  in  the  sense  that  if 
(x,  y,  z)  and  (x+Ax,  y+Ay,  z+Az)  are  points  on  C  and 

LimV  (Ax)  *+  (Ay)*+  (As)  *  —  0, 

Lim  U(x-j-Ax,  y+Ay,  z+Az)^  U(x,y,z).  (31) 

We  shall  construct  a  function  u(x,  y,  z)  which  has  the  given  values 
on  C,  is  harmonic  over  the  interior  of  R,  and  continuous  over 
R+C. 

Let  us  first  construct  a  net  of  order  v  containing  every  edge 
and  comer  of  C  as  line  or  node.  This  is  clearly  possible  from  the 
definition  of  C  for  all  v’s  from  a  certain  ft  on.  Constmet  the 
net  potential  which  reduces  to  (/(*,  y,  z)  at  the  boundary  nodes 
and  extend  this  function  through  the  interior  of  each  cell  by 
trilinear  interpolation.  Let  the  resulting  function  be  U,(x,  y,  a), 
or  briefly,  U,(P),  where  P  is  the  point  (*,  y,  a). 

We  first  show  that  the  functions  U,(x,  y,  a)  are  equicontinuous 
over  the  boundary  C.  Let 

f(PQ)  -  max.l  U(P,)  -  U(Q,)\,  (32) 

where  Pi,  Q\  is  any  pair  of  points  on  C  such  that 

P.  Q^<PQ. 

Then  f(x)  is  an  increasing  function  of  x  which  by  the  continuity 
of  U(P)  approaches  zero  with  x.  If  P  and  Q  are  two  points  in 
the  same  mesh  on  C,  vfe  can  pass  from  P  to  Q  by  two  steps  P  to 
Pi,  and  Pi  to  Q,  each  step  being  parallel  to  a  side  of  the  mesh  and 
not  greater  than  PQ.  By  the  linearity  of  the  interp>oiation 

I  U,iP)-  l7,(Pi)| 

has  its  maximum  value  for  a  given  distance  PPi  when  P  and  Pi 
are  on  one  of  the  boimding  lines  of  the  mesh.  Since  U,  and  U 
have  the  same  values  at  the  ends  of  this  line 

I  (/,(P)-  (/,(Pi)|  <inax.|  U(P)-  U(Q)\</(PQ), 
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Similarly 

\U,{P,)-UM\±f{PQ). 

Hence 

\U,{P)-U,{Q)\<2J{PQ). 

If  P  and  Q  lie  in  adjacent  meshes,  we  can  pass  from  P  to  a  com¬ 
mon  edge  and  from  that  to  Q  by  two  steps  of  the  kind  just  dis¬ 
cussed  each  of  length  not  greater  than  PQ.  Hence  in  this  case 

\u,{P)-UM\<^fiPQ). 

Finally,  if  P  and  Q  lie  in  meshes  that  are  not  adjacent,  we  can 
pass  from  P  to  a  comer  of  its  mesh,  from  that  to  a  comer  of  the 
mesh  in  which  Q  lies,  and  from  that  to  Q  by  three  steps,  no  one 
of  which  is  greater  than  PQ.  Hence  in  this  case 

|t/,(P)-f/,(0)|  <5/(P0).  (33) 

For  any  two  points  P  and  Q  on  C  this  last  inequality  is  valid, 
which  proves  the  equicontinuity  of  the  functions  U,  on  C. 

We  shall  now  extend  the  condition  of  equicontinuity  to  the  case 
where  P  lies  on  the  boundary  and  Q  inside.  In  §  2  it  was  shown 
that  the  net  potential  in  a  linear  function  of  values  on  the  bound¬ 
ary  with  coefficients  whose  sum  is  1.  From  the  nature  of  the 
interpolation,  this  is  e‘vidently  tme  also  for  the  functions  U,.  A 
cube  of  side  2PQ  with  center  at  P  contains  Q.  If  U,{Q)  is 
expressed  as  a  linear  function  of  boundary  values,  the  argument 
of  §  4  shows  that  the  stun  of  coefficients  associated  with  bound¬ 
ary  points  in  a  cube  of  side 

2’".2P0 

is  not  less  than 

l-(l-p)". 

The  sum  of  coefficients  associated  with  points  outside  this  cube 
is  then  not  greater  than  (1  —  p)".  By  (33)  the  maximum  variation 
of  U,  at  boundary  points  within  this  cube  is  not  greater  than 

5  /(2’"+‘.2PG). 

Since  U,{P)  is  one  of  these  boundary  points 

1  l/.(P)-  i/,(Q)|:<  5/(2"+".P0)-|-2(l-/»)"max.  |  f;|.  (34) 
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Let 

As  PQ  approaches  zero,  m  increases  indefinitely,  2’"*^.PQ  ap¬ 
proaches  zero  and  so  the  right  side  of  (34)  is  an  increasing  function 
f\iPQ)  which  approaches  zero  with  PQ. 

Finally  we  wish  to  show  the  equicontintiity  of  the  functions 
U,  over  the  whole  region  R-\-C.  If  P  and  Q  are  nodes,  the 
difference 

U,(P)-  UM 


satisfies  the  net  potential  equation  (4)  and  its  maximum  absolute 
value  for  a  given  distance  PQ  occurs  when  one  of  the  points  P 
or  Q  lies  on  the  boundary.  This  maximum  is  then  not  greater  than 
If  P  and  Q  lie  on  the  same  edge  of  a  cell,  by  the  linearity 
of  the  interpolation  the  maximum  difference  is  still  not  greater 
than  fiiPQ).  If  P  and  Q  lie  in  the  same  cell  the  step  from  P  to 
Q  can  be  broken  into  three  steps  parallel  to  the  codrdinate  axes. 
In  each  case  the  maximum  difference  occurs  when  the  points  are 
on  an  edge.  Hence  in  this  case  the  maximum  difference  is  not 
greater  than  3/i(PQ).  The  case  where  P  and  Q  lie  in  adjacent 
cells  can  be  resolved  into  two  steps  of  the  kind  just  discussed 
Hence  the  maximum  difference  is  not  greater  than  6/i(PQ) 
Finally,  if  P  and  Q  lie  in  nonadjacent  cells,  we  can  pass  from  P 
to  a  node  of  its  cell,  from  that  to  a  node  of  the  cell  in  which  Q 
lies  and  from  that  to  Q,  by  three  steps  not  greater  than  PQ. 
In  any  case  the  difference  therefore  satisfies  the  condition 


I  v.(P)-  UM\  <i3A(pe). 

Let 

'  13/.(P(2)-<^(PQ). 

Then 

I  [/,(/>)- t7,(O)|<^(fl0)  (38) 


where  P  and  Q  are  any  points  of  R-\-C.  This  function  ^(x)  is 
an  increasing  function  of  x  and 

Lim 

s-O 
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The  functions  U,  are  therefore  equally  continuous  on 
They  are  also  equally  bounded,  since  they  lie  between  the  nuud- 
mum  and  minimum  values  of  U  on  the  boundary.  Hence  it  is 
possible*  to  select  from  an  infinite  set  of  the  functions  U,  a 
sequence  { V, }  converging  uniformly  over  R-\-C  to  a  con¬ 
tinuous  function  u{x,  y,  a),  which  clearly  is  equal  to  U{x,  y,  ») 
on  C. 

Let  r  be  any  cube  entirely  in  R  with  edges  that  belong  to  the 
net  from  some  v  on.  Over  the  boundary  of  this  cube  { Kn } 
converges  tmiformly  to  u.  The  net  potential  function  V/  cor¬ 
responding  to  values  of  u  on  the  surface  of  r  is  the  sum  of  six 
net  potentials  of  the  kind  discussed  in  {3.  In  a  region  within  F 
this  net  potential  therefore  converges  uniformly  to  a  harmonic 
function.  Further  when  V,  differs  from  u  by  less  than  <  on  the 
boundary  of  the  cube,  V,'  differs  from  V,  on  the  interior  by  less 
than  e.  Hence  V,  converges  uniformly  to  a  function  harmonic 
in  every  cube  F  within  R.  Hence  u{x,  y,  z)  is  harmonic  through¬ 
out  R. 

Any  infinite  set  of  the  functions  U,  has  a  sub-set  which  con¬ 
verges  to  a  fimction  u(x,  y,  t)  harmonic  in  R  and  having  the  given 
boundary  values  on  C.  Since  there  is  only  one  such  harmonic 
function,  U,  converges  uniformly  to  u.  Otherwise  there  would 
be  an  e>0  such  that  for  an  infinity  of  values  of  v 

max.| 

implying  that  the  infinite  set  of  the  functions  U,  does  not  have 
a  sub-set  converging  to  u. 

6.  *  The  Solution  of  die  Dirichlet  Problem.  Let  i?  be  an  open 
region  in  n-space,  bounded  by  a  closed  set  of  points  C,  and  within 
some  sphere  of  n  dimensions  about  the  origin.  We  shall  say  that 
R  has  the  property  (D)  if,  whenever  a  point  O  belongs  to  C, 
there  are  positive  numbers  a  and  b  such  that  if  f<a  and  an 
n-sphere  F  of  radius  r  is  drawn  with  O  as  a  center,  then  if  2  is 
the  set  of  points  in  F  but  not  in  R,  the  projection*  of  Z  on  at 

*Cf.  M.  Prtchet,  Sur  quelques  points  du  calctd  Jonctionnd,  Rend,  del  Cir. 
Math,  di  Palermo,  1906. 

*The  lue  of  the  notion  of  projection  in  this  paper  is  due  to  a  suggestion  of 
Prof.  O.  D.  Kellogg. 
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least  one  of  the  n  — 1-spaces  determined  by  a  set  of  n  perpen¬ 
dicular  axes  exceeds  b  r""‘  in  content.  Our  theorem  is  that  if  R 
has  property  (D),  and  U  (x,  y,  .  .  .  )  is  any  continuous  function 
defined  for  the  points  of  C,  then  there  is  a  function  «(*,  y,  .  .  .), 
harmonic  in  R,  continuous  on  R+C,  and  reducing  to  U{x,y,.  .  .  ) 
on  C.  We  shall  prove  this  theorem  by  parallel  stages  for  » —  2 
and  n»3. 

To  this  end,  suppose  C  overlaid  with  a  net  of  order  v.  The 
squares  (or  cubes)  of  this  net  which  contain  points  of  C  will  form 
a  set  of  points  K,.  Then  K,  will,  in  general,  have  a  part  of  its 
boundary  within  R  and  a  part  outside  R.  Let  the  part  within 
R  be  C,.  For  a  sufficiently  large  v,  C,  will  entirely  bound  a  region 
(not  necessarily  connected)  entirely  within  R.  Let  this  region 
be  /?„. 

Every  node  of  the  net  of  order  v  on  C,  is  not  further  than 
d{v)  ^  \/2 12"  [or  •\/3/2'’]  from  some  point  of  C.  Let  U,  (x,  y) 
[  U„  (x,  y,z)]  be  defined  at  a  node  P  of  C,  as  the  value  of  (/(x,  y) 
( U{x,  y,  z)]  at  some  point  Q  of  C  such  that  PQ^dfy).  On  the 
edges  (faces)  of  C,,  let  U,  be  defined  by  a  process  of  linear  [bilinear) 
interpolation  between  the  adjacent  nodes.  Then  U,{x,  y) 
(  U,fx,  y,  3))  is  continuously  defined  over  C,.  Now,  we  have  proved 
that  the  Dirichlet  problem  is  soluble  for  regions  bounded  by 
contours  such  as  C,  and  for  sets  of  boundary  values  such  as  U, 
Hence  there  is  a  function  u,(x,  y)  harmonic  over  the  interior 
of  R,,  continuous  over  C,-\-R,,  and  reducing  to  U,{x,  y) 
(  U,{x,  y,  z)]  on  C,. 

In  defining  the  property  (£>),  we  have  introduced  certain  posi¬ 
tive  numbers  a  and  b  related  to  a  point  O  in  C.  Let  r<o,  and 
let  r'  be  a  circle  (sphere)  about  O  of  radius  2f.  Choose  r  so*  small 
that  if  P  is  any  point  of  C  within  F', 

|t/(0)-C/(P)l<e. 

If  V  is  so  large  that  2d{v)<r,  then  if  P  lies  on  C,  and  in  a 
circle  F  (sphere)  of  radius  r  about  0,  we  shall  have 

\U{P)-U,{P)\<€. 

Let  Fi  be  a  circle  (sphere)  of  radius  dr  about  O  as  center. 
Let  Z  be  the  p>art  of  Fi  not  in  R,  and  Z,  the  part  of  Fi  not  in 
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Rf.  Clearly  Z  is  entirely  enclosed  in  Z,.  It  then  follows  from 
the  character  of  the  boundary  of  Z»  and  from  the  fact  that  R 
has  property  {D),  that  in  Z»  there  can  be  drawn  parallel  to  one 
of  the  coordinate  axes  [planes]  a  finite  number  of  linear  segments 
[of  regions  bounded  by  a  finite  number  of  arcs  of  circles  and 
straight  lines]  of  length  [area]  totalling  to  bdr  [to  b6*r'],  and 
with  projections  which  do  not  overlap.  Let  this  set  of  segments 
[regions]  be  <r,. 

Consider  a  distribution  of  matter  of  density  1  along  a,,  generat¬ 
ing  a  logarithmic  [Newtonian]  potential.  On  the  periphery 
[surface]  of  T,  this  potential  cannot  exceed  —bBr  log  [r(l  — ^] 

[cannot  exceed  1,  since  f(l  —  ^  is  less  than  or  equal  to  the 

minimum  distance  of  <r,  from  the  periphery  [siirface]  of  F.  By  a 
similar  argument,  the  potential  in  Fi  can  never  be  less  than 

or  ~^J  •  On  <r,  itself,  the  potential  would  be 

increased  if  the  different  i>arts  of  c,  were  brought  nearer  by  being 
brought  into  the  same  line  [plane],  and  the  maximtun  potential 
would  be  still  further  increased  if  they  were  compressed  into  a 
single  segment  [circle],  and  the  potential  taken  at  the  center. 
This  will  give  us  as  an  Upper  bound  to  the  potential  on  <r,  in  the 
two-dimensional  case 


—  2  J  log  X  d*“6^r^l— log 


and  in  the  three-dimensional  case 


27r 


1  _ 
/  -(pdp)^26r\/irb. 

Jo  P 


Let  the  potential-function  just  defined  be  V(P). 
harmonic  function  W{P)  be  defined  as 


Let  a  new 


V(P)-f-6tfrlog[r(l-^] 
? - 
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in  the  two-dimensional  case,  and 


V(P)- 


b$h 

\-0 


2erVwb-'^ 

1-0 


in  the  three-dimensional  case.  Clearly  W{P)^\  on  and 
W{P)^0  on  the  periphery  of  F.  Ch'er  Fi  we  have  in  t!ie  two- 
dimensional  case 


log 


W{P)^  - 


(1-0) 

20 


1+log 


2(l-«^ 

b0 


and  in  the  three-dimensional  case 


1V(P)> 


^-—Wb 
2  \-0 

/-  0\/b 


In  both  cases,  the  expression  on  the  right-hand  side  is  positive 
if  It  is,  moreover,  constant  at  a  given  point  0  if  is  given 

a  definite  value,  say  1/4.  We  shall  use  the  symbol  o  for  the 
expression  on  the  right-hand  side  of  these  inequalities. 

Now  let  Fj  be  a  circle  [sphere]  about  0  with  radius  r/16,  let 
F|  be  a  circle  [sphere]  about  O  with  radius  r/64,  and  in  general  let 
F,  be  a  circle  [sphere]  about  0  with  radius  r/4".  Let  ^(P)  be 
any  function  harmonic  over  R„  positive  over  F,  and  at  least 
1  over  the  part  of  tC,  within  F.  Since  ^(P)^W(P),  we  have 

((P)  >  a  over  Fi.  Form  the  new  harmonic  function  — ?  . 

1  — a 

This  function  is  positive  over  Fi,  and  at  least  1  over  the  part  of 
C,  within  F|.  Hence  over  Fj, 

(snz3>a. 

1  — a 
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or 

In  the  same  way,  over  r,, 

Now,  over  the  part  of  C,  within  T,  we  have 

Hence  by  a  change  in  U,  of  less  than  e,  we  can  give  to  I/,  the 
constant  value  U (O)  over  the  part  of  C,  within  T.  Let  the  modi¬ 
fied  fimction  thus  obtained  from  U,  be  V,,  and  let  it  give  rise 
to  a  harmonic  function  v,  over  R,.  Let  the  maximum  possible 
absolute  value  of  t/(P)  be  M.  Then 

p>(P)-i-Af-f-c 

-C/(0)+Af+e 

are  functions  satisfying  the  conditions  we  have  laid  down  for 
^(P).  Hence  over  r„  if  we  choose  n  so  that  (1  — a)"<€ 

p>(P)4-Af+€  >  -  i>.,(P)-t-M+€  ^ 

t/(0)+A/-|-c  —  -  f/(0)+Af+e 

Hence  over  Fi 

|®,i:P)- C/(0)|£2M<-|-€*. 

or 

U,(P)-  C/(0)|<€*-f(2M+l)€. 

By  a  proper  choice  of  e,  we  can  make  e*-)-(2Af+l)€  less  than 
any  assigned  number,  say  r).  Hence  about  every  point  O  of  C 
we  can  draw  a  circle  (sphere)  Fo  such  that  for  a  sufficiently  large  v 
if  P  lies  within  this  circle,  and  (P)  exists. 

\uXP)-U{P)\<yi. 

By  the  Heine-Borel  theorem,  every  point  in  C  can  be  made  an 
interior  point  of  one  of  a  finite  number  of  these  circles  [spheres]  Fo, 
for  a  given  value  of  17.  If  v  is  made  sufficiently  large,  C,  will  lie 
entirely  within  this  finite  set  of  the  Fo.  It  will  follow  that  from 
some  value  of  fi  on,  two  different  «,.’s  cannot  differ  by  more  than 
2r}  on  C,,  and  hence  on  R,.  In  other  words,  on  any  R„  the  fimc 
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tions  u,(P)  converge  uniformly  to  a  limit,  which  must  thus  be  a 
harmonic  ftmction  m(P)  defined  over  R. 

Clearly  over  To, 

|i<(P)-  i;(0)l<i). 

Now  in  Tw  1?  can  be  made  as  small  as  we  please.  Hence  if  (Pa) 
is  any  sequence  of  points  in  R  approaching  a  point  O  on  C,  we 
have 

t/(0)-lim 

In  other  words,  if  u  (P)  be  assigned  the  same  values  as  U(P) 
on  C,  it  will  constitute  a  continuous  function.  Hence  we  have 
solved  the  Dirichlet  problem.* 

*  *  This  paper  waa  presented  at  the  1922  Christinas  meeting  of  the  American 

Mathematic^  Scx^ty  at  Cambridge.  At  the  same  meeting  a  wper  involving 
a  somewhat  similar  method  of  treatment  was  presented  by  Mr.  Raynor  of 
Princeton.  That  papCT  is  to  be  offered  for  a  dcxitoral  thesis.  It  was  further 
learned  on  that  occasion  that  many  of  the  results  of  this  paper  were  obtained 
by  different  methods  by  Mr.  Gleason  of  Princeton,  in  a  paper  likewise  to  be 
offered  for  a  doctoral  thesis. 


NOTE  ON  THE  VANISHING  OF  THE  DETERMINANT 
OF  THE  SECOND  FUNDAMENTAL  FORM 
OF  A  HYPERSURFACE 
By  C.  L.  E.  Moore 

1.  Introduction.  It  is  well  known  that  a  necessary  condition 
that  a  hypersxirface  can  be  deformed  is  the  vanishing  of  all  the 
minors  of  the  third  order  of  the  determinant  of  the  second  funda¬ 
mental  form.*  Killing*  states  that  this  means  that  the  hyper¬ 
surface  is  the  locus  n-2  dimensional  spaces.  Schur  in  discussing 
deformations  states  that  he  does  not  know  Killing’s  proof  and  in 
a  later  paper*  shows  that  in  4-space  the  vanishing  of  the  deter¬ 
minant  is  the  condition  that  the  hypersurface  be  the  locus  of  oo  * 
lines  and  that  the  tangent  hyperplane  is  tangent  along  the  whole 
length  of  the  generator.  In  other  words  the  surface  is  the 
envelope  of  oo*  hyperplanes.  Segre*  discussed  the  projective 
relations  of  such  envelopes  and  in  particular  gave  the  theorem. 
If  the  quadratic  cone  formed  by  the  principal  directions  at  a  point 
has  a  double  generator,  this  generator  belongs  to  the  hypersurface 
and  the  tangent  hyperplane  is  fixed  along  the  whole  generator.  This 
theorem  has  close  connection  with  the  problem  in  hand  but 
I  shall  not  treat  it  from  this  point  of  view. 


2.  If  we  write  the  surface  vectorially 

yy  (*i,  *!,...*«) 


then 

ds*^Zar^Xrdx,’‘dy.dy^  Zyr .  y^x/lx,  (1) 

and 

Vr-yt^cir,-  (2) 

1  Bianchi,  Geometria  Diffirenziale,  Vol.  I,  page  461. 

*  Nicht  Eukli-dische  Raumformen.  Teubner,  1885. 

■  Ueber  die  Deformation  cines  dreidimensionalen  Raumes  in  einem  ebenen 
vierdimensionalen  Raume,  Math.  Ann.  Vol.  XXVII,  page  344. 

4  Preliminah  di  una  teoriadelle  varieUt  luoghi  di  spazi,  Rend,  del  Circolo 
Math,  di  Palermo,  Vol.  XXX,  pages  87-121. 
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Differentiating  (2)  covariantly  with  respect  to  the  first  funda¬ 
mental  form 

<f>  —  ZOr/lx,  dxt 

yr.yrt+yn.y*-®. 

Permuting  r,s,t,  and  using  the  fact  that  is  a  symmetric  set 
we  get 

yr.yrt-0.  (3) 

for  all  values  of  r,s,t-  This  shows  that  the  vectors  yr,  are  all 
directed  along  the  normal  to  the  hypersurface  and  following 
Ricci  we  write 

yr.^brX 

where  C  is  a  unit  normal  to  the  hypersurface.  Then 


brt^i.yr,. 

(4) 

also 

i.yr-0. 

(S) 

Differentiating  (5) 

yr*.C+yr.{i-o. 

Hence 

yrX  •-br,. 

(6) 

Since  {  is  a  unit  vector  C  •  C  I  And  consequently 

C.C,-0. 

(7) 

From  (6)  and  (7) 

(81) 

•  r 


The  quantities  by,  are  the  coefficients  of  the  second  fundametita 
form. 

If  we  asstune  a  unit  orthogonal  curve  system* 


•  Ricci-L’evi-Civita,  Math.  Ann.,  Vol.  LX. 
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into  the  covariant  derivative  of  (13)  we  get 

^Hr  “  C  X,y,+j£  y^i  (17) 

From  (8)  we  also  have 

Cr“  2  bf,y^  ^  “  2a>iyX(/^  \j,,  ^ »  2  (18) 

1 

Ricd  and  Levi-Civita*  showed  that  if  the  congruence  \i,  is 
geodesic 

■y*rt“0.  ^-1,  2  .  .  .  .  n. 

The  curvature  of  a  curve  of  the  congruence  X,  is 


dSi  r  dXf  dSi 


Hence  (u,y  is  the  normal  component  of  the  curvature  of  the  curves 
of  the  congruence.  The  second  term  is  called  the  geodesic  curva¬ 
ture  and  hence  we  see  that  for  geodesics^ all  the  curvature  is 
normal  to  the  surface. 

If  we  differentiate  Cj  with  respect  to  r,  we  obtain  the  rate  of 
change  of  the  unit  normal  to  the  curve  X,, 

^  2 

asi  I 


The  invariant  is  then  the  normal  component  of  this  rate  of 
change.  If  we  assume  X,  to  be  a  geodesic  congruence  then  the 
osculating  plane  will  be  f,X{,  and  the  first  torsion  of  the  curve 
is  the  rate  of  change  of  this  with  respect  to  r,. 


h-  f  (f.x  f)  =  ^‘  x£+fi  X  ^  ^  X  i+(,  X IW”. 

uSi  dSi  dSi  dSi 

Since  the  congruence  was  assiuned  to  be  geodesic  —  X  ^ » 0. 

dsi 

Hence  using  (18) 

k 
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The  vector  on  the  right  is  a  simple  vector  since  each  term  con* 
tains  the  fixed  vector  Hence  the  torsion  of  a  geodesic  is  a 
simple  2-vector  passing  through  the  tangent  line  and  the  component 
in  the  plane  X  is  This  vector  vanishes  when  and  only 
when  o>*,  ■»  0  for  all  values  of  k  different  from  ». 

Similarly  if  is  geodesic  {h4j4i)  is  a  unit  plane  com¬ 

pletely  perpendicular  to  X  {  and  the  derivative  of  this  plane 
with  respect  to  5,  is  a  simple  2-vector  and  vanishes  when  and 
only  when  <u*,  *0  for  all  values  of  k  different  from  i. 


4.  Lines  of  curvature.  Ricci  and  Levi-Civita*  define  lines  of 
curvature  as  the  congruence  which  reduces  to  canonical  form. 
This  is  found  to  be  the  congruences  for  which  » 0,  i^j-  Hence 
lines  of  curvature  are  therefore  lines  of  zero  geodesic  torsion  as 
defined  above.  In  terms  of  congruences  of  lines  of  curvature 

The  Gauss-Codazzi  relations  are 


ds,  dSp  -i  i 

If  we  assume  the  congruence  to  be  lines  of  curvatiu^  and  put 
the  last  formula  becomes 

dSn 


From  this  formula  we  see  that 

(a)  If  a  congruence  of  lines  of  curvature  are  also  geodesic  they 
must  consist  of  superposable  curves.  In  other  words  the  hyper¬ 
surface  can  be  generated  by  moving  an  invariable  curve.  Since  the 
geodesic  torsion  in  the  direction  of  a  line  of  curvature  vanishes 
it  follows  that  in  this  case  the  line  of  curvature  must  be  a  plane 
curve. 

(b)  If  ~  0  then  ynmm  0  and  the  lines  of  curvature  are  geodesics. 

(c)  If  the  principal  curvatures  <0  are  aU  equal  at  all  points 
they  are  constant. 
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In  terms  of  lines  of  ctirvattire  (12)  becomes 

b  „ 

--ohi&hs . K. 

a 


From  (18) 

^  -  2  CXJ"’  -  - 

dSi  r  J 


Now  if  X,  is  a  congruence  of  lines  of  curvature  this  becomes 


(19) 

•dst 


If  <u.,— 0  the  normal  does  not  change  in  this  direction.  From 
theorem  (6)  above  we  see  that  in  this  case  the  line  is  also  geodesic 
and  consequently  the  normal  to  the  surface  is  the  principal 


normal  to  the  curve  and  —  is  the  curvature.  Hence  if  K^O 
dsi 


the  hypersurface  is  ruled  and  has  the  same  tangent  5.  along  the 
whole  generator.  The  hypersurface  is  then  the  envelope  of  oo*"* 
hyperplanes.  Conversely  if  the  hypersurface  is  the  envelope  of 
Qo*~*  hyperplanes  each  hyperplane  will  be  tangent  along  a 
dC 

straight  line.  Then  —  “0  along  this  line.  From  (19)  this  requires 
ds 


the  line  to  be  a  line  of  curvature. 

If  the  first  minors  of  |6ri|  vanish,  i.e.,  if  it  is  at 

once  evident  that  the  whole  plane  of  lines  determined  by  these 
two  directions  are  lines  of  curvature  and  from  the  argument 
just  given  the  hypersurface  will  be  the  locus  of  oo""*  planes 
and  a  tangent  hyperplane  will  be  tangent  at  all  points  of  one  of 
these  planes.  The  generalization  when  the  ibth  minors  vanish 
is  at  once  evident.  * 


DIFFERENTIAL-SPACE 

By  Nobbbbt  Wibnbb 

§1.  Introduction. 

52.  The  Brownian  Movement. 

§3.  Differential-Space. 

54.  The  Non-Differentiability  Coefficient  of  a  Function. 

§5.  The  Maximum  Gain  in  Coin-Tossing. 

§6.  Measure  in  Differential-Space. 

§7.  Measure  and  Equal  Continuity. 

§8.  The  Average  of  a  Botmded,  Uniformly  Continuous  Func¬ 
tional. 

§9.  The  Average  of  an  Analytic  Functional. 

§10.  The  Average  of  a  Functional  as  a  Daniell  Integral. 

§11.  Independent  Linear  Fxmctionals. 

§12.  Fourier  Coefficients  and  the  Average  of  a  Functional. 

§1.  Introduction.  The  notion  of  a  function  or  a  curve  as  an 
element  in  a  sp>ace  of  an  infinitude  of  dimensions  is  familiar  to  all 
mathematicians,  and  has  been  since  the  early  work  of  Volterra 
on  ftmctions  of  lines.  It  is  worthy  of  note,  however,  that  the 
physicist  is  equally  concerned  with  systems  the  dimensionality 
of  which,  if  not  infinite,  is  so  large  that  it  invites  the  use  of  limit- 
processes  in  which  it  is  treated  as  infinite.  These  systems  are  the 
systems  of  statistical  mechanics,  and  the  fact  that  we  treat  their 
dimensionality  as  infinite  is  witnessed  by  our  continual  employ¬ 
ment  of  such  asymptotic  formulae  as  that  of  Stirling  or  the 
Gaussian  probability-distribution. 

The  physicist  has  often  occasion  to  consider  quantities  which 
are  of  the  natiu^  of  functions  with  argifinents  ranging  over  such 
a  space  of  infinitely  many  dimensions.  The  density  of  a  gas,  or 
one  of  its  velocity-components  at  a  point,  considered  as  depend¬ 
ing  on  the  codrdinates  and  velocities  of  its  molecules,  are  cases 
in  point.  He  therefore  is  implicitly,  if  not  explicitly,  studying  the 
theory  of  functionals.  Moreover,  he  generally  replaces  any  of 
these  functionals  by  some  kind  of  average  value,  which  is  essen- 
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tially  obtained  by  an  integration  in  space  of  infinitely  many 
dimensions. 

Now,  integration  in  infinitely  many  dimensions  is  a  relatively 
little-studied  problem.  Apart  from  certain  tentative  investigations 
of  Fr^het*  and  E.  H.  Moore*,  practically  all  that  has  been  done 
on  it  is  due  to  G4teaux*,  L^vy*,  Daniell*,  and  the  author  of  this 
paper*.  Of  these  investigations,  perhaps  the  most  complete  are 
those  begun  by  G&teaux  and  carried  out  by  L^vy  in  his  Lefons 
d’ Analyse  FonctionnelU.  In  this  latter  book,  the  mean  value  of 
the  functional  U\[x{t)\  \  over  the  region  of  function-spaCe 

is  considered  to  be  the  limit  of  the  mean  of  the  function. 

U(.x . »J-I7|lf,(()l|. 

/  If  —  1  ^  ^  \ 

(where  iwW***  for  “jp  <  < 

over  the  sphere 

as  n  increases  without  limit. 

The  present  paper  owes  its  inception  to  a  conversation  which 
the  author  had  with  Professor  L^vy  in  regard  to  the  relation  which 
the  two  systems  of  integration  in  infinitely  many  dimensions  — 
that  of  L4vy  and  that  of  the  author  —  bear  to  one  another. 
For  this  indebtedness  the  author  wishes  to  give  full  credit.  He 
also  wishes  to  state  that  a  very  considerable  part  of  the  sub¬ 
stance  of  the  paper  has  been  presented,  albeit  from  a  different 
standpoint  and  employing  different  methods,  in  his  previously 

1  Sur  I’intf  graU  d’une  fonclionnelU  <  (endue  d  un  ensemble  abitrait.  Bull.  Soc. 
Math,  de  France,  Vol.  4^,  pp.  249-267. 

•  Cf.  American  Mathematical  Monthly,  Vol.  24  (1917),  pp.  31,  333. 

*  Two  papers,  published  after  his  death  by  L^vy,  Bulletin  de  la  Socidt^ 
Math^matique  de  Prance,  1919. 

4  P.  I>vy,  Lemons  d' Analyse  Fonctionnelle.  Hereinafter  to  be  referred  to 
as  "  L6vy.’ 

*  P.  J.  Daniell,  A  General  Form  of  Integral,  Annals  of  Mathematics,  Series  2 
Vol.  19,  pp.  1^9-294.  Hereinafter  to  be  referred  to  as  “  Daniell."  Also  paper 
in  Vol.  20. 

•  N.  Wiener,  The  Average  of  an  Analytic  Furutional,  Proc.  Nat.  Acad,  of 
Sci.,  Vol.  7,  pp.  253-26;  The  Average  of  an  A  nalytic  Functional  and  the  Brownian 
Movement,  294-298.  Also  forthcoming  paper  in  Proc.  Lond.  Math.  Soc. 
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cited  publications.  It  seemed  better  to  repeat  a  little  of  what  had 
already  been  done  than  to  break  the  continuity  of  the  paper  by 
the  constant  reference  to  theorems  in  other  jotimals  and  based  on 
treatments  so  distinct  from  the  present  one  that  it  would  need  a 
large  amount  of  explanation  to  show  their  relevance. 

§2.  The  Brownian  Movement.  When  a  suspension  of  small 
particles  in  a  liquid  is  viewed  under  a  microscope,  the  particles 
seem  animated  with  a  peculiar  haphazard  motion  —  the  Brownian 
movement.  This  motion  is  of  such  an  irregular  nature  that  Perrin’ 
says  of  it:  “  One  realizes  from  such  examples  how  near  the  mathe¬ 
maticians  are  to  the  truth  in  refusing,  by  a  logical  instinct,  to 
admit  the  pretended  geometrical  demonstrations,  which  are 
regarded  as  experimental  evidence  for  the  existence  of  a  tangent 
at  each  point  of  a  curve.”  It  hence  becomes  a  matter  of  interest 
to  the  mathematician  to  discover  what  are  the  defining  conditions 
and  properties  of  these  particle-p>aths. 

The  physical  explanation  of  the  Brownian  movement  is  that  it 
is  due  to  the  haphazard  impulses  given  to  the  particles  by  the 
collisions  of  the  molecules  of  the  fluid  in  which  the  particles  are 
suspended.  Of  course,  by  the  laws  of  mechanics,  to  know  the 
motion  of  a  particle,*  one  must  know  not  only  the  impulses  which 
it  receives  over  a  given  time,  but  the  initial  velocity  with  which 
it  is  imbued.  According,  however,  to  the  theory  of  Einstein,* 
this  initial  velocity  over  any  ordinary  interval  of  time,  is  of  negli¬ 
gible  importance  in  comparison  with  the  impulses  received  during 
the  time  in  question.  Accordingly,  the  displacement  of  a  particle 
during  a  given  time  may  be  regarded  as  independent  of  its  entire 
previous  history. 

Let  us  then  consider  the  time-eqioations  of  the  path  of  a  particle 
subject  to  the  Brownian  movement  as  of  the  form  *  —  *(/),  y^y{t), 
a  — a(f),  t  being  the  time  and  x,  y,  and  2  the  coordinates  of  the  par¬ 
ticle.  Let  us  limit  our  attention  to  the  function  x{t).  Since  there 
is  no  appreciable  carrying  over  of  velocity  from  one  instant  to 
another,  the  difference  between  x(/i)  and  x{t)  may  be 

regarded  as  the  sum  of  the  displacements  incurred  by  the  particle 

V  p.  64,  Brownian  Movement  and  Molecular  Reality,  tr.  by  P.  Soddy. 

•  Perrin,  pp.  51-54. 
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over  a  set  of  intervals  constituting  the  interval  from  t  to  ti.  In 
particular,  if  the  constituent  intervals  are  of  equal  size,  then  the 
probability-distribution  of  the  displacements  accrued  in  the  differ¬ 
ent  intervals  will  be  the  same.  Since  positive  and  negative  dis¬ 
placements  of  the  same  size  will,  from  physical  considerations, 
be  equally  likely,  it  will  be  seen  that  for  intervals  of  time  large 
with  comparison  to  the  intervals  between  molecular  collisions, 
by  dividing  them  into  many  equal  parts,  which  are  still  large 
with  respect  to  the  intervals  between  molecular  collisions,  and 
breaking  up  the  total  incurred  displacement  into  the  sum  of 
displacements  inciured  in  these  intervals,  we  get  very  nearly  a 
Gaussian  distribution  of  o\ir  total  displacement.*  That  is,  the 
probability  that  x{ti)—xit)  lie  between  a  and  b  is  very  nearly  of 
the  form 


\/  n<f>{t 


»  ** 
g  ♦(<1-0  dx. 


(1) 


Since  the  error  incurred  over  the  interval  f  to  is  the  sum  of  the 
independent  errors  incurred  over  the  periods  from  t  to  it  and  from 
tt  to  ti,  we  have 


♦(<1-0 


irV 


0 


y*  («-v)* 


=  f  exp  \  -  , 


(f  1  ~  f«) + <^  (<* — f) 


±T - _  \iy 


♦«i-<.)-*^«r-0 


f4(lr-0  1^ 

— rt  J-*  * 


/♦ai-<t)-^4(<t-ox 
,  ♦«i-<i)4(<t-0  / 


dy 


X* 

g  ♦(<i-<i)-H4«i-0 

*  Cf.  Poincare,  Le  calcul  des  probabililt-s,  Ch.  XI. 


(2) 
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I 


! 


It  is  readily  verified  that  this  cannot  be  true  unless 

(3) 

whence 

<f>iu)~Au,  (4) 

and  the  probability  that  xiti)—x(t)  lie  between  a  and  b  is  of  the 
form 

'  .  '  ■  /  e  dx.  (5) 

RT  ct 

According  to  Einstein’s  theory,**  A  = - y,  where  R  is 

N  3irac 

the  constant  of  a  perfect  gas,  T  is  the  absolute  temperature,  N 
is  Avogadro’s  constant,  a  the  radius  of  the  spherical  particles  sub¬ 
ject  to  the  Brownian  movement,  and  ^  the  viscosity  of  the  fluid 
containing  the  suspension. 


§3.  Differential-Space.  In  the  Brownian  movement,  it  is  not 
the  position  of  a  particle  at  one  time  that  is  independent  of  the 
position  of  a  particle  at  another;  it  is  the  displacement  of  a  particle 
over  one  interval  that  is  independent  of  the  displacement  of  the 


particle  over  another  interval.  That  is,  instead  of  /  (iV  .  .  .t 
ik\ 

j,  .  .  .,/(!)  representing  “dimensions”  of  /  (<),  the  n 


quantities 


^  -AD  -J  (”-=^) 


Perrin,  p.  63. 
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are  of  eqtial  weight,  vary  independently,  and  in  some  degree 
represent  dimensions.  It  is  natural,  then,  to  consider,  as  L^vy 
does,  the  properties  of  the  sphere 

In  particular,  let  us  consider  the  measure,  in  terms  of  the 
whole  sphere,  of  the  region  in  which  /(a)— /(O),  assuming  it  to 
be  representable  in  terms  of  the  x,’s,  lies  between  the  values 
a  and  /8.  Now,  we  have 

/(a)-/(0)  -  2**-  W 

1 

Hence,  by  a  change  of  codrdinates,  our  question  becomes:  given 
that  n 

1 

what  is  the  chance  that 

a<Vna(i<^? 

Letting  sin  6,  cos  this  chance 

becomes 


•j  iin-‘— ;7= 


as  has  been  indicated  by  L4vy^‘.  This  may  also  be  written 


'  r-  P 

V«iin'‘  j— 

r,  Vno 

^  .  ,  *  cos"  —7=  dx 

*  oosT-^dx 


n  Uvy,  p.  266. 
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Now“,  for  n  large,  cos"  converges  uniformly  to  e  *  for  |*1  <  A. 
Vn 

It  may  be  deduced  without  difficulty  from  this  fact  that  the 

^  _ 

*  dx,  which  is  \/2Tr. 

As  to  the  numerator,  if  the  limits  of  integration  approach  limiting 
values,  it  will  also  converge.  If  in  particular  r,  is  a  constant, 
then  since 

lim  Vn  sin"*  — ^ , 

"-»»  r\/na  r\/a 

while  a  like  identity  holds  for  the  upper  limit,  we  have  for  the 
probability  (in  the  limit)  that  /  (a)  lie  between  a  and  /8. 

-ii  1 
e  *  dac*  —T== 
rv27ra 

Let  it  be  noted  that  this  expression  is  of  exactly  the  form  (5). 

We  shall  call  the  space  of  which  the  constituent  points  are  the 
functions  /(<),  and  in  which  the  measure  of  a  region  is  determined 
as  the  limit  of  a  measure  in  u-space  in  the  way  in  which  formula 
(7)  is  obtained  from  (6),  by  the  name  dijfferential-space.  The 
appropriateness  of  this  name  comes  from  the  fact  that  it  is  not 
the  values  of  /(/),  but  the  small  differences,  that  are  uniformly 
distributed,  and  act  as  dimensions. 

§4.  The  Non-Differentiability  Coefficient  of  a  Function. 

It  thus  appears  that  if  we  consider  the  distribution  of  /  (o)  —  f(0) 

na  n 

in  the  sphere  2***»r*,  we  get  in  the  limit  a  distribution 
1  1 

of  the  values  of  /(a)— /(O)  essentially  like  the  one  indicated  in  (6). 
Now,  we  have 

lAyy,  p.  264. 


integral  in  the  denominator  tends 


.o  r. 

•/-oO 


mi. 
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Our  result  so  far  suggests,  then,  that  the  probability  that 
^  I  I  exceed  r*  becomes  increasingly  negligi¬ 


ble  as  n  increases,  or  at  least  the  probability  that  it  exceed  r  *  by  a 
stated  amount.  On  the  hypothesis  that  /(fi)~/W  have  the  dis¬ 
tribution  indicated  in  (5),  and  that  the  variation  of  /  over  one 
interval  be  independent  of  the  variation  of  /  over  any  preceding 
interval,  let  us  discuss  the  distribution  of 

i 


2 


Clearly,  the  chance  that  ^  j  — ")  I  between 


a*  and  is  the  average  value  of  a  function  of  xi,  .  .  .  .  x,  which 
is  1  when  *i*+  ,  .  .  +*«*  lies  between  o*  and  /8*,  and  0  other¬ 
wise,  given  that  the  weight  of  the  region 


(k<Xk<Vk 


(fe-1,  2 . n) 


dxne  ^ 


) 


(9) 


as  follows  from  (5).  Now,  let  us  put 
Xi  —  p  sin^i 
Xi^p  cos9i  sin^ 

Xi”P  cos^i  cosfli  sin0| 


COSfli  COS0J  . 

costfi  cosflj  . 


.  cosfl,_a  sin^i^i 
.  .  cosfl,^! 


(10) 


1  d 
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.  (11) 


We  shall  then  have 

p*-*i*+  .  .  . 

dxi . . .  cos"^tf* . . .  c<ys$^2dpddi . .  .d6n-i 

the  last  of  which  formulae  may  be  readily  demonstrated  by  an 
evaluation  of  the  Jacobian 


dxi 

Sxi 

dxi 

dOi 

dOn-l 

dxt 

dXi 

dx. 

dp 

~d^ 

dXn 

dXn 

dp 

ddi 

de^i 

(12) 


Employing  a  formula  of  L^vy  to  the  effect  that 

^  w  1 

J  cos"ddd  cos"~^9de^^ 


we  get  for  tl 
a*  and 


W- 

l\  /k-l\ 

1/  \  n  / 

(13) 

I 

lie  between 


9de 


M  jmm 

1  2«-a  ^ 

IT 

TT 

e  * 

'  2(n-2) 

2(n-4) 

T. 

/. 

if  n  is 

even 

( 1 

i\n.2  ’T 

IT 

TT 

f'p- 

e  ^ 

'  2(m-2) 

2(n-4) 

'  T. 

'f  n  is  odd. 


(14) 


••  Levy,  p.  263. 
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The  coefficients  of  the  integral  may  be  reduced  in  either  case  to 
the  form 

so  that  the  whole  expression  may  be  written,  by  a  change  of 
variable. 


H  0 


The  integrand  vanishes  for  u  zero  and  u  infinite.  Between 

^ _  J 

those  points  it  attains  its  maximum  for  «**■  - ,  which  for 

2h 

large  values  of  n  is  in  the  neighborhood  of  1/2.  It  hence  becomes 
interesting  to  note  how  much  is  contributed  to  our  integral 
by  values  of  u*  near  1/2  and  how  much  by  values  remote  from 
1/2. 

Let  us  then  evaluate 


n 

m2 

- —  /  «"-*  e-^-'du. 

,rr 


remembering  that  tho  integrand  is  a  decreasing  function.  Let 
us  discuss  the  ratio 


(«+l) 


"-I  --*(i»+i)* 


e 


.,11-1 


/  ’ 


(16) 
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We  see  at  once  that  it  follows  from  this  that 


(1/2-1- e)  * 


(1/2-|-€)  2 


ttF 


(f) 


(17) 


For  n  large,  by  Stirling’s  theorem,  this  latter  expression  is 
asymptotically  represented  by 


As  n  grows  larger,  this  in  turn  may  be  represented  asymptotically 
by 


_2_  M-2/l-h2€\2 

ir(l+2€)«\  ^  \  / 


(19) 


Now,  e^>l-|-2€,  as  may  be  seen  directly  froirt  the  Maclaurin 
series  for  Hence  (19)  may  be  written 

C", 


where  AT  is  a  constant  and  C  is  a  positive  constant  less  than  1. 
This,  of  course,  tends  to  vanish  for  n  large. 
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We  may  prove  in  a  similar  way  that 

II 

**  ^  f"'  “  ^  g-nu* 

7rr(—)J’> 


du 


2/ 


tends  to  vanish  for  n  large.  Clearly,  for  n  sufficiently  large, 
«-l 


2m 


will  be  greater  than  1/2— e.  Under  these  circumstances, 


wr 


2irr 


n*  r 

-r— 7  /  «"-*  du 

2 '  '2 
This  latter  quantity  is  asymptotically  represented  by 

n 

hT _  , 

'2 


(i-‘) 


n~l 


(-2  (l-2«)a  ^ 


J_  1m-2 

(-1) 


(21) 


This  is  in  turn  asymptotically  represented  by 


2ir(l-2e) 


(22) 


I* 


Now,  since  by  Taylor’s  theorem  with  remainder,  1— 26+  — . 

#  2 


6  being  a  positive  number  less  than  26,  we  get  (1— 26)g^  <1. 
Hence  expression  (22)  is  again  of  the  form  KV n—2  C",  C  being 
a  positive  constant  less  than  1,  and  approaches  zero  as  n  increases. 
It  will  be  seen,  then,  that  for  n  sufficiently  large,  the  chance 


that^^  I  /  ^ I  diverge  from  A 12  by  more  than  6  is 


less  than  an  expression  of  the  form  K\/n—2  C",  in  which  K 
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and  C  are  positive  constants  independent  of  n,  and  C<1.  It 
follows  that  for  n  sufficiently  large,  the  chance  that  any 

^  I  ^  differ  from  A/2  by  more  than  e,  for  N 

I  i  J  . 

>n.  is  less  than 

m 

which  is  the  remainder  of  a  convergent  series,  and  hence  vanishes 
as  n  becomes  infinite.  In  other  words,  the  chance  that 

is  less  than  any  assignable  positive  number,  if  c  is  any  positive 
quantity. 

Let  fit)  be  a  continuous  function  of  limited  total  variation  T 


between  0  and  1.  Then  clearly 

(23) 

Hence 

This  will  in  particular  be  the  case  when  fit)  possesses  a  derivative 
bounded  over  the  closed  interval  (0,  1).  Hence  it  is  infinitely 
improbable,  under  our  distribution  of  functions  fit),  that  fit) 
be  a  continuous  function  of  limited  total  variation,  and  in  particu¬ 
lar  that  it  have  a  bounded  derivative.  We  may  regard 

ity  coefficient  of  /. 


as  in  some  sort  a  nondifferentiabil 
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§5.  The  Maximum  Gain  in  Coin-Tosaing.  We  have  now 
investigated  the  differentiability  of  the  fiuictions  /(/);  it  behoves 
us  to  inquire  as  to  their  continuity.  To  this  end  we  shall  discuss 
the  maximum  value  of  /(/)— /(/o)  incurred  for  and  shall 

determine  its  distribution.  As  a  simple  model  of  this  rather  com¬ 
plex  situation,  however,  we  shall  consider  a  problem  in  coin-tossing. 

A  gambler  stakes  one  dollar  on  each  throw  of  a  coin,  which  is 
tossed  n  times,  losing  the  dollar  if  the  throw  is  heads,  and  gaining 
it  if  the  throw  is  tails.  At  the  beginning  he  has  lost  nothing  and 
won  nothing;  after  m  throws  he  will  be  dollars  ahead, 
being  positive  or  negative.  The  question  here  asked  is,  what  is 
the  distribution  of  the  maximum  value  of  for  m<n} 

Let  n  throws  be  made  in  ail  the  2"  possible  manners.  Let 
A,  (p)  be  the  number  of  throw-sequences  in  which  max  (k^^p. 
Clearly  A,(  — /i.)*=0,  if  fi  is  positive,  since  ifeo“0.  Furthermore, 
any  throw-sequence  in  which  the  maximum  gain  is  zero  consists 
of  a  throw-sequence  in  which  the  maximum  gain  is  either  1  or  0 
preceded  by  a  throw  of  heads.  That  is, 

A,(0)-A,.,(0)  +  A,.,(1).  (25) 

A  throw-sequence  in  which  the  maximum  gain  is  />>0  consists 
either  of  a  throw-sequence  in  which  the  maximum  gain  is  p— 1 
preceded  by  a  throw  of  tails,  or  a  throw-sequence  in  which  the 
maximum  gain  is  p-hl.  preceded  by  a  throw  of  heads.  That  is, 

Anip)  =  A,_,(P-  1)+A^i{p+ 1).  (26) 

Let  us  tabulate  the  first  few  values  of  A,(p),  We  get 


An(p) 

n  =  l 

2 

3 

4 

5 

6 

O 

N 

1  * 

2 

3 

6 

10 

20 

1 

1 

1 

3 

4 

10 

15 

2 

0 

1 

1 

4 

5 

15 

3 

0 

0 

1 

1 

5 

6 

4 

0 

0 

0 

1 

1 

6 

5 

1 

0 

0 

0 

0 

1 

1 
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It  will  be  seen  that  the  various  numbers  in  the  table  are  the  bi¬ 
nomial  coefficients,  beginning  in  each  column  with  the  middle 
coefficient  for  n  even  and  the  next  coefficient  beyond  the  middle 
for  n  odd,  and  with  every  coefficient  in  the  expansion  (1-1-1)" 
repeated  twice,  with  the  exception  of  the  middle  coefficient  for 
n  even.  That  is,  as  far  as  the  table  is  carried,  we  have 


Aui2p)  ~A,ni2p-l) 

•^2ii+l(2p)  *  •d2«  +  i(2/>+ 1) 


(2n)! 

(n+p)!  («-p)  ! 
(2n-H)! 

(m+P+1)!  in-p)\ 


(27) 


We  may  then  verify  (25)  and  (26)  by  direct  substitution,  thus 
proving  that  the  values  given  for  A„  (q)  in  (27)  are  valid  for  all 
values  of  m  and  q. 

Let  us  now  consider  a  series  of  n  successive  runs  of  m  throws 
each,  for  points  of  \l\/m  dollars,  m  being  even.  The  chance 
that  the  amount  gained  in  a  single  run  lie  between  a  and  dollars 
is  then 

(28) 

where  a'y/m  is  the  6ven  integer  next  greater  than  or  equal  to 
a'\/m,  is  the  even  integer  next  less  than  ^y/m  and 

Bm(k)/2"‘  is  the  chance  that  of  m  throws  of  a  coin  just  k  more 
should  be  tails  than  heads  —  that  is. 


m  — fe,  w-f fe,  (29) 

2  ■  2 

If  we  begin  by  assuming  a  and  /8  positive  and  less  than  y,  expres¬ 
sion  (28)  will  lie  between  the  values 


9<"  +  l 


2~+. 

1'  1 

fm+^'y/m\ 

\ 

(  2  ) 

I-  \ 

1  2  / 

2-.+1 

fm  —  a'y/ 

I'  1 

fm+a'y/m\ 

1 

1  2  J 

[  2  / 

146 


WIENER 


Now,  by  Stirling’s  theorem,  we  have  uniformly  for  a<y,  fi<y 
(fi'  —  a')\/nt  ml 


lim 

m—»» 


>«»  +  i 


lim 


m  +$  >/  m 


.  ,i„.  iz3  (^^)i 

M-»»  \/2n’  'w*  — /8*m/  'm+/8\/m' 

-  lim  ^  (1  (l-/3/Vm)  ^  (H-/8/Vm)-^ 

m  —  oo  \/2ir 

8- a 

■  - e  *  . 


\/2rr 


(30) 


We  have,  then,  for  m  sufficiently  large,  by  combining  (30)  with 
an  analogous  theorem, 

B-a  E  8-a 


(31) 


Moreover,  since  (30)  holds  uniformly,  the  value  of  m  necessary 
to  make  (31)  valid  depends  only  on  /8— o. 

Now,  let  us  divide  the  interval  (a,  fi)  into  the  p  equal  parts 
(o,  tti),  (tti,  a*),  .  .  .  ,  {cLn~i<  /8).  and  let  us  choose  m  sufficiently 
large  for  us  to  have  over  each  interval 

•"*+1'^  ... 

<1/2-  y 

•tT;  v'2.r 


°-k  +  l~^k 

V2ir 


■•*+1 


where  a*'  \/m  is  a*\/m  if  this  is  an  even  integer,  or  otherwise 
the  next  larger  integer,  and  a*"\/m“a*\/m— 2.  Then  we  have 

1  "U  ***4-1 

^^(a*+,-a*)r’  *  <  1/2"  B„(^) 


V2v 


m 


1  %  •** 


0 
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where  the  value  of  m  needed  depends  only  on  a*+i  — a*.  Since  t' 
is  a  decreasing  function,  we  hence  have 


1  /■»  .f!  ^ 

^ 1/2- 

«  V  m 


y  _!!i  -“Itti 

<  max  {e~  *  — e  *  ) 

v2ir 


where  a  minimum  value  of  m  may  be  determined  in  terms  of 
a*+i  — a*  alone.  In  other  words,  1/2'"  converges  ««*- 


formly  in  a  and  to 


1  fi> 
y/2irJ* 


*• 

e  ^dx. 


provided  only  a  and  /8  are  positive  and  smaller  than  y.  It  is 
obvious  that  the  requirement  of  positiveness  is  superfluous,  if 
only|a|<y,  |/8|<y. 

This  last  restriction  can  be  removed.  In  the  first  place 


B^{2k)/B^(k) 


{m-2k)\{m-¥2k)\ 


{m  —  2k-\-\){m  —  2k-\-2)  .  .  .  jm  —  k) 
(m+lf+1)  (m+fe+2)  .  .  .  {tn+2k) 


If  now  k>  I  y/m,  we  have 

B.m/B.(k)  <(l-^)''“<r'.  (34) 

'v»w+2/'  '  vw' 

for  k<m.  If  k>m,  we  have  clearly 


HI 
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Hence  in  general,  for  all  k>ly/m, 

B^{2’'k)<e-^  B^{k).  (34) 

It  follows  that  by  making  y  sufficiently  large,  we  can  make 

<^2!  ■  •  ■> 

y*  Vm  ® 

I  1 

where  y'y/m  is  the  integer  next  larger  than  yy/m  and  I  is  in¬ 
dependent  of  m.  The  result  is  that 

(36) 

T-00  2"*-^ 

>  V  m 

uniformly  in  m.  Hence  if  we  consider 
»* 

e'^x-l/2"+‘y  BJl:)  ,  (37) 

we  may  first  choose  y  so  large  that  the  difference  in  this  expression 
made  by  replacing  a  or  /8  by^y,  in  case  they  lie  outside  (— y,  y), 
is  less  than  e/2,  and  then  choose  m  so  large  that  within  the  region 
(— y,  y),  the  expression  is  less  than  c/2.  That  is,  by  a  choice 
of  m  alone,  independently  of  a  and  /8,  we  can  make  (37)  less  than  c. 
Now  let  us  write 

B'  V~m 

—  OD 

—=  /  e‘2  dx  *«^(/8) 
v^2ir  7-00 

Clearly,  the  probability  that  the  maximum  amount  won  for  any 
value  of  k  at  the  end  of  the  first  km  throws  out  of  mn  for  Vw 
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dollars  each  lie  between  0  and  u  will  be  the  Stieltjes  integral 
expression 


/  d<f>^(xi) 

/  d<l>Jx^ 

j  d<f>^{X3)  . . 

*»-i 

.  /  d<f>n,ixj 

fO-9 

y-ao 

+ 

f  d4>M 

rn-xi 

1  dtft^ixa) 

/  d^^x^  . . . 

- «»_1 

/  d<f>^ixj 

/o+o 

Jo+o 

+ 

f  d<f>M 

/  d<f>„{x2) 

/  •  • 

p-Si-xt - 

■  /  dift^ixj 

*■ 

lo-H> 

7-flO  • 

/*!+« 

J -oe 

r-xx-x, - x^i 

+ 

1  d<f>^(xi) 

/  d<ftJX2) 

/  d<^»(*3)  •  •  ■ 

/  d<^«(*«) 

y*+o 

J-rx> 

+ 

rU  r»-X\ 

•  d<j>^{xx)  /  •  •  •  /  d<t>^ixj, 

yo+o  Jo+o  Jo+o 


consisting  of  1 -1-1+ 21-1-3! 4-  .  .  +m!  terms.  If  in  this  expression 
we  substitute  <f>  for  it  results  from  what  we  have  just  said  of 
the  uniformity  of  the  convergence  of  <f>^  to  <f>  that  the  expression 
we  obtain  will  be  uniformly  the  limit  of  (39).  This  expression  will 
represent  the  chance  that  after  n  independent  games,  in  each  of 
which  the  chance  of  winning  a  sum  between  a  dollars  and  /8 

dollars  is  J  e  ^  dx,  the  maximiun  gain  incurred  lies  between 

0  and  M.  We  shall  denominate  this  quantity  G  («,  n),  and  expres¬ 
sion  (39)  GJ^u,  n). 

It  is  obvious  from  the  definition  that  G  (u,  n)  is  more  than 


(/fe)-l/2’""-*  'V  _ 


(40) 


where  u'\/m  is  the  integer  next  larger  than  uy/tn.  By  going 
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through  an  argument  precisely  analogous  to  that  by  which  (32) 
was  obtained,  we  see  that 


Hence 


lim 


*  dx 


0 


(41) 


(42) 


§6.  Measure  in  Differential-Space.  To  revert  to  differential- 
space,  let  us  consider  a  functional  F\f\,f  being  defined  for  argu¬ 
ments  between  zero  and  one,  and  let  us  see  if  we  can  frame  a 
definition  of  its  average.  To  begin  with,  let  us  suppose  that  F 
only  depends  on  the  values  of /  for  the  arguments  ti  <tt,  .  .  .  <f,. 
F  will  then  be  unchanged  if  we  alter  /  to  any  other  function, 
assuming  the  same  values  for  these  arguments  —  in  particular, 
to  a  step-fimction  f,(t)  with  steps  all  of  length  1/p,  v  being  suffi¬ 
ciently  large. 

Let  us  now  call  the  difference  between  the  height  of  the  kth 
step  and  that  of  the  (ik  —  l)st  by  the  name  ac*.  We  shall  then  have 

fi/.i-Fa«i)./.(« . /.(o) 

**F{xi-\-x%-\-  .  .  . +xri.  ■!■***{■  •  •  •  +*ri.  •  •  •  i 

.  .  .  +*rJi  (43) 

where  T*  is  W*  if  this  is  an  integer,  and  otherwise  the  next  smaller 
integer.  Now,  the  region  of  the  space  (xi,  xt,  .  .  .  ,  xj  which 
corresponds  to  differential-space  is  the  interior  of  the  sphere 

xi*+xt*+  .  .  . 

Over  the  interior  of  this  sphere  we  may  take  the  average  of 
expression  (43),  let  it  approach  a  limit  as  p  increases  indefinitely, 
and  call  this  limit  the  average  of  F  in  differential-space. 
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(45) 

If  we  now  consider  the  integrands  in  the  numerator  and  the 
denominator  for  \ui\<U,  .  .  .  ,  [  u,  |  <  t/,  and  let  v  increase 
indefinitely,  we  see^*  that 

lim  cos*^*  — .  .  cos"^"* F(\/ Ti  p  sin 
»  _oo  V  R  V V  Vv 


, -  U\  u. 

V T„-T,.iP  cos -p=  .  .  .  sin-^ 
V  V  Vi/ 


■»> 


2  a  FipUiVti . PUn'^tn-tn-l).  (46) 


lim  cos'^'iiL.  .  .  cos""-‘-J^4  =e'  * . *  • 

» -*00  y/ p  y/ p 

uniformly,  provided  only  F  is  continuous.  If  in  addition  F  van¬ 
ishes  for  I  Mil  >  I/,  .  .  .,  1  (/»|>  C/,  we  have  for  the  limit  of 
the  expression  in  (45) 

*  fr  r»  r*  "w* 

/  p  /  dui  .  .  .  /  du,  e'  2  a 

■  do  d-*  d-»  _ 

FipUiV ti . pt*n'^  in- tn-\i 

lun  '  ■  • 

r->«>  fr  r»  /•*  “'*  *»* 

/  p'^^d  p  I  dui  .  .  I  du„  e  2  2 

do  d-00  d-» 


14  cf.  note  12. 
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§7.  Measure  and  Equal  Continuity.  Let  us  now  consider  all 
those  functions  /(/)  (0<i<l)  for  which  /(0)“0  and  which  for 
some  pair  of  rational  argiunents,  0</i<<t<l,  satisfy  the  ine¬ 
quality 

l/(<i)-/(h)|>ar(/,-/i)*‘*  .  (61) 

If  this  inequality  is  satisfied,  we  can  certainly  find  an  n  such 
that 


—  <ii<-<U<—.  k-ti>l/n,  (52) 

H  n  H 

while  the  variation  of  /  over  the  interval  (  - — ^  )  will  exceed 

\  n  H  / 

j 

*■  That  is,  the  class  of  functions  satisfying  the  ine¬ 
quality  (51)  is  a  sub-class  of  the  class  of  functions  for  which  the 


variation  over  some  interval 


(-•-) 
\  «  n  J 


exceeds ~n  ^ 


Now, 


every  such  function  must  have  either  the  difference  between  some 
positive  value  in  the  interval  and  its  initial  value  exceed  ~»**^*. 

or  the  difference  between  its  initial  value  and  some  negative  value 
ar 

in  the  interval  must  exceed  —  «  *  . 

4 

To  discuss  what  we  may  interpret  as  the  measure  of  the  set  of 
functions  (51),  we  may  hence  investigate  the  measure  of  the  set 
of  functions  which  over  an  interval  of  length  1/n  depart  from  their 
initial  value  (for  some  rational  argument,  be  it  understood)  by 

more  than  —  «*  Now,  if  we  subdivide  the  interval  of  length 
4 

1/w  into  m  parts,  each  of  length  1/mn,  the  probability  that  in 
a  given  one  of  these  sub-intervals  the  total  difference  between 
the  initial  and  the  final  value  of  the  function  lie  between  a  and  /S 
is,  by  (60) 

miu* 


\/mn 


rV'2ir 


nn 


dx. 


(53) 
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$ 


Hence  the  probability  that  the  maximum  difference  between  the 
value  of  /  at  the  end  of  one  of  these  sub-intervals  and  its  initial 

value  be  greater  than  —  n~  *  is  by  (42)  less  than 

4  ' 


■»« 

e  ^  dx 


16 


n 

f*v^7r 


n’ar 

*  ^  . 


(54) 


This  will  be  true  no  matter  how  large  m  is.  Hence  those  functions 
/  for  which  the  maximum  difference  between  /  {  —  +  and 
/  ^ — j  is  greater  than  —  n*~^,  I  being  an  integer  not  greater  than 

m,  which  is  any  integer  whatever,  can  be  included  in  a  dentunerable 
set  of  regions  such  as  those  contemplated  in  the  last  section,  of 
n 

total  measure  less  than - =  e  *.  If  now  we  let  k  vary  from  1 

r^TT 

to  M,  we  shall  find  that  those  functions  whose  positive  exciu^on  in 


one  of  the  intervals 


—  will  have  a  total  measure  less  than  ” 

4  rVrr 


for  some  rational  argiunent  exceeds 

]  n*ar 

e  ^  ,  in  the  sense 


that  they  can  be  included  in  a  dentunerable  assemblage  of  sets 
measiuable  in  accordance  with  the  provisions  of  the  last  section, 
and  of  total  measure  less  than  this  amount.  If  in  this  last  sentence 
we  replace  the  words  "  positive  excursion  ”  by  the  words  “  posi¬ 
tive  or  negative  excursion,”  we  get  for  the  total  measiu^  of  our 
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2n*  " . 

set  of  functions  a  quantity  less  than - =.  e  .  It  follows 

r*\/ir 

that  all  the  functions  satisfying  (51)  can  be  included  in  a  denumer¬ 
able  set  of  regions  of  total  measure  less  than 


A  • 

-^V 

r*Vir  ^ 


n*ar 

n*  e'  * 


(55) 


This  series  converges  if  a  has  a  sufficiently  large  value  inde¬ 
pendent  of  n,  as  may  be  seen  by  comparing  it  with  the  series. 


=  '^nHny 


which  converges  for  a  sufficiently  large.  Moreover,  if  (55)  con¬ 
verges  for  a  « ai,  we  may  write  (55)  in  the  form 


for  a>Oi. 


Hence  we  have 

o  «  i»*«y 

lim - =  n*  e  ♦ 

•— «  r*y/TT  ^ 


-0. 


(67) 


That  is,  by  making  a  in  (51)  sufficiently  large,  the  functions  satis¬ 
fying  (51)  may  be  included  in  a  dentunerable  set  of  such  regions  as 
those  discussed  in  §6,  of  total  measure  as  small  as  may  be  desired. 
Let  us  now  consider  the  sphere 


'  xi*+  .  .  . 


and  on  this  sphere,  a  sector  subtended  at  the  center  by  a  given 
area  of  the  surface.  Let  us  cut  off  a  portion  of  this  sector  by  a 
concentric  sphere  of  radius  ri  <r,  and  let  us  measure  the  volume 
of  this  new  sector  in  terms  of  the  sphere  of  radius  r.  Let  us  com¬ 
pare  the  quantity  thus  obtained  with 
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the  integral  being  taken  over  the  same  sector.  The  ratio  between 
these  two  quantities  may  readily  be  shown  to  be 


jj.  "  »*» 

(27r)’ a r-"n»  J  p’^^e'^'dp 


Since  e  a  js  a  decreasing  fimction,  we  have 
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Hence  if  we  consider  a  region  of  the  sphere  bounded  by 

radii  and  the  sphere  its  measure  in  terms  of  the  volume 

of  the  sphere  Zxi,*^r*  is  greater  than  its  measure  as  given  by  an 
expression  such  as  (58).  In  this  statement  we  may  replace  the 
sphere  2x**-'ri*  by  any  region  such  that  if  it  contains  a  point 
{xi,  .  ,  .  ,  it  contains  (ftci  ,  .  .  .  ,  Sx,)  (0<®<1),  since 
such  a  region  may  be  approximated  to  within  any  desired  degree 
of  accuracy  by  a  sum  of  sectors.  It  hence  results  that  the  measure 
of  all  the  points  in  Zxi,*^r'  but  without  such  a  region  is  less  than 
the  measiue  after  the  fashion  o(  (58)  of  all  the  points  without 
such  a  region.  We  may  conclude  from  this  fact  and  (57)  that 
in  the  space  2x**  —  r*,  the  measure  of  all  of  the  points  (xi,  .  .  ,  x«) 
such  that  for  some  k  and  l>k. 


(61) 


vanishes  uniformly  in  n  as  a  increases. 


§8.  The  average  of  a  Bounded,  Uniformly  Continuous  Func¬ 
tional.  Let  F  I/I  be  a  functional,  defined  in  the  first  instance 


for  all  step-functions  constant  over  each  of  the  intervals 
for  some  n,  and  having  the  following  properties: 


(1)  F|/|<>1  for  all/, 

(2)  There  is  a  function  <^(x)  such  that 

lim  <^(x)*0, 

»-*o 

and  ^ 

I  f'|/|-F  l/H-gl  I  <<^(max  |g|). 

We  shall  speak  of  the  function  F  (xi . xj,  which  is  F  |/,|, 

where 


as  the  nth  section  of  F  |/|.  I  say  that  for  any  fimctional  F  |/| 
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satisfying;  (1)  and  (2),  the  average  of  the  nth  section  over  the 

sphere  approaches  a  limit  as  n  increases  indefinitely, 

1 

which  limit  we  shall  term  the  average  of  F  \J\. 

To  begin  with,  let  us  have  given  a  positive  number  17;  we  shall 
construct  a  value  of  n  such  that  the  difference  between  the  aver¬ 
ages  of  the  nth  and  the  (n+p)th  sections  of  F  is  always  less  than 
217.  First  choose  a  so  great  that  the  measure  of  the  points  in 
Zxi,*<r*  satisfying  (61)  is  for  all  n  less  than  ril2A.  Next  find 
a  ntunber  ^  so  snuill  that 

<^(or^^)  <17/4.  (62 

Divide  the  interval  (0,  1)  into  portions  of  width  no  greater  than 
and  let  ti,  .  .  ,  /«  be  the  boundaries  of  these  intervals.  Let 

and  let 

Form  the  average  of  (7  as  in  §6,  and  let  n  be  so  large  that  this 
average  differs  from  the  average  of 

G(xi+xt-i-  .  .  .  +»ri«  .  .  ~r*Tr  •  •  •  . 

Xi-\-Xi+  .  .  .  +Xrm)** 

by  less  than  17/4.  Then  jt  is  immediately  obvious  that  the  differ¬ 
ence  between  the  averages  of  the  nth  and  the  (n-f  p)th  sections 
of  F  is  less  than  2<.  In  other  words,  the  average  of  a  functional 
satisfying  (1)  and  (2)  necessarily  exists. 

An  example  of  such  a  functional  is 

_ 1 

l+£u(x)Vdx 

Another  method  of  defining  the  average  of  a  bounded,  uni¬ 
formly  continuous  ftmctional  F  is  as 

lim  (2ir)  >f”"  n*  /  dxi .  .  .  I  dx^e  ^  F{xu  •  .  .,*n). 
•— »oe  J-a»  J-ta 

(63) 


»•  a.  (43). 
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There  is  no  particular  difficulty  in  showing  the  equivalence  of 
the  two  definitions  with  the  aid  of  (57).  A  fuller  discussion  of 
this  definition  of  the  average  of  a  functional  is  to  be  found  in  the 
papers  of  the  author  which  have  been  already  cited.  It  is  easy 
to  demonstrate,  as  the  author  has  done,  that  the  division  into 
parts  that  are  exactly  equal  plays  no  essential  r51e  in  definition 
(63),  and  can  be  replaced  by  a  much  more  general  type  of  division. 

For  the  average  of  F  |/1  as  here  defined,  we  shall  write 

A,{F}.  (64) 


§0.  The  Average  of  an  Analytic  Functional.  Let  F|/|  be  a 
functional  such  that: 

(1)  Given  any  positive  number  B,  there  is  an  increasing 
function  A{B),  such  that  if 

max  \f{t)\<B, 

then 

|F|/||<A(B). 


(2)  Given  any  positive  number  B,  there  is  a  function  <^(x) 
such  that 

lim  <^(x)>*0, 

«-»o 

while  if 

max  \J{t)\<B,  max  |g(0l<.F 

then 

I  <<^(max  \f-g\). 

Let  us  write 


^hI/|“F1/|  for  max  1/(1)  I  <//  | 

1  I  >  ^  I  ‘ 

I  max  1/(1)  I  J 

FhI/I  is  clearly  bounded  and  uniformly  continuous,  and  as  such 
comes  under  the  class  of  those  functionals  which  have  averages 
in  the  sense  of  the  last  paragraph. 

Let  us  define  for  any  functional  G\}\  the  function  G{xi,  .  .  . ,  x*) 
as  in  the  last  paragraph,  and  let  us  write  A,"{  F }  for  the  average 
of  F  (xi ,  .  .  .  ,  X*)  over  2x**  =  r*.  Let  H  and  Ar>  H  be  any 


t 
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two  positive  numbers.  Clearly  by  (42)  and  the  argument  which 
follows  (60),  the  set  of  ftmctions  for  which  max  |/(0|  ^  H  can 
be  enclosed  over  2x**»r*  in  a  r^on  of  measure 


Hence 


dx. 


<-\i-  /  dx  Am.  (66) 

r  ^  IT  J  a 

In  particular,  if  ^<1 

<1 J-?-  r  e'^dxAiH+l). 
r  ^  IT  J  H 


Hence  if  K—  H<m,m  being  an  integer,  we  have 


|^r"{F„}-^-{FK}|  <1  Ji.  V  r  A(H+t+l). 

r  ^  IT  ^  JHJri 

(67) 

It  follows  that  if 

•  ^  jti 

A(p-\-l)  e  dx 

lim  — - - ~ - -  <1,  •  (68) 

A(p)  /  e"^  dx 

Jp-\ 

then 

lim|^-{F„)-v4/{Fx)l-0  (69) 

H— »« 


uniformly  in  n  and  K.  This  will  be  the  case,  for  example,  H  A{p) 
is  a  polynomial  in  p,  or  is  of  the  form  a^.  Under  these  circum¬ 
stances 

limi4,"{F)*  lim  lim  i4,"{FH} 

«-•«  ■-•ao  H-*« 

=  lim  limi4r"(FH)-  limi4r|FH} 

H—»»  »— ••D  H-»ee 


(70) 
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exists.  We  shall  call  this  quantity  At{  F  } .  There  is  no  difficulty 
in  showing  that  formula  (63)  holds  in  this  case  also. 

Now  let  us  have  an  F\J\  of  the  form 

Fi/i  ~<k+ . . . 

Knih . 0/(<l)  .  .  ./(<»)+  .  . 

(71) 

given  that 

i4(«)-ao+a  JjKiit)\dt-h  .  .  . 

. .  ./\\  KMi . Q\+  .  .  .  (72) 


exists  for  all  u  and  satisfies  (68).  Then  if 
”iax/|(f)|<fi, 

we  have  as  an  obvious  result  that  (1)  at  the  beginning  of  this 
section  is  satisfied.  Moreover 


/' 


dtnKM, . 0[/(<l)  .  .  .  fitj-giti)  .  .  .  f(0] 


. .  .oi 


X  {  [max  |(7(*)  |  -f  max  |/(*)  -g(*)  |  ]" -  [max  j g(*)  j  f } . 

(73) 
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If  max  |/(*)  I  <  B,  and  max  |/(*)  -g(x)  |  <  €. 

'^HB+€)’-B"]J^dl,....£(lt,\K.(l . Ol 

. '■)! 

<  ^  en(B-|-€)-‘  J^dt,  . . .  £dt,\  KMi . Ol- 

(74) 


Series  (74)  converges  for  all  e,  since  series  (72)  has  a  convergent 
derivative  series.  Hence  condition  (2)  may  be  proved  to  be 
satisfied.  In  other  words,  F\f\  has  an  average  in  the  sense  of 
this  paper. 

This  result  may  be  much  generalized  without  any  great  diffi¬ 
culty.  It  may  be  extended  to  functionals  containing  Stieltjes 
integrals  such  as 

■ao+^/(f)dOi(f)+  •  •  • 

-/■ . i:  /(/.)  .  .  .  mdTQM . 04-  ... . 

(75) 

provided 

/l(M)-ao+^*«  i'-i:  \dViti.  .  .  .or*  (76) 

exists  for  all  u  and  satisfies  (68).  This  class  of  functionals  includes 
such  expressions  as 

J!£Io 

l*Cf.  Daniell,  Functions  of  Limited  Variation  in  an  Infinite  Number  of 
Dimension,  Annals  of  Mathematics,  Series  2,  Vol.  21,  pp.  30-38. 


On  the  other  hand,  A(u)  in  (72)  may  be  replaced  by 


+  .  .  . 


... dt,.  .  .  dtjK,(tu  .  .  .01*,  (77) 

the  K’s  being  all  summable  and  of  snmmable  sqtiare,  and  by  the 
use  of  the  Schwarz  inequality,  (1)  and  (2)  may  be  deduced. 
Again,  we  may  under  the  proper  conditions  concerning  <f>  show 
that 

. F.l/I)'  (78) 

has  an  average  in  the  sense  of  this  paper,  if  F| ,  .  .  .  ,  are 
such  functionals  as  we  have  already  described. 

I  here  wish  to  discuss  only  such  a  functional  as 

m-  •  •/'  'l/wr - I/(0^^:(/I . - dt,. 

The  average  of  this  functional  will  be  the  limit  as  n  increases 
indefinitely  of 

■  ■  n  n  r*>  /•» 


■  "  KM  /•* 

2  '  •  •  2)  (2^)’ *»'■"”*  * •  •  y 


kim\  .1 


(*1+.  .  .+**,)'“.  .  .(*!+.  .  .+**,)'*•’ 

/"  du.  .  .  f~  dKK{h . Q 

Jki-l  J^r-l 

n  n 

^  (2ir)‘2f-'»i^ 
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because  of  (63).  Expression  (80')  clearly  approaches  the  limit 

. . 

fr(f+fo'‘*.  .  .(f  +  .  .  .  +f.)^  (81) 

provided  that  K  is  of  limited  total  variation.  This  agrees  with  a 
definition  already  obtained  by  the  author.*^ 

§10.  The  Average  of  a  Functional  as  a  Daniell  Integral 
Daniell^  has  discussed  a  generalized  definition  of  an  integral  in 
the  following  manner;  he  starts  with  a  set  of  functions  /(p)  of 
general  elements  p.  He  assumes  a  class  To  of  such  functions 
which  is  closed  with  respect  to  the  operations,  multiplication  by 
a  constant,  addition,  and  taking  the  modulus.  He  also  assximes 
that  to  ^h  /  of  class  To  there  corresponds  a  number  K,  inde¬ 
pendent  of  p,  such  that 

!/(/>)  I  <  a:. 

and  that  to  each  /  there  corresponds  a  finite  “  int^jal  ”  U(J) 
having  the  properties 

(O  Uc(f)^cU(f). 

iA) 

(L)  If  /i>/i>  .  .  .  >0-lim/„  then 
lim  l/(/i)*0, 

(P)  U(f)  ^0  if  />.0. 

There  is  no  difficulty  in  showing  that  if  To  be  taken  as  the  set 
of  all  functionals  F  such  as  those  defined  by  (1)  and  (2)  of  §8, 
and  the  operator  Ar  is  taken  as  U,  all  these  conditions  are  ful- 

ir  The  Average  of  an  Analytic  Functional,  p.  256. 

i*  Daniell,  p.  280. 
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filled  save  possibly  (L).  I  here  wish  to  discuss  the  question  as  to 
whether  (L)  is  fulfilled. 

Let  it  be  noted  that  (L)  involves  the  knowledge  of  those  entities 
which  form  the  arguments  to  the  members  of  7o.  Up  to  this 
point  we  have  regarded  the  arguments  of  our  functionals  F  as 
step-functions.  However,  if  F|/|  is  a  bounded,  uniformly  con¬ 
tinuous  functional  of  all  step-functions  constant  over  every  interval 

,  it  may  readily  be  shown  that  if  /  is  the  uniform  limit 

of  .  a  sequence  of  such  step-functions  /„  then  lim  F|/,(  exists,  is 
independent  of  the  particular  sequence  /,  chosen,  and  is  bounded 
and  uniformly  continuous.  We  shall  call  this  limit  F\f\.  This 
extension  of  the  arguments  of  F  does  not  vitiate  the  validity  of 
any  of  the  Daniell  conditions.  In  fact,  no  condition  save  possibly 
(L)  is  vitiated  if  we  then  restrict  the  arguments  of  our  functionals 
of  To  to  continuous  functions  /(/)  such  that  /(O)  *  0. 

We  wish,  then,  to  show  that  if  Fi>Fj>  .  .  .  >0-lim  for 
every  /  that  is  continuous,  then 

lim  Ar{F^}  =0. 

Let  us  notice  that  it  follows  from  (50),  (55)  and  (63)  that 
<  [max  y  » * 

+  max  (82) 

Sa 

where  S,  is  the  set  of  all  functions  /  for  which  for  every  ti  and 
tt  between  0  and  1,^ 

\fik)-m\<ar 

By  (57),  the  first  term  in  (82)  can  be  made  as  small  as  we  please 
by  taking  a  large  enough.  Accordingly,  we  can  prove  (L)  if  we 
can  show  that  for  every  a,  the  set  of  functions  2,  consisting  in 
all  the  functions /  in  S,  for  which  F„  \J\  can  be  made  to  become 
null  by  making  n  large  enough,  whatever  17  may  be.  We  shall 
prove  this  by  a  reductio  ad  absurdum. 
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Z,  is  in  the  language  of  Fr^chet  an  extremal  set,  in  that  it  is 
closed,  equicontinuous,  and  uniformly  bounded.**  Hence  either 
all  the  Z,’s  from  a  certain  stage  are  null,  or  there  is  an  element 
common  to  every  2,.**  Let  this  element  be  /(/).  Then  for  all  «, 
we  have 

Fn\J\>y)  (83) 

This  however  contradicts  our  hypothesis. 

Our  operation  of  taking  the  average  is  hence  a  Daniell  integra¬ 
tion,  and  as  such  capable  of  the  extensions  which  Daniell  develops. 
Daniell  first  proves  that  if  .  .  .  is  a  sequence  from  To, 

then  the  sequence  t/(/«)  is  an  increasing  sequence,  and  hence 
either  becomes  positively  infinite  or  has  a  limit.  If  then  /->lim 
exists,  Daniell  defines  U(J)  a&  lim  U(JJ,  and  says  that  /  belongs 
to  Ti.  Our  Ti  will  contain  all  the  functions  discussed  in  §9,  and 
it  admits  of  an  easy  proof  that  the  definition  of  in  §9 

accords  with  the  definition  arising  from  the  Daniel  extension  of 
Ar  whenever  the  former  definition  is  applicable.  Daniell  then 
defines  for  any  function  /  the  upper  semi-integral  (/(/)  as  the 
lower  bound  of  U{g)  for  g  in  Ti  and  g>f.  He  defines  U(f)  as 
~  Ui—f),  and  U(f)  as  U(f)  if  U(f)^  !/(/) —finite,  /  being  then 
called  summable.  All  these  extensions  are  applicable  to  our 
average  operator  as  is  also  Daniell ’s  theorem  to  the  effect 
that  if  /i.  .  .  .  ,  fn,  ■  •  .  is  a  sequence  of  summable  functions 
with  limit /,  and  if  a  summable  function  exists  such  that  l/«  1 
for  all  «,/  is  summable,  lim  UifJ  exists  and  ~  U(J). 

It  may  be  shown  from  theorems  of  Daniell  that  if  the  measure 
of  a  set  of  functions  be  held  to  be  the  average  of  a  functional  1 
over  the  set  and  zero  elsewhere,  and  the  outer  measure  the  upper 
semi-average  of  a  functional  1  over  the  set  and  zero  elsewhere, 
then  the  definition  in  §6  will  coincide  with  this  whenever  it  is 
applicable.  §4  may  be  interpreted  as  saying  that  the  measure 
of  the  set  of  functions  for  which  the  non-d'fferentiability  coefficient 
differs  from  r  by  more  than  €  is  zero,  and  §7  as  saying  that  the 
outer  measure  of  the  ftmetions  satisfying  (51)  is  less  than  (55). 

Sur  quelques  points  du  calcul  fonctionnel.  Rend.  Cir.  Math,  di  Palermo 
Vol.  22,  pp.  7,  37. 

*>  Ibid,  p.  7. 
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§11.  Independent  Linear  Functionals.  Let  us  consider  a 
functional 

^1/1“  K(x)f(x)dx,Jj2ix)f(x)dx^ , 

K  and  Q  being  summable  of  summable  square,  and  <f>  being 
bounded  and  uniformly  continuous  for  all  arguments  from 
—  00  to  00 .  We  then  have 

F{xi . *,)  *  <±-L  K{x)dx,^^Xk  j  Q(x)dx'^. 


^  r  n  I  Jjzi 

YxA  Q(x)dx - — - — = - 

'  - 

H 

'  XjfVwdxJ 
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+  V 


Irn . - 


f  and  7}  being  two  orthogonal  unit  functions.  As  17  increases,  the 
arguments  of  approach  uniformly 


and 


lU  K{x)dx  J  0(rt)d*Jdx 


+  v 


I'll' K(x)d.]'dx 


If  in  particular  J  K{x)dx  and  J  Q{x)dx  are  normal  and 
orthogonal, 

w  m 

a:  cos’*”‘tfi  cos"‘*fli  «^(sin  du  sin  flj)  d$i  dd^ 

Urn  _ 

'  '  -  ^  Ml*  W  9 


cos"’*®!  oos""*®!  dOi  ddt 


a: 

~1  “a 

2irr*  J-»  J -00 


(84) 
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That  is,  the  average  of  F  with  respect  to  /  can  be  obtained  by 
first  forming  the  average  with  respect  to  /  of 

<t^J^K(x)/(x)dx,  jT  (2(.«)«(*)d*y 

then  forming  the  average  of  this  average  with  respect  to  g,  and 
finally  putting  /—g.  A  similar  theorem  can  be  shown  by  the 
same  means  to  hold  of 

<f>(^J^Kiix)/ix)dx,  •  ■  •  Knix)fix)dx'^, 

in  case  the  set  of  function  {[KMdx]  is  normal  and  orthogonal. 

If  now  <ft  is  not  a  bounded  function,  but  is  merely  uniformly 
continuous  over  any  finite  ranges  of  its  arguments,  and 


1 


(27rr»)  = 


dx,...  I 


*  __l_L 

dx^e'  ^  <f>ixi,  . 


.  (85) 


exists,  it  may  be  proved  by  a  simple  limit  argiunent  that  (85) 
represents  the  average  of 

(l>(^£K^(x)fix)dx . £K,ix)Ax)dxy 

§12.  Fourier  Coefficients  and  the  Average  of  a  Functional. 

The  functions 


sin  nirx  > 


«irV2 


cos  mrx 


form  a  normal  and  orthogonal  set.  Accordingly  if  we  have  a 
functional 

. oj 

of  the  function 


/(*)“ao-faiV'2  cosVir3c+  .  .  ,  -fo,N/2  cos  nirx +,  .  .  . 
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its  average  will  be 


—-f 

(27rr*)a-/-» 


dxi 


V  ’ 


provided  this  exists  and  <f>  is  continuous,  or  even  provided  <f>  is 
a  siun  of  step-functions.  In  particular  if  F \f{x)  |  =  1  if  0,**+  .  .  . 

.  .  .  >  a*  and  zero  otherwise,  its  average  will  be  less 
than  the  average  of  a  functional  which  is  1  if  for  some  k  between 
m  and  n  included. 


a**> 


a^k'^ 


1 


and  zero  otherwise.  The  upper  average  of  this  latter  functional 
is  by  (86)  not  greater  than 


^  (2irr»)*  5  ^ 
for  m  sufficiently  large,  where 

L-e^‘>l. 

Series  (87)  converges.  Hence  as  m  increases,  the  measure  of 
the  set  of  functions  for  which  a„*-f  .  .  .  +0,*  -f  •  •  •  >  a* 
approaches  zero. 

In  this  demonstration,  we  have  made  use  of  several  theorems 
of  Daniell  which  it  did  not  seem  worth  while  to  enumerate  in 
detail.  They  may  all  be  found  in  his  discussion  of  measure  and 
integration." 

U  Daniell,  loc.  cit. 
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Let  us  now  cxinsider  a  bounded  functional  F|/|  that  is  uni¬ 
formly  continuous  in  the  more  restrictive  sense  that  for  any 
positive  T),  there  is  a  positive  6  such  that 

Ifi/i-fifilo? 

whenever 

jyi.t)-g{t)Ydt<0. 

Let  F\J\  be  invariant,  moreover,  when  a  constant  is  added  to  /. 
It  will  then  be  possible  to  write  F\f\  in  the  form 

F\f\  =<^(ai . a„  .  .  .  ), 

where 

. a„  0,  0  .  .  . a,+i,  .  .  .)  |  <17 


whenever 

"+i 

Hence 

n 

I\  f*  __i _ 

Ar{F) - ;  /  dxu...  dxne~  ^ 

(27rr»)*-'-* 

.  .,^.0,0,.  .^1  <17+2  max  |F|A/(fl).  (87) 

where  M{B)  is  the  outer  measure  of  all  the  functions  for  which 
00 

2  N  can,  as  we  have  seen,  be  made  arbitrarily  small  by 

»+i 

making  n  sufficient  y  large.  It  can  hence  be  shown  that 


1  r*  ***' 

/I,  *1 F }  =  lim  - n  I  dxi  .  .  . 

“  (2irr*)2 

K-' Si’ »■«•■■  ) 


f 
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This  theorem  may  be  established  for  the  more  general  case  of  / 
fimctional  F  which  is  uniformly  continuous  for  all  functions  a 
for  which 

£y(x)]*dx<d, 

whatever  d  may  be,  and  for  which  there  is  an  increasing  «/»  («) 
such  that 

while 

90 

2^i/»(n+l)(M(n  +  l)-M(n)l 

1 

converges. 

Now  let  us  consider  a  functional  of  the  form 


■  ■ 


(89) 


where  the  H's  are  any  set  of  Hermite  polynomials  correspond¬ 
ing  to  normalized  Hermite  functions.  If  G\f\  is  another  such 
fxmction,  it  is  easy  to 'show  that 

-4,(F|/I<;|/|).0,  (90) 

and  to  compute 

Ar[F\f\]'.  (91) 

Now  let  us  arrange  all  these  functionals  in  a  progression  ( F, } 
It  follows  from  theorems  analogous  to  those  familiar  in  the  ordi¬ 
nary  theory  of  orthogonal  functions  that  ii  G\f\  is  a  continuous 
function  <f>  of  Oi,  .  .  .  ,  a,  for  which  expression  (86)  exists,  then 


2  m/' 


A,\FM\C\J\] 


-  (92) 


converges  in  the  mean  to  G\f\  in  the  sense  that  if  G^\f\  is  its 
nth  partial  stun. 


Km  A,\G\f\-G,\J\]‘-0. 


(93) 
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With  the  aid  of  generalizations  of  familiar  theorems  concerning 
orthogonal  functions,  it  may  be  shown  that  this  result  remains 
valid  if  (f7i/|  }*  fulfils  the  conditions  laid  down  for  F  in  (88), 
and  G  does  likewise.  The  functionals  (89)  are  then  in  a  certain 
sense  a  complete  set  of  normal  and  orthogonal  functions. 

One  final  remark.  By  methods  which  exactly  duplicate  §4, 
it  can  be  shown  that  the  set  of  functions  /  for  which  it  is  not  true 
that 


is  of  zero  measure,  whatever  c.  This  suggests  interesting  questions 
relating  to  the  connection  between  the  coefficient  of  non-differ- 

entiability  of  a  function  and  lim  — -  . 


ON  CONFORMAL  PARALLELISM 

Bjr  Joseph  Lipka 

1.  Parallelism  and  conformal  parallelism.  A  few  years  ago 
Prof.  T.  Levi-Civita  introduced  a  very  fundamental  notion  into 
the  subject  of  differential  geometry,  viz.,  the  parallel  motion  or 
translation  of  a  direction  or  line-element  along  a  curve  in  a  curved 
space  of  any  dimensionality.^  We  may  state  the  intrinsic  defi¬ 
nition  of  parallelism  as  given  by  Severi*  as  follows:  Given,  in 
any  n-dimensional  space  two  points  P  and  Q  infinitely  near, 
and  a  direction  (a)  in  V„  issuing  from  P\  a  direction  (/8)  in  V, 
through  Q  is  said  to  be  parallel  to  (a),  (1)  if  {fi)  is  a  direction  in 
the  geodesic  surface  (2-spread)  determined  by  (a)  and  the  direc¬ 
tion  PQ,  and  (2)  if  (j8)  makes  at  Q  the  same  angle  with  the  geo¬ 
desic  of  Vn  imiquely  determined  by  P  and  the  direction  PQ 
as  (a)  makes  with  it  at  P.  Of  course  if  n*2,  condition  (1)  is 
superfluous.  The  definition  reduces  immediately,  to  that  of  ordi¬ 
nary  parallelism  if  the  space  is  euclidean. 

Prom  the  definition  and  equations  of  parallelism  (Art.  2)  it 
follows  inunediately  that  if  we  have  two  points  A  and  B  a  finite 
distance  af>art,  and  a  direction  (a)  issuing  from  A,  the  direction 
ifi)  issuing  from  B  which  is  parallel  to  (a)  depends  upon  the 
curve  which  connects  A  and  P;  but  ()8)  is  uniquely  determined 
at  every  point  of  a  curve  when  the  curve  is  given;  hence  Levi- 
C.vita  speaks  of  the  motion  by  parallelism  with  respect  to  a  curve. 
Some  of  the  consequences  of  this  fundamental  notion  have  been 
developed  by  Levi-Civita,  Severi,  Bompiani,  Carpanese,  P6r^s, 
the  author,  and  others.*  Since  the  motion  by  parallelism  may  be 

i  T.  Levi-Civita,  Notione  di  paralMismo  in  una  varield  qualunque  e  con- 
seguenU  specificaxione  geomelrica  della  curvatura  Riemanniami,  Rendic.  del. 
Circ.  Mat.  di  Palermo,  t.  XLII,  1917. 

t  P.  Severi,  Sulla  curvatura  delU  superficie  e  varieti,  Rendic.  del  Circ.  Mat. 
di|Palenno,  t.  XLII,  1917. 

>  T.  Levi-Civita  (see  footnote  1).  F.  Severi  (see  footnote  2).  E.  Bonmiani, 
Studi  sugli  spoMt  curvi  del  paratlelismo  in  una  varield  qu^unque.  Atti  del  R.  1st. 
Veneto,  t.  LXXX,  192(1-1.  A.  (^rpanese,  Paratlelismo  e  curvatura  in  una 
varietd  qualunque,  Annali  di  Mat.  Pure  ed  Appl.  t.  XXVIII,  1919.  J.  P4r^, 
Le  parallf'lisme  de  M.  Levi-Civila  el  la  courbitre  riemannienne.  Rend,  della 
R.  Acc.  dei  Lincei,  t.  XXVII,  1919.  J.  Lipka,  Sulla  curvatura  geodetica  delle 
linee  appartenenli  ad  una  varietd  qualunque.  Rendic.  della  R.  Acc.  dei  Lincei, 
t.  XXI,  1922. 
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'  used  to  define  translation  in  a  curved  space,  both  Weyl  and 
Einstein*  have  employed  this  principle  in  setting  up  the  equations 
of  relativity. 

In  the  present  paper  it  is  our  purpose  to  generalize  the  notion 
of  parallelism  somewhat  in  the  sense  of  replacing  the  geodesics  of 
our  space  by  a  natural  family  of  curves  (or  dynamical  trajectories 
in  a  conservative  field  of  force  for  a  given  constant  of  energy).  The 
geodesics  of  V,  where  the  element  of  length  has  the  form* 


^  Oil,  dxi  dxk. 


are  the  curves  for  which 


■  minimum, 


while  a  natural  family  is  composed  of  the  curves  for  which 


fe*ds  *  minimum,  •  (31 

where  <f>(xi,  xt,  .  .  .  ,  xj  is  a  given  point-function.  Two 
infinitely  near  points  P  and  Q  determine  uniquely  one  curve  of 
the  natural  family  or  one  dynamical  trajectory.  Further  two 
directions  through  a  point  P  determine  a  piencil  of  directions  and 
hence  »*  trajectories  passing  in  these  directions,  which  form  a 
spread  of  two  dimensions  which  we  shall  call  a  trajectory  surface 
(analog  of  geodesic  surface).  We  may  state  the  following  definition: 
Given,  in  any  n-dimensional  space  V^,  two  points  P  and  Q  infinitely 
near,  and  a  direction  (a)  in  K,  issuing  from  P;  a  direction  (fi) 
in  Vn  through  Q  is  said  to  be  conformally  parallel  to  (a),  (1)  if 
(P)  is  a  direction  'in  the  trajectory  surface  determined  by  (a)  and 
the  direction  PQ,  and  (2)  if  (j8)  makes  at  Q  the  same  angle  unth  the 
trajectory  uniquely  determined  by  P  and  the  direction  PQ  as  (a) 
makes  with  it  at  P.  We  have  used  the  words  conformally  parallel, 
since  it  is  evident  that  the  curves  in  defined  by  (3)  are  merely 

*  H.  Weyl,  Raum,  Zeit,  MaUrU,  4th  edition.  Chap.  II.  A.  Einstein,  Vier 
VorUsunien,  uber  ReUUtviUitslheerie  (Princeton  lectures),  1922,  p.  45. 

■  Throughout  this  paper  all  summations  are  to  extend  from  1  to  n  for  the 
indicated  subscripts,  unless  otherwise  indicated. 
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the  conformal  representation  of  the  geodesics  in  a  space  V', 
whose  element  of  length  is  given  by 

ds'^e*ds.  (4) 

Consequently,  since  in  conformal  representation  angles  are  pre¬ 
served,  and  a  trajectory  surface  becomes  a  geodesic  surface,  a 
direction  moving  by  conformal  parallelism  in  the  space  whose 
element  of  length  is  defined  by  (1)  will  move  by  parallelism  in 
the  space  whose  element  of  length  is  defined  by  (4).  From  the 
definition  and  equations  (Art.  2)  of  conformal  parallelism  it  fol¬ 
lows  immediately  that  if  we  have  two  points  A  and  B  a  finite 
distance  apart  and  a  direction  (a)  issuing  from  A,  the  direction 
ifi)  issuing  from  B  which  is  conformally  parallel  to  (a)  depends 
upon  the  curve  which  connects  A  and  B\  but  (/8)  is  uniquely 
determined  at  each  point  of  a  curve  when  the  curve  is  given. 

Some  of  the  consequences  of  our  definition  of  conformal  paral¬ 
lelism  follow  immediately  from  the  conformal  relationship  pf  the 
two  sp>aces  and  V*'  expressed  above.  Other  results  follow 
from  an  independent  study  of  conformal  parallelism  in  a  given 
space.  In  the  following  sections,  we  first  derive  the  equations  of 
conformal  parallelism  and  draw  certain  simple  conclusions  from 
these  (Arts.  2,  3).  Later,  we  consider  a  direction  which  moves 
both  by  parallelism  and  conformal  parallelism  along  a  curve,  and 
study  the  angle  between  the  two  resulting  directions  (Art.  4). 
We  also  study  the  inclination  of  a  direction  to  a  curve  as  it  moves 
by  conformal  parallelism  along  that  curve  (Art.  5).  Finally, 
we  study  the  motion  of  a  direction  by  conformal  parallelism 
around  an  infinitesimal  cycle,  and  by  its  means  arrive  at  a  very 
simple  geometric  interpretation  of  the  second  differential  pwira- 
meter  of  a  function  on  a  surface  (Art.  6). 


2.  The  equations  of  conformal  parallelism.  Consider,  in 
the  space  whose  element  of  length  is 


two  infinitely  near  points  P'  and  Q*.  Let  the  direction  P'Q' 
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have  the  parameters  dxr/ds'  (r—  1,  2 . n).  Let  (o')  be  any 

direction  through  P'  characterized  by  the  contra  variant  system 
or  parameters*  (r*l,  2,  .  .  .  ,  «),  so  that 


a'.*  *  1- 

ik 

Then,  if  we  designate  the  parameters  of  a  direction  {fi')  through 
Q'  parallel  to  (a^  by 

+  (r=1.2 . n); 

as 

the  quantities  dri^'^/ds'  must  satisfy  the  equations  of  parallelism’ 


(r=l,  2 . n). 


(6) 


where  we  have  used  the  Christoffel  symbol  of  the  second  kind. 


k\ 


J  o'  I 


a  ik.  I  ’ 


*4'“  iirJ' 


and  where  the  designate,  as  usual,  the  coefficients  of  the  form 
reciprocal  to  the  fundamental  form  (5). 

Consider,  now,  the  conformal  space  V,  (corresfwnding  points 
in  the  two  spaces  are  assigned  the  same  coordinates)  whose 
element  of  length  is 

ds*~'^andxidx^,  '  (8) 

and  where 

'  ds'^eUs.  (9) 


The  infinitesimal  element  P'Q'  is  represented  by  the  infinitesimal 
element  PQ,  the  direction  (a')  with  parameters  17^’’’  by  the  direc¬ 
tion  (a)  with  parameters  the  direction  0')  with  parameters 

•  Here  M')  “dxr/ds',  where  ds'  represents  the  length  of  an  element  in  the 
direction  («')<  and  axr  are  the  corresponding  increments  of  the  codrdinates  Xr. 
Cf.  G.  Ricci  and  T.  Levi-Civita,  Mttkodes  de  calcul  diffirentiel  absolu  et  lews 
appluations.  Math.  Ann.  Bd.  LIV,  1900. 

▼  Cf.  reference  in  footnote  1,  p.  7. 
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by  the  direction  (/8)  with  parameters  - ds. 

ds'  ds 


The  direction  is  conformally  parallel  to  the  direction  (a). 
To  find  the  equations  of  this  conformal  parallelism,  we  must  find 
the  expressions  for  d^^'^/ds.  It  is  merely  necessary  to  express 
equations  (6)  in  terms  of  the  elements  of  the  space  V,. 

We  evidently  have  • 


dx,  _  4  dXr 
ds  ds' 

a'(*) 

(10) 


i  k 
r 


i  k 

r 


where  <f>i^d<f>/dxi.  Using  (9)  and  (10)  and  the  identities 

0.  ifl^k 


=  €/* 


1,  if /  =  Ar, 


(11) 


eqviations  (6)  take  the  form 


ds  a 


i  k 
r 


Now  the  <f>i  =d<f>ldxi  form  a  covariant  system,  and  the  corre¬ 
sponding  contravariant  system*  is  given  by 


(12) 


*  The  relations  between  a  covariant  system  (r  and  its  correspondinx  con¬ 
travariant  system  ((ri  with  reference  to  the  fundamental  form  (8)  are  expressed 
by 

{('■)  -  Zairt)  it  ;  (r^  ZOrt  M  ; 


ZOrt&^^S^ 


Za(rt)  (r  it 
rt 


Zir  • 


If  the  {(')  are  the  parameters  of  a  direction  then  these  last  expressions  are 
all  equal  to  1. 

If  we  have  two  directions  with  parameters  {(ri  and  the  cosine  of  the 
angle  between  these  directions  is  given  by 

cos  Zart  ((')  ,(*)  —  ZaW  <ir  si  —  Z  'r  —  2<r 


1 


'i  .. 
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Further,  we  may  introduce  the  covariant  system  or  moments  of 
the  direction  (a)  given  by 

(13) 


With  this  notation  the  above  equations  may  be  written 


f  *>  V ^  f ^ 

ds  ds  ’  ds 


We  note  that  the  dx^lds,  which  individualize  the  direction  PQ, 
form  a  contravariant  system.  If  we  write  ^dxr/ds,  we  see 
that  the  two  siunmations  in  the  right  member  are  invariants, 
so  that  the  right  member  forms  a  contravariant  system  which 
we  shall  designate  by  We  finally  have  for  the  equation  of 
conformal  parallelism. 


(14) 


Equations  (14)  give  us  the  variations  of  the  contravariant 
system  as  we  move  from  P  to  Q.  We  may  immediately 
express  the  variations  of  the  covariant  system  as  we  move 
from  P  Xjo  Q.  By  simple  transformations  on  (14)  we  get 


(r-1.  2 . n). 


i  i 


(HO 


Either  set  of  equations,  (14)  or  (140.  b*  said  to  define  analyti¬ 
cally  the  motion  of  a  direction  by  conformal  parallelism. 
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If  we  introduce  the  contravariant  and  covariant  derivatives* 
of  and  respectively,  given  by 


^(u), 


Bx 


we  may  write  (14)  and  (140  in  the  simple  forms 


(r-1.  2 . «) 


(15) 


If  a  curve  c  is  given  by  its  equations  expressing  the  codrdinates 
as  ftmctions  of  its  arc  length  s,  the  quantities  oa,  |  *  ^ 


and  may  be  regarded  as  known  functions  of  s.  Equations 
(14)  are  then  n  ordinary  linear  differential  equations  in  the 
quantities  It  follows,  from  well-known  existence  theorems, 
that  having  chosen  any  direction  at  a  point  A  of  c,  there  is  uniquely 
determined  a  conformally  parallel  direction  at  every  other  point 
B  of  the  curve.  Given  any  two  points  A  and  B  a  finite  distance 
apart,  and  a  direction  at  A,  the  conformally  parallel  direction 
at  B  will  evidently  depend  upon  the  curve  through  A  and  B 
along  which  the  direction  is  transported. 

It  is  of  interest  to  note  that  if  we  multiply  the  second  of  equa¬ 
tions  (14)  by  and  sum  with  respect  to  r,  we  find 


(16) 

r 

Since,  by  (14),  the  contravariant  system  individualizes  a 
direction  which  lies  in  the  pencil  of  directions  determined  by  the 
directions  and  ,  eqtiation  (16)  says  that  this  direction  is 
orthogonal  to  the  direction  f which  moves  by  conformal  paral¬ 
lelism  along  a  curve. 

*  Cf.  Reference  in  footnote  12,  pp.  138,  140. 
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3.  Some  elementary  theorems  on  conformal  parallelism 

From  our  definition  of  conformal  parallelism  (Art.  1)  it  follows 
immediately  that. 

If  a  direction  is  transported  by  conformal  parallelism  along  a 
trajectory,  it  will  always  make  a  constant  angle  with  the  trajectory. 
The  converse  is  not  true,  except  in  a  space  of  two  dimensions, 
since  in  a  space  of  dimensions  greater  than  two,  the  trajectory 
surfaces  change  from  point  to  point  along  the  curve. 

As  a  corollary  of  the  above  theorem  we  have. 

If  a  direction  which  is  initially  tang^it  to  a  trajectory  is  trans¬ 
ported  by  conformal  parallelism  along  that  trajectory,  it  will  always 
remain  tangent  to  the  trajectory;  or,  the  tangent  directions  to  a 
trajectory  are  all  conformally  parallel. 

From  equations  (14)  we  note  that  if  the  direction  coincides 
with  the  direction  =dxr/ds,  these  equations  become 


d'x,  ^  V  j  *  ^  dxj  dxk 

ds*  a  [  ^  )  ds  ds  ds  i  ds 


(r*l,  2 . n), 

(17) 


the  well-known  equations  of  a  trajectory  system;  hence  we  may 
state, 

If  a  curve  has  the  property  that  its  direction  at  any  point  is  con¬ 
formally  parcUlel  to  its  initial  direction,  the  curve  is  a  trajectory. 

In  the  theory  of  parallelism  we  have  the  following  theorems:^* 
Two  directions  which  are  transported  by  parallelism  along  any 
curve  conserve  the  angle  between  them;  every  direction  which 
maintains  itself  rigidly  bound  to  a  direction  which  satisfies  the 
conditions  of  parallelism,  itself  satisfies  the  conditions  of  paral¬ 
lelism.  Since  angles  are  conserved  in  conformal  representation, 
we  may  at  once  state  the  analogous  theorems; 

Two  directions  which  are  transported  by  conformal  parallelism 
along  any  curve  conserve  the  angle  between  them;  every  direction 
which  maintains  itself  rigidly  bound  to  a  direction  which  satisfies 
the  conditions  of  conformal  parallelism,  itself  satisfies  the  conditions 
of  conformal  parallelism. 

These  theorems  may  also  be  proved  directly  by  the  use  of 
eqxiations  (14)  and  (WO- 

W  Cf.  Reference  in  footnote  1,  |6,  |8. 
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4.  Angle  between  the  parallel  and  the  conformal  parallel. 

In  any  space  V,,  let  us  consider  two  infinitely  near  points  P 
and  Q  (PQ^ds)  determining  a  direction  with  parameters 
and  any  direction  (a)  with  parameters  at  P.  If  (yS)  is  the 
direction  through  Q  parallel  to  (a),  and  (y)  is  the  direction  through 
Q  conformally  parallel  to  (a),  let  us  find  the  infinitesimal  angle 
between  the  directions  (fi)  and  (y). 

We  have  at  P  the  direction  (a)  with  parameters  bound 
by  the  relation 

(>» 

rl 

Let  us  denote  the  values  of  the  coefficients  of  the  fundamental 
form  at  Q  by 

»‘ar.+  dj  +  i  dr  *.  (19) 

as  as* 

(disregarding  infinitesimals  of  higher  order  than  the  second). 

The  parallel  direction  (y8)  at  Q  has  parameters 

ds+i 

ds  ds* 


bound  by  the  relation 


'  •  •  •)  •  •  •)'*• 

(20 

Owing  to  the  conditions  of  parallelism  (6),  we  must  have 

(21 

ds  ^  I  »’ 


(where  A,  is  merely  used  as  an  abbreviation). 


Analogous  to  a  theorem  in  the  theory  of  parallelism,  we  may 
also  state: 

If,  in  V„,  a  direction  is  transported  by  conformal  parallelism 
along  the  sides  of  a  triangle  formed  by  three  arcs  of  trajectories,  the 
angle  between  its  initial  and  final  position  will  be  equal  to  2ir— e. 
where  €  is  the  angular  excess  of  the  triangle,  i.e.,  the  sum  of  the 
angles  minus  ir. 
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The  conformally  parallel  direction  (y)  at  Q  has  parameters 
ds  *  ds* 

bounded  by  the  relation 

(20') 

Due  to  the  conditions  of  conformal  parallelism  (14)  we  must  have 

-  -  2  { *  ^  (21 ') 

If  da»  denotes  the  angle  between  (/5)  and  (y),  we  have 
cos  dto^  ...  1  [^''’  +  (i4,+i/»‘‘’)d5+  .  .  .  ). 

fl 

(22) 

Using  the  identity  (20),  this  becomes 

cosdctf  *  1  +  ^^((^'^+Ards+  .  .  .  )  (tl/^'^ds+  .  .  .  ).  (23) 


Subtracting  the  identities  (20)  and  (20'),  we  have 

2  ^ar,  (e^+A,ds  +  .  .  .  )  +  .  .  .) 

rt 

4-^ar<  i^^'^ds+  .  .  .  )  (t/t^'^ds  A-  .  .  .  )»0, 

fl  I 

and  introducing  this  into  (23),  the  latter  becomes 

cos  do*  *  1  —  iy^an  -i-  .  .  .)  (*ff^‘^ds+  .  .  .).  (24) 

rt 

Introducing  the  value  of  on  from  (19)  and  expanding,  we  have 
cos  dfti » 1  —  i  ds*  +  (terms  in  ds*,  etc. ]' 

rt 


(25) 
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On  the  other  hand, 

cos  doi— 1  — +  (terms  in  {d<o)*,  etc.]. 

Disregarding  infinitesimals  of  higher  order  than  the  second,  we 
finally  have 

{dot) *  —  Ori  ili^‘^ds*, 


and  hence 


(26) 


We  may  now  state: 

The  angle  dot  between  the  parallel  ()3)  and  the  conformal  parallel 
(y)  at  a  point  Q  to  a  direction  (o)  at  an  infinitely  near  point  P  is 
given  by  (26)  where  and  if/r  are  defined  by  (14)  and  (HO- 


Substituting  the  values  of  and  tjir  in  (26),  we  get 

(27) 


Now  the  contra  variant  system  determines  at  a  point  P  a 
direction  whose  parameters  are  where  /?** 


or,  we  may  say  that  the  contravariant  system  <ft^  determines  a 
vector  whose  magnitude  is  R  and  whose  components  are  <f> 

If  we  denote  the  angle  between  two  directions  with  parameters 
and  by  the  symbol  {<r,  r),  we  have 


^  -  cos  (X,  €) ;  cos  (f  ^) ; 

i  i 

—  R  cos  (X,  <f>) ; 

r  f  r 
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and  (27)  takes  the  form 

”  /?*(cos*(X,  $)  —  2  cos  (X,  C)  cos  (f>)  cos  (X,  <f>) 

+  cos*(f<^)]  (28) 

We  may  draw  certain  conclusions  from  (28). 

If  the  direction  (a),  parameters  through  P  lies  in  the 
pencil  of  directions  determined  by  the  direction  PQ,  parameters 
X‘'\  and  the  direction  of  the  force  vector,  parameters 
then 

(X.  ^)  +  (f  <^). 

Substituting  this  relation  in  (28),  we  obtain 

*  R*  sin*  (X,  <^),  (29) 

which  is  independent  of  i.e.,  independent  of  the  particular 
direction  (a)  which  moves  along  PQ,  while  the  direction  PQ 
and  the  force  vector  remain  fixed  at  P.  Hence,  we  may  state: 

//  *«  V'a,  o  direction  through  a  point  P  is  transported  to  a  nearby 
point  Q,  the  angle  between  its  parallel  and  conformal  parallel  at  Q 
is  the  same  for  all  directions  lying  in  the  pencil  determined  by  the 
element  PQ  and  the  force  vector  at  P. 

If  m  =  2,  i.e.,  for  an  ordinary  surface,  every  direction  through 
P  lies  in  the  pencil  determined  by  PQ  and  <f>,  and  hence  we  have 
the  corollary: 

In  an  ordinary  surface  Vj,  if  P  and  Q  are  two  neighboring  points, 
the  angle  between  the  parallel  and  the  conformal  parallel  at  Q  is  the 
same  for  all  directions  through  P  which  are  transported  to  Q. 

Furthermore,  since  the  right  member  of  (29)  contains  only  the 
angle  between  the  'element  PQ  and  <f>  and  the  parameters  of  the 
direction  PQ,  and  since  <f>  and  PQ  lie  in  the  osculating  geodesic 
surface  of  the  trajectory  through  P  m  the  direction  PQ**,  we  may 
state  the  theorem: 

All  directions  through  a  point  P  in  V,  lying  in  the  osculating 
In  the  language  of  trajectories,  the  direction  determined  by  af’’)  at  a 
point  P  is  the  direction  of  the  force  vector,  and  the  magnitude  R  is  the 
magnitude  of  the  force  vector  divided  by  the  square  of  the  velocity. 

IS  Cf.  the  author’s  Natural  families  of  curves  in  a  curved  space  of  n  dimen¬ 
sions.  Trans.  Am.  Math.  Soc.,  Vol.  13,  1912. 
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geodesic  surfaces  to  the  trajectories  through  P,  which  make  a  fixed 
angle  with  the  force  vector,  are  transported  to  a  neighboring  point  Q 
so  that  the  angle  between  the  parcUlel  and  conformal  parallel  is 
invariant. 

The  left  member  of  (29)  has  another  interpretation.  Since  the 
direction  may  be  any  direction  in  the  pencil  determined  by 
PQ  and  <f>,  let  the  direction  coincide  with  the  direction  of 
the  element  PQ;  then  by  Art.  3,  its  conformal  parallel  at  Q  will 
coincide  with  the  direction  at  Q  of  the  trajectory  through  PQ, 
and  its  parallel  with  the  direction  at  Q  of  the  geodesic  through 
PQ.  But,  as  shown  in  a  previous  paper,**  the  ratio  of  the  angle 
between  the  geodesic  and  trajectory  at  Q  to  the  arc  length  PQ, 
is  the  geodesic  curvature  of  the  trajectory  at  P.  Hence  we  have 
the  theorem: 

V’m  if  owy  direction  through  a  point  P  lying  in  the  pencil 
of  directions  determined  by  PQ  and  is  transported  to  a  neighbor¬ 
ing  point  Q,  the  ratio  of  the  angle  between  its  parallel  and  conformal 
parallel  at  Q  to  the  arc  length  PQ,  is  the  geodesic  curvature  of  the 
trajectory  through  PQ,  and  this  is  equal  to  R  sin  (PQ,  i*). 

It  is  evident  that  if  the  direction  PQ  coincides  with  that  of  the 
force  vector,  i.e.,  X  coincides  with  (ft,  (28)  gives  dat/ds’^O;  hence 
the  parallel  and  conforpial  parallel  coincide.  Thus: 

If  any  directum  in  V„  through  a  pctint  P  moves  by  parallelism 
and  conformal  parallelism  to  a  neighboring  point  Q  in  the  direction 
of  the  force  vector,  the  two  resulting  directions  coincide. 

This  can  also  be  seen  from  the  fact  that  the  trajectory  and  the 
geodesic  in  the  direction  osculate,  or,  the  geodesic  ciurvatiu^ 
of  the  trajectory  in  the  direction  of  the  force  vector  is  zero. 

We  may  finally  ask  for  the  angle  between  the  parallel  and  con¬ 
formal  parallel  at  (2  to  a  direction  at  P  which  is  perpendicular  to 
the  direction  PQ.  If  f  coincides  with  v  a  perpendicular  to  X,  then 
cos  (X,  v)  “  0,  and  (28)  becomes 

^  cos*  (v,  (ft)  (290 

Cf.  the  author’s  |Mper  mentioned  in  footnote  3.  The  theorem  there 
proved  gives  an  intrinsic  definition  of  the  geodesic  curvature  of  a  curve  at 
a  point  P  in  Vn.  It  may  be  stated  thus:  the  geodesic  curvature  of  a  curve 
at  a  point  P  is  the  ratio  of  the  angle  formed  at  a  neighboring  point  Q  between 
the  curve  and  the  geodesic  through  PQ,  to  the  arc  PQ. 
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Thus  we  may  state : 

Every  direction  v  lying  in  the  hypersurface  at  P  normal  to  the 
direction  PQ,  is  transported  from  P  to  Q  so  that  the  ratio  of  the  angle 
between  the  parallel  and  conformal  parallel  at  Q  to  the  arc  PQ  is 
equal  to  the  projection  of  the  vector  R  in  the  direction  v. 


5.  Inclination  of  the  conformal  parallel  to  the  curve.  As  a 
direction  is  transported  by  conformal  parallelism  along  any 
curve  c  its  inclination  to  the  curve  will  vary  (unless  the  curve  is 
a  trajectory).  If  are  the  parameters  of  the  direction  of  the 
curve  and  the  parameters  of  the  moving  direction, 

cos  (X.  f) «  ^  ;  (30) 

f 

we  wish  to  find  —  cos  (X,  (). 
ds 

Now,  by  differentiation  of  (30)  and  the  use  of  (140.  we  find 
ds  ds  ds 

—  R  cos  (X,  <j>)  cos  (X,  f)  —  R  cos  (f ,  <^) 


(31) 

But  the  parameters*  of  the  principal  geodesic  normal  to  the  curve 
at  P  are  given  by** 

uW  -  V  \  * 

k  L  ds'  1  ^  J  ds  ds  J 


Bianchi,  Gcometria  dtfferemiale,  2d  edit.  Vol.  1,  p.  .364. 
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where  k  is  the  geodesic  curvature  of  the  curve,  so  that  the  last  term 
of  (31)  becomes 

^ k  cos  (ft.f). 

f 

Hence,  we  have 

—  cos  (X,  $)  —  f?(cos  cos(X,f)— cos  cos  (/i,  f),  (32) 

ds 

which  gives  the  variation  of  the  angle  between  the  element  moving 
by  conformal  parallelism  and  the  curve. 

If  in  (32)  we  get  ^—0,  we  get 

cos  (X,  f)  =  It  cos  (fi,  ^), 
ds 

the  rate  of  variation  of  the  inclination  of  the  element  moving  by 
parallelism  and  the  curve,  as  given  by  Levi-Civita.** 

If  the  curve  c  has  the  property  that  its  principal  geodesic 
normal  p.  lies  in  the  pencil  of  directions  determined  by  the  direc¬ 
tion  X  of  the  curve  and  the  force  vector  <f>,  then  evidently 

cos  <l>)  —  cos  (X,  <f>)  cos  (X,  cos  ifi,  f)  sin  (X,  <f>), 

[where  we  have  chosen  the  positive  direction  of  fi  so  that  <f>  lies 
within  the  right  angle  formed  by  fi  and  the  positive  direction  X 
of  the  curve).  Substituting  in  (32),  we  have 

—  cos  (X,  f)  —  [n  —  I?  sin  (X,  <^)]  cos  (ji,  ^),  (33) 

ds 

which  gives  the  variation  of  the  angle  between  the  direction  moving 
by  conformal  parallelism  and  the  curve,  when  the  curve  has  the 
property  that  the  principal  geodesic  normal,  the  direction  of  the 
curve  and  die  force  vector  all  lie  in  he  same  pencil  of  directions. 
Now,  if  the  curve  c  is  a  trajectory  it  has  the  property  that  <f>, 
and  fi  lie  in  a  same  pencil  of  directions,**  therefore  (33)  applies 
here.  But  we  have  already  shown.  Art.  4,  that  the  geodesic 
curvature  of  a  trajectory  is  given  by  a  —  /?  sin  (X,  <f>),  so  that 
(33)  becomes 

—  cos  (X,  i)  =  0,  or  (X,  ^  *  constant, 
ds 

Cf.  footnote  1,  {  8. 
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which  verifies  the  property  stated  in  Art.  3,  that  a  direction  moving 
by  conformal  parallelism  along  a  trajectory  always  makes  a  con¬ 
stant  angle  with  the  trajectory. 

If  our  space  is  one  of  two  dimensions,  of  course  <f>,  X,  and  fi 
lie  in  the  same  pencil  of  directions,  so  that  (33)  is  valid  here. 
Furthermore,  in  this  special  case,  the  moving  direction  f  lies  in 
this  same  pencil,  so  that  (X,  f)“(X,  ft)-|-(/*,  €),  and  sin(X,  ft  — 
cos  (ft,  ft;  hence,  (33)  becomes 

-  ^  (X,  ft-k-/?  sin  (X,  <f>). 
as 


But  R  sin  (X,  <f>)  —  Ht  the  geodesic  curvature  of  the  trajectory,  so 
that  we  may  write 


ds 


Hence,  we  have  the  theorem: 

In  a  Vt,  the  rate  of  variation  of  the  angle  between  a  curve  and  a  direc¬ 
tion  which  moves  by  conformal  parallelism  along  that  curve  is  equal 
to  the  difference  of  the  geodesic  curvatures  of  the  curve  and  the  tra¬ 
jectory  tangent  to  the  curve  at  any  point. 

If  we  take  any  curve  on  the  surface  Vt,  we  may  draw  at  each 
point  the  trajectory  orthogonal  to  the  curve  at  that  point;  it  is 
well-known,  that  this  system  of  trajectories  admits  oo*  curves 
cutting  all  the  trajectories  orthogonally.  We  may  call  these  curves 
a  set  of  trajectory  parallels.  In  fact,  since  a  direction  tangent  to 
the  initial  curve  at  any  point  and  moving  by  conformal  parallelism 
along  the  trajectory  through  that  point,  makes  a  constant  angle 
with  the  trajectory,  it  will  necessarily  move  tangent  to  the  suc¬ 
cessive  orthogonal  curves.  Hence,  we  may  say  that  the  orthogonal 
curves  of  the  system'  of  trajectories  are  conformally  parallel. 


6.  Motion  by  confonnal  parallelism  around  an  infinitesimal 
cycle.  Curvature.  The  second  differential  parameter.  Let  P 

be  any  point  of  an  ordinary  surface  V'tl  draw  on  the  surface  any 
infinitesmal  cycle  of  area  8<r'  through  P.  Let  (jSO  be  any  direc¬ 
tion  on  the  surface  through  P  and  let  it  move  completely  around 

t*  Cf.  footnote  12. 
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the  cycle  by  parallelism.  Then  if  is  the  infinitesimal  angle 
between  the  initial  and  final  positions  of  {fi'),  we  have 


-  A" 

where  K'  is  the  Gaussian  curvature  of  the  surface.^’  The  angle 
8e'  is  considered  positive  or  negative  (and  hence  the  curvature 
is  positive  or  negative)  according  as  the  infinitesimal  rotation 
.necessary  to  bring  the  initial  direction  of  (/S')  into  the  final 
position  is  in  the  same  sense  as  the  description  of  the  cycle  or  in 
the  opposite  sense.  8c'  is  called  the  angle  oj  parallelism. 

For  the  surface  whose  first  fundamental  form  is 


ds*' »  '^a'itdxjdxi  (i,  Ar  -  1.  2). 

tk 


we  may  introduce  the  well-known  Riemann  symbol  a'u.u,  and 
the  value  a'  of  the  determinant  and  write  the  above 


8c' 

8^ 


o' It,  u 
o' 


A". 


(34) 


If  we  now  consider  the  surface  V*  which  is  the  conformal  repre¬ 
sentation  of  Vt  and  whose  first  fundamental  form  is 

ds*  -  y^;andx^Xi  (i.  Ar  -  1 ,  2) , 

and  where 

o',*  - e^an,  <f>  -  ff>{xu  x^ , 

the  cycle  of  area  8<r'  will  be  transformed  into  a  cycle  of  area 
8o’  — f"**8o’',  (35) 

the  direction  (yS')  into  a  direction  (fi)  which  will  describe  the  cycle 
by  conformal  parallelism,  while  the  angle  between  its  initial  and 
final  positions  will  remain  as  before,  i.e.,  8€*»8c',  since  the 
angles  at  a  point  are  unchanged  by  conformal  mapping. 

Let  us  now  express  the  quantities  o'u,  u  and  o'  for  Vt  in  terms 
of  the  corresponding  quantities  for  V».  We  have  for  a  space  of 
any  dimensionality  n, 

Cf.  Levi-Civita,  Questions  de  Mecdnica  cldssica  i  relativista,  Institut 
d’  Estudis  Catalana,  aecci6  de  Ci^ncies,  Barcelona,  1922.  Cf.  alao,  reference 
to  Pfr^s  in  footnote  3. 


and  also** 

^  'a.  kk  “  <*•>.  kk + ~  ~  oa(<Ai*  “  ^/kk) 

+ai*(^i*  -  <^.^*)  -  a>*(<A»*  “  ^1^*) + i<^ikOjk — Oiifljid 

where  — t  and  is  the  covariant 

derivative  of  <f>i  (defined  in  Art.  2). 

For  n»2,  these  become 


“Oi*.  ij+2aii(<^ii  — —  aii(<^jj  — <^*)  —ati{<f>ii  —  <f>i*) 

—  aA<f>. 

Since 

an*a.a‘**\  aM»o.o^"^  ou-— a.a‘‘*\ 

the  last  expression  becomes 

Finally,  introducing  the  second  differential  parameter  of  the  func¬ 
tion  <f>, 

^  (*.  k~l,2), 


we  have 


li^du,  u~0-  Aii(f>. 


Substituting  (35),  (36),  and  (37)  into  (34),  we  have 

I 

(38) 

otr  a 

But  Ou,  u/o  is  K,  the  curvature  of  the  surface  Vj,  hence,  we  finally 
have 

h~K-A^.  (39) 

0<r 

U  Levi-Civita,  eihstetHiani  in  campi  luwtoniani.  III,  Rendic,  della 
R.  Acc.  dei  Lincei,  t.  XXVII,  p.  183. 


192 


LIPKA 


ik 


‘  ON  CONFORMAL  PARALLBUSM 


193 


Thus,  we  may  state : 

//  any  directum  through  a  point  P  on  a  surf  cue  moves  by  con~ 
formal  parallelism  around  an  infinitesimal  cycle  on  the  surface 
through  P,  the  ratio  of  the  angle  between  its  initial  and  final  positions 
to  the  area  of  the  cycle,  is  equal  to  the  Gaussian  curvature  of  the 
surface  at  P  minus  the  value  at  P  of  the  second  differential  para¬ 
meter  of  the  function  (The  function  <f>  which  determines  the 
trajectory  system  with  respect  to  which  our  conformal  parallelism 
is  defined,  may  be  called  the  characteristic  function  of  the  con¬ 
formal  parallelism) 

If  the  direction  ()8)  through  P  moves  around  the  same  cycle 
by  parallelism,  then  we  have 

Sv 

(40) 

8<r 

where  hy  is  defined  as  Se'  was  defined  above.  Combining  (39) 


and  (40)  we  obtain 


Sy  Se 


Finally,  let  Sat  be  the  infinitesimal  angle  between  the  final  posi* 
tions  after  motion  by  conformal  parallelism  and  motion  by 


parallelism,  and  we  have 


(41) 


where  Sot  is  positive  or  negative  (and  hence  At  is  positive  or 
negative)  according  as  the  infinitesimal  rotation  necessary  to 
bring  the  final  position  of  the  direction  after  motion  by  conformal 
parallelism  to  the  final  position  of  the  direction  after  motion  by 
parallelism,  is  in  the  sense  of  the  description  of  the  cycle  or  in 
the  opposite  sense.  Equation  (41)  gives  us  a  geometric  inter¬ 
pretation  of  the  invariant  At<^.  We  may  state  it  thus: 

Given  any  surface  and  any  function  of  the  coordinates  on 
that  surface.  Given,  further,  any  point  P  and  any  infinitesimal 
cycle  through  P  on  the  surface.  If  any  direction  on  the  surface 
through  P  moves  first  by  parallelism  and  then  by  conformal  paral¬ 
lelism  (whose  characteristic  function  is  <f>)  completely  around  the 
cycle,  the  ratio  of  the  angle  between  its  final  positions  to  the  area 
of  the  cycle,  is  the  value  at  P  of  the  second  differential  parameter  of  <ft. 
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It  follows  that  the  vanishing  of  the  second  differential  para' 
meter  of  a  function  <f>  at  a.  point  is  the  necessary  and  sviificient 
condition  that  at  that  point  the  direction  returns  to  the  same  final 
position  whether  moving  by  parallelism  or  conformal  parallelism. 
We  may  now  state  the  theorem: 

The  vanishing  of  the  second  differeniicU  parameter  of  a  function 
<f>  at  every  point  of  a  surface,  is  the  necessary  and  sufficient  condition 
that  the  results  of  the  motion  of  a  direction  completely  around  an 
infinitesimal  cycle  by  parallelism  or  by  conformal  parallelism  (whose 
characteristic  function  is  <f>)  should  coincide. 

It  is  well-known  that  the  vanishing  of  at  every  point  of 
a  surface  is  the  necessary  and  sufficient  condition  that  the  curves 
<f>  “  constant  and  their  orthogonal  curves  should  form  an  isothermal 
system  with  <f>  as  isometric  parameter.  But  if  <f>  is  the  character¬ 
istic  function  of  a  trajectory  system,  the  curves  <f>~  constant  and 
their  orthogonal  curves  are  the  equipotential  lines  and  the  lines 
of  force.  We  may  therefore  state  our  last  theorem  in  another 
form: 

If  the  force  function  is  such  that  the  lines  of  force  and  the  equi¬ 
potential  lines  from  an  isothermal  family  on  the  surface  (with  the 
function  as  isometric  parameter),  then  the  results  of  the  motion  by 
parcUlelism  and  conformal  parallelism  completely  around  any 
infinitesimal  cycle,  coincide. 

Since,  for  a  developable  surface  (in  particular  for  a  plane)  the 
Gaussian  curvatvire  is  zero,  a  direction  moving  around  an  infini¬ 
tesimal  cycle  by  parallelism,  returns  to  its  original  position.  Here, 
the  second  differential  parameter  of  <f>  becomes  merely  the 
Laplacian 


d*<l>  d*if> 


and  we  have  the  corollary: 

Given,  on  a  developable  surface  (in  particular  a  plane),  any 
infinitesimal  cycle  and  any  direction  through  a  point  P.  If  this 
direction  moves  around  the  cycle  by  conformal  parallelism,  whose 
characteristic  function  is  then  the  Laplacian  of  is  the  ratio 
of  the  angle  between  its  initial  and  final  positions  to  the  area  of  the 
cycle. 


A  NEW  PROOF  OF  THE  THEORY  OF  ORDINARY 
BENDING  AND  ITS  EXTENSION  TO  BEAMS 
OF  NON-HOMOGENEOUS  MATERIALS 

By  Psor.  Wuxiam  Hovgaako 

The  correctness  of  the  ordinary  formula  for  bending  has  never 
been  proved  in  a  rigorous  manner.  It  is  usually  given  in  the  form 

E.t  (,) 

I  y 

where  M  is  the  bending  moment  acting  on  a  beam,  I  the  moment 
of  inertia  of  a  cross-section  of  the  beam  about  a  transverse  axis 
through  the  center  of  gravity  of  the  cross-section  normal  to  the 
plane  of  bending,  p  is  the  normal  stress  at  a  certain  point  of  the 
cross-section  at  a  distance  y  from  said  axis,  which  is  generally 
referred  to  as  the  neutral  axis.  In  the  proof  as  usually  given  it 
is  asstuned  that  transverse  sections  that  are  plane  before  bending 
remain  plane  after  bending,  which  in  homogeneous  materials 
obeying  Hooke’s  law  is  equivalent  to  saying  that  the  stresses  as 
well  as  the  strains  are  proportional  to  the  distance  from  the 
neutral  axis.  Saint-Venant  has  shown  that  tmder  certain  sup¬ 
positions  this  assumption  is  justified  as  an  approximation  to  the 
first  order  for  beams  of  homogeneous  materials,^  provided  the 
forces  are  applied  in  such  a  manner  at  the  ends  of  the  beam  as 
to  follow  the  law  given  by  (1).  If  the  forces  are  not  so  distributed, 
the  theoretical  investigation  of  Saint-Venant  fails  to  produce  that 
formula.* 

In  the  present  paper  it  is  shown  that  not  only  for  girders  of 
homogeneoxts,  but  also  for  girders  of  non-homogeneous,  materials 
the  Principle  of  Least  Work  leads  to  said  assumption  as  a  neces- 
des  Corps  SoUdet.  Clebtch,  1883.  Note  by  Saint-Venant, 

pp.  181-190. 

*“Ainsi,  laformule  de  Inflexion  ^ale,  ou  en  arc  de  cercle,  n’est  foumic 
par  I’analyse  qu’autant  que  les  deux  couples  fldchisaants  soient  form^  de 
forces  appliquto  normalement  sur  les  bases  de  la  ti«  fld:hie,  et  distributes, 
quant  aux  intensitts,  d’une  manitre  lintaire,  c’est-4-mre  prop^ionneUement 
aux  distances  de  leurs  points  d'application  k  une  mtme  drate.”  Op.  dt., 
p.  175. 
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sary  requirement  for  its  fulfillment.  If  then  we  accept  this  prin¬ 
ciple,  it  follows  that  a  beam  in  bending  will  have  an  inherent 
tendency  to  conform  to  the  law  expressed  in  equation  (1).  The 
question  arises:  to  what  extent  is  this  result  achieved  in  practice? 
Saint-Venant  has  shown  that  when  the  length  of  a  beam  is  large 
in  comparison  with  its  transverse  dimensions,  the  state  of  stress 
and  strain  created  by  terminal  couples  is  practically  independent 
of  the  mode  in  which  these  couples  are  applied,  and  conforms  to 
the  above-stated  law,  except  quite  locally  near  the  ends.  This 
applies  probably  also  to  non-homogeneous  girders  with  the 
qualification  that  here  ^e  adjustment  of  strains  and  stresses  will 
extend  to  a  greater  distance  from  the  ends  before  an  ideal  regime 
is  established.  Practical  experience,  as  well  as  large  and  small 
scale  experiments,  has  shown  that  the  law  holds  with  great 
accuracy  even  close  to  the  points  of  application  of  the  terminal 
forces  and  this  is  true  not  only  of  homogeneous  but  also  of  non- 
homogeneous  girders  such  as  beams  of  reinforced  concrete.  It 
is  not  here  asserted  that  the  ideal  condition  will  be  attained  in 


any  beam  under  all  circumstances,  but  by  means  of  the  Principle 
of  Least  Work  it  is  shown  that  the  tendency  to  do  so  must  always 
exist;  the  theory  is  placed  on  a  simple  incontrovertible  basis  and 
it  is  rendered  easier  to  discern  its  limitations.  The  difficulty  of 
the  so-called  “  Saint- Venant's  Problem"  disappears,  since  there 
is  not,  imder  the  Principle  of  Least  Work,  any  necessity  for  assum¬ 
ing  a  particular  distribution  of  the  forces  that  constitute  the 
terminal  couples 

As  stated  above,  the  proof  of  the  theory  here  advanced  enables 
us  to  extend  the  formula  for  bending  to  the  case  of  beams  con¬ 
structed  of  two  or  more  materials  of  different  moduli  of  elasticity. 
In  such  case  thd  formula  as  shown  below  takes  a  slightly  modified 

(2) 

111  y 

where  is  the  ratio  between  the  modulus  of  elasticity,  £4,  of  a 
certain  material  adopted  as  a  standard  and  E\  that  of  the  filament 
under  consideration.  Thtis 

..  £0 
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The  problem  of  calculating  the  strength^  of  girders  which  are 
built  up  of  different  materials  has  become  of  great  importance  in 
recent  years,  notably  in  constructions  of  reinforced  concrete,  but 
the  same  problem  occurs  in  airships,  flying-boats,  and  in  many 
other  cases.  It  was  by  a  study  of  the  strength  of  airships  that  the 
author  was  led  to  inquire  into  the  limitations  of  the  bending 
theory  and  to  make  an  attempt  to  place  it  on  a  broader  fotmda- 
tion. 


The  Theory  of  Bending  and  the  Principle  of  Least  Work 

A  horizontal  fairly  slender  beam  of  any  cross  section  is  in 
equilibrium  under  the  action  of  terminal  forces,  which  produce  a 
bending  moment  in  the  vertical  plane.  It  is  supposed  that  no 
body  forces  are  acting.  Consider  an  elemental  disc  of  the  beam 
enclosed  between  two  transverse  sections  at  a  small  distance 


apart  as  indicated  in  Fig.  1.  The  bending  moment  must  be  kept 
in  equilibrium  by  a  system  of  stress  forces  acting  normal  to  each 
of  the  two  faces  of  the  disc,  and  these  forces  call  forth  elongations 
and  contractions  in  the  longitudinal  filaments  of  the  disc,  whereby 
a  certain  amoimt  of  elastic  energy  is  stored  up.  If  now  the 
Principle  of  Least  Work  is  to  be  complied  with,  there  can  be  no 
tangential  or  shear  stresses  acting  on  the  disc,  since  such  stresses 
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would  produce  additional  strains  and  hence  additional  elastic 
work,  and  since  they  would  not  be  required  for  the  maintenance 
of  equilibrium  with  the  external  forces.  We  arrive  thus  at  the 
important  conclusion  that,  whereas  shear  forces  will  practically 
always  exist  near  the  points  of  application  of  the  terminal  forces 
as  in  the  axle  of  a  carriage,  we  are  justified  in  assiiming  that,  as 
we  go  away  from  the  points  of  application  of  the  external  forces, 
all  shear  sttesses  must  tend  to  disappear.  In  the  following  it  will 
therefore  be  assumed  that  all  the  stresses  are  normal  to  the  trans¬ 
verse  planes. 

The  material  is  assumed  to  be  perfectly  elastic  and  no  dis¬ 
continuities  are  met  with  when  passing  along  the  Z-axis  from  one 
section  to  another,  although  the  sections  may  gradually  change 
form.  On  the  other  hand,  the  form  of  the  sections  may  be  quite 
unsymmetrical,  the  girder  may  be  constructed  of  longitudinal 
members  of  different  moduli  of  elasticity,  and  these  members, 
although  intimately  connected  with  one  another,  may  other¬ 
wise  have  the  appearance  of  being  separate  girders  and  may  be 
arranged  in  any  way  over  the  section. 

Referring  to  Fig.  1,  the  plane  of  one  of  the  sections  is  chosen 
as  the  plane  of  XY,  and  is  regarded  as  vertical,  and  OX  is 
drawn  horizontally  parallel  to  one  of  the  principal  axes  and 
tangent  to  the  lowest  point  of  the  section,  which  point  is  here 
arbitrarily  chosen  as  origin.  The  axis  of  Z  is  parallel  to  the  line 
of  centroids,  and  the  vertical  plane  YZ  is  the  plane  of  bending, 
so  that  the  axis'  of  the  bending  couple  is  parallel  to  one  of  the 
principal  axes.  By  supposition  there  are  no  tangential  tractions 
on  the  section;  all  the  stresses  p  are  normal,  and  it  follows  that 
there  are  no  horizontal  tractions  between  the  longitudinal  fila¬ 
ments.  On  the  o^her  hand,  it  is  assumed  that  adjacent  filaments 
or  members  are  so  interconnected  that  there  can  be  no  slip  between 
them,  a  fact  which  is  of  importance  outside  the  region  of  pure 
bending  here  con9i4ered.  It  is  the  object  of  this  investigation  to 
find  the  law  of  distribution  of  the  normal  stresses,  and  the  dis¬ 
tribution  is  therefore  supposed  to  be  unknown,  but  from  the 
given  conditions  of  loading  it  follows  that  these  stresses  produce 
a  couple  eqiial  and  opposite  to  the  bending  moment  M,  and 
that  they  leave  no  resultant  free  force. 
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The  contour  of  the  cross  section  is  a  closed  curve  defined  by 
the  equation  (y),  where  is  a  known  and  invariable  func¬ 
tion.  Since  p  may  vary,  not  only  with  changes  in  y  but  also  with 
changes  in  *,  we  write: 

(x,  y) 

where  is  the  fimction  to  be  determined.  Let  yi  denote  the 
extreme  upper  ordinate  of  the  section,  yi  the  lower,  which  is  here 
incidentally  made  zero.  We  have  then  the  following  relations: 
For  horizontal  equilibrium  the  resultant  force  must  be' equal  to 
zero: 

r  Tpdxdy^o.  (3) 

Jo  J-^ 

The  bending  moment  in  the  vertical  plane  is: 

Af—  /  [  pydxdy.  (4) 

Jo 

The  bending  moment  in  the  horizontal  plane  is  assumed  to  be 
zero: 

Afg  — jf  pxdxdy^O.  (5) 

In  these  integrals  the  limits  denoted  by  Xi  and  — xt  stand  for 
the  contour  values  of  x  for  any  given  value  of  y. 

In  Pig.  1  and  in  the  following  formuke  it  is  assumed  that  the 
disc  consists  of  two  different  materials,  referred  to  in  the  following 
as  (0)  and  (1),  having  the  moduli  of  elasticity  £o  and  Ei,  but, 
as  shown  below,  the  result  applies  also  in  cases  where  there  are 
more  than  two  different  materials.  The  materials  are  here  for 
the  sake  of  generality  assxuned  to  be  distributed  in  a  scattered, 
although  quite  definite,  manner.  Let  the  length  of  the  element. 
As,  be  equal  to  imity.  The  stresses  in  the  two  materials,  po  and 
pt,  are  expressed  by  po^t/to  (x,  y)  and  pi^fjh  (x,  y). 

The  elastic  work  done  in  elongation  and  contraction  is  then: 


(6) 
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It  is  here  assumed  that  the  lateral  contractions  and  expansions 
of  the  filaments,  accompanying  the  longitudinal  strains  and  hence 
the  anticlastic  deformations,  take  place  without  any  expenditure 
of  work.  In  other  words,  it  is  supposed  that  no  transverse  stress- 
forces  act  on  the  filaments,  each  of  which  behaves  as  if  it  were 
isolated  from  neighboring  filaments.  This  assumption  has  been 
shown  by  Saint-Venant  in  the  reference  given  above  to  be  cor¬ 
rect  to  the  first  order  in  slender  beams  of  homogeneous  materials, 
but  can  be  accepted  only  as  an  approximation  for  materials  in 
which  Poisson’s  ratio  differs.  This,  however,  will  have  no  signifi¬ 
cance  in  a  structure  as  a  semi-rigid  airship,  nor  will  it  influence 
the  result  materially  for  a  concrete  beam.  Consider,  for  instance, 
the  reinforcing  steel  bars  on  the  side  of  compression  in  a  concrete 
beam.  The  lateral  expansion  of  the  steel  being  at  least  one-fourth 
of  the  longitudinal  strain,  while  that  of  the  concrete  may  be  only 
one-tenth,  transverse  stress  forces  will  indeed  arise  which  do  a 
certain  amount  of  work.  In  that  case  Equation  (6),  as  it  stands, 
is  not  strictly  correct,  as  it  does  not  represent  the  total  elastic 
work,  but  since  the  modulus  of  elasticity  of  concrete  is  only  about 
one-fifteenth  of  that  of  steel,  the  error  will  not  be  great.  More¬ 
over,  the  term  to  be  added  to  (6)  can,  tmder  reasonable  assumi> 
tions,  be  brought  on  the  same  form  as  the  first  integral,  of  which 
it  will  always  be  a  small  fraction  and  with  which  it  can  be  merged. 
Thus  the  form  of  the  function  rji,  as  determined  below,  will  be  the 
same. 

Each  of  the  integrals  in  Eqimtions  (3)  to  (6)  actually  represents 
the  sum  of  a  number  of  integrals,  each  of  which,  covers  a  certain 
area  or  zone  of  the  section  botmded  by  a  closed  curve,  the  con- 
toiu  of  which  depends  upon  the  distribution  of  the  two  materials. 
The  limits  of  the  double  integrals  as  given  in  (6)  refer  to  the  external 
boundary  of  the  section  determined  by  x~<f>(y),  inside  which 
this  piecemeal  integration  takes  place.  The  first  of  these  integrals 
takes  in  all  members  of  modulus  E^,  the  second  all  those  of  modu¬ 
lus  El. 

It  is  now  required  that  when  the  dependent  variables  Po  and 
Pi  vary,  due  to  an  arbitrary  change  in  the  form  of  the  functions 
^  and  «/ii,  the  work,  W,  shall  be  a  minimum,  while  at  the  same 
time  the  force  P  and  the  bending  moments  M  and  Mg  remain 
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constant.  This  condition  is  fulfilled  when  W-\-aM-\-bMg-\-cP 
is  a  minimum,  where  a,  b,  and  c  are  constants,  for  in  that  case: 

SVT+aSAf +65Af -  0 

and  then,  since  and  hpx  are  entirely  arbitrary  and  independent 
of  X  and  y,  the  quantities  ^Mg,  and  8p  must  all  of  them 
vanish  at  the  same  time  as  Sw.  It  will  be  observed  that  because 
Mg  and  P  are  zero,  it  does  not  follow  that  hMg  and  8P  are 


U~W^aM-\-bMg-\-cP 

t/-  /  f  i^^+apoy+bpox+cp^dxdy 

Jo  J-at  \2Eo  ' 

Jo  J-sn'2Pi  ' 

It  is  required  then  that  the  variation  of*  U  shall  be  zero  when 
Po  and  pi  are  made  to  vary  independently  by  a  small  amount,  not 
due  to  a  variation  in  x  or  y,  but  due  to  a  variation  in  the  form  of 
the  function  \f/.  By  the  rules  of  the  Calculus  of  Variations  it  is 
found  that : 

St/-  mi  +ay+bx-i-c^8padxdy 

A'm  •^ay-\-bx-\-^hpidxdy.  (8) 

In  these  equations  pt,  and  P\  are  dependent  variables,  which  we 
shall  first  assume  to  be  entirely  independent  of  each  other.  The 
variations  Spg  and  S/>j  are  in  that  case  quite  arbitrary,  whence 
it  is  necessary,  in  order  that  St/  may  certainly  vanish  for  any 
such  variations,  that  each  of  the  two  integ^ls  in  (7)  shall  vanish. 
In  order  that  this  shall  happen,  we  must  have: 

Eo 

(9), 

El 
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Actually  po  and  Pi  are  not  at  all  points  independent  of  each 
other,  since  the  strains  at  the  boundaries  of  the  two  materials 
are  supposed  to  be  everywhere  the  same.  Hence  we  have  the 
equation  of  condition: 

or/(p#,  Pi)*PbEi— pi£o“0 

Eo  El 


which  must  hold  at  all  points  of  the  section  where  the  stresses 
po  and  pi  coexist.  Accepting  this  equation  as  a  general  condition 
for  the  whole  section,  the  integrals  in  (8)  do  not  each  of  them  van¬ 
ish,  but  when  the  expressions  under  the  integral  signs  are  propor¬ 
tional  in  order  of  seqtaence  to  —  -  Ei  and  —  -  —  £o,  we  shall 

dpo  dpi 

have  Sf/ «0.  This  will  be  found  to  lead  again  to  equation  (9). 

If  there  had  been  more  than  two  different  materials,  we  should 
have  obtained  a  corresponding  ntunber  of  additional  terms  in 
the  equations  (6)  to  {9)-  and  all  of  the  same  form,  since  the  con¬ 
dition  Su^O  would  require  that  each  of  the  integrals  should 
vanish.  Adopting  one  of  the  moduli  of  elasticity,  say  Eo,  as  the 

r  r 

standard,  we  may  write:  — — fii,  — -fi»,  etc. 

El  Et 


Substitute  now  the  values  of  Po  and  Pi  from  (9)  in  equation  (3) : 


Et(ay+bx+c)dxdy  + 


Ei(ay+bx-\‘c)dxdy—0. 


(lOO 


In  this  equation,  as  in  the  following  similar  equations,  the  inter¬ 
pretation  of  the  double  integral  signs  is  the  same  as  explained 
above  —  each  of  them  stands  for  a  group  of  integrals.  Let  m,, 
and  ntyt  be  the  moments  of  area  of  the  material  (O)  about  the 
axes  OX  and  OY  Respectively,  and  Ao  the  area.  The  correspond¬ 
ing  qtumtities  for  the  material  (1)  are  denoted  similarly  by  the 
suffix  (1).  Then  (lOO  may  be  written: 


o  ^  “0.  (10) 

The  terms  inside  brackets  represent  the  moments  and  the  area 
of  the  whole  section  expressed  in  terms  of  the  material  with 
modulus  of  elasticity  E^ 
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Substituting  the  value  of  ^  in  (4),  we  get: 

Af  —  /  /  Eiiy(ay-\‘bx+c)dxdy+  f  f  Ety(ay+bx+c)dxdy 

Jo  Jo  J-ai 


(110 


and  using  a  notation  for  the  moments  and  products  of  inertias 
similar  to  that  for  the  moments  we  have: 

Af-  -£o  ~  (11) 

Finally  from  (5)  we  get : 

a/^+6/^+cm^+^  (o/^+6/^+cm^  -0.  (12) 


Now  move  the  axes  of  co-ordinates  parallel  with  themselves  so 
that  the  origin  comes  to  coincide  with  the  centre  of  gravity  of 
the  section,  reckoning  the  elements  of  the  area  to  be  expressed 
in  terms  of  the  respective  materials.  We  have  then: 

Ml  Ml 

Since  OX  and  OY  now  coincide  with  the  principal  axes  the 
product  of  inertia  must  be  equal  to  zero: 

Ml 

Hence  we  find  from  (10)  that  c— 0,  from  (12)  that  6—0,  and 
from  (11)  that 

M~-aEo  -  -a£o/o  (13) 

\  /*,/ 


where  lo  is  the  moment  of  inertia  of  the  whole  section  about  the 
principal  axis  OX,  when  the  area  is  reckoned  in  terms  of  the 
material  (0). 

Equation  (9)  may  now  be  written: 


^5. 


—ay 

—ay 


(14) 
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showing  that  the  strains—  are  everywhere  proportional  to  the  dis- 
E 

tance  from  a  horizontal  axis.  This  axis  passes  through  the  centre 
of  gravity  of  the  section  whether  we  use  £o  or  £i  as  the  standard, 
and,  since  it  is  characterized  by  zero  strains,  it  is  the  neutral 
axis.  It  follows  that  sections  which  are  plane  before  bending 
remain  plane  after  bending. 

With  £o  as  the  standard  modulus  of  elasticity,  equation  (14) 
may  be  given  the  generalized  form: 

(15) 

From  equation  (14)  we  find  also: 

Ef,y  Eny 


which  is  the  strain  at  any  point  divided  by  its  distance  from  the 
neutral  axis.  This  is  known  to  be  the  reciprocal  of  the  radius  of 
curvature  R,  so  that  a  is  equal  to  the  curvature. 

From  (15)  in  conjunction  with  (13)  we  obtain  now  the  extended 
equation  for  bending: 


p_M 

y  H-I 


(16) 


where  I  is  expressed  in  terms  of  the  standard  material  and  fi  is 
the  factor  for  the  modulus  of  elasticity  of  the  material  at  the  point 
under  consideration. 

In  order  not  to  lengthen  this  paper  unduly,  it  was  asstuned  at 
the  outset  that  the  axis  of  the  bending  moment  was  parallel  to 
one  of  the  principal  axes  of  the  section.  If  this  is  not  the  case, 
the  bending  moment  denoted  by  Mh  in  (5)  will  not  be  zero  and 
will  appear  in  equation  (12).  Besides  moving  the  origin  to  the 
centre  of  gravity,  it  will  then  be  necessary  to  turn  the  axis  OX 
through  a  certain  angle,  whereby  it  will  always  be  possible  to 
make  p  proportional  to  the  distance  from  that  axis. 

It  is  not  asserted  that  the  ideal  state  of  stress  and  strain  defined 
by  equation  (16)  actually  exists  in  any  ordinary  girder,  but  it  is 
believed  to  be  shown  that  in  accordance  with  the  Principle  of 
Least  Work  there  will  be  a  tendency  for  the  stresses  and  strains 


BENDING  AND  ITS  EXTENSION  TO  NON-HOMOGENEOUS  BEAMS  205 


to  SO  adjust  themselves  as  to  approach  this  condition.  This 
tendency  agrees  with  and  confirms  the  Principle  of  Saint-Venant. 
The  adjustment  must  be  effected  primarily  in  the  region  of  shear 
by  longitudinal  traction  between  contiguous  filaments  or  members 
which  differ  in  modulus  of  ela^icity.  Hence,  it  is  necessary  for 
the  attainment  of  this  ideal  condition  that  the  lengthwise  con¬ 
nection  between  contiguous  members  of  different  elasticity  shall 
be  such  as  to  permit  the  effective  transmission  of  longitudinal 
forces.  The  same  requirement  holds,  of  course,  for  structures 
built  of  one  material. 


Application  to  Airships 

In  non-rigid  airships  the  strength  resides  entirely  in  a  gas 
bag  of  rubberized  fabric,  but  in  rigid  airships  the  structime  is 
usually  of  duralumin  with  diagonals  of  steel  wire,  and  in  semi¬ 
rigid  airships  a  metal  keel  is  combined  with  an  envelope  of  fabric. 
In  rigid  airships  the  presence  of  a  heavy  re-entrant  keel  girder 
and  a  relative  weakening  of  the  wiring  between  certain  lonptu- 
dinals  are  common  features  and  are  imfavorable  for  a  harmonious 
distribution  of  the  stresses.  There  will,  however,  as  shown  above, 
be  a  natural  tendency  towards  the  ideal  condition,  and  at  amid¬ 
ships  this  may  actually  be  attained. 

ric.  & 


In  semi-rigid  airships  the  ordinary  theory  of  bending  does  not 
apply  and  it  is  necessary  to  use  the  extended  formula  (16)  given 
above.  Consider  a  semi-rigid  airship  constructed  of  a  triangular 
keel-girder  of  duralumin  and  an  envelope  of  rubberized  fabric 
which  serves  as  gas  bag  and  which  is  intimately  connected  with 
the  lower  longitudinals  of  the  keel  (see  Fig.  2).  The  keel  extends 
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from  end  to  end  and  is  stiffened  by  transverse  triangular  frames, 
while  the  panels  so  formed  are  braced  with  diagonal  wires.  The 
extent  to  which  the  keel  and  the  envelope  co-operate  in  resisting 
bending  moments  depends  entirely  on  the  relative  stiffness  of  the 
two  component  parts  of  the  ship  girder.  Since  the  modulus  of 
elasticity  of  duralumin  may  be  as  much  as  40,000f  to  50,000f 
times  as  great  as  that  of  the  envelope  in  the  direction  of  the  woof, 
where  t  is  the  thickness  of  the  fabric  in  inches,  the  stresses  created 
in  the  envelope  by  bending  will  not  be  considerable  even  if  the 
keel  is  relatively  very  flexible.  Generally  the  keel  will  carry  the 
greater  part  of  the  bending  moment.  Some  designers  prefer  to 
design  the  keel  to  take  the  entire  bending  moment,  but  in  so 
doing  they  actually  adopt  the  principle  of  the  rigid  airship  and 
give  up  the  advantage  peculiar  to  the  semi-rigid  —  that  of  a 
relatively  light  structure.  It  is  to  be  noted  that  co-operation 
between  the  keel  and  the  envelope  is  ensured  by  the  fact  that  the 
ends  of  both  structures  must  have  almost  identically  the  same 
longitudinal  displacements,  since  the  keel  curves  up  at  the  ends 
tmtil  it  meets  the  axis. 

Let  /x*  moment  of  inertia  of  the  keel  about  the  neutral  axis  of 
the  entire  structure, 

/  £ — moment  of  inertia  of  the  envelope  about  the  same  neutral 
axis, 

Er 

—  —ratio  between  the  moduli  of  elasticity.  < 

Ee 

Then  the  moment  of  inertia  of  the  entire  section  in  terms  of 
duralumin  is: 

'  /**-/*+- 
and  in  terms  of  the  fabric: 

/fifi  -  /i/x+  “  ft/ XX. 

The  stress  in  any  of  the  longitudinals  of  the  keel  is  therefore 
given  by: 
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Iee 


and  in  any  part  of  the  envelope  by: 

y.M 

kk' 

The  calculation  by  this  method  is,  of  course,  extremely  simple. 

In  order  to  exhibit  the  implications  of  this  method  and  deter¬ 
mine  the  share  of  the  bending  moment  which  each  of  the  two 
materials  carries,  we  may  conceive  the  airship  here  described  to 
be  compounded  of  two  structures  separated  by  an  imaginary 
boundary  in  the  lower  longitudinals.  This  botmdary  splits  each 
of  those  longitudinals  lengthwise  in  two  parts,  of  which  one  acts 
as  a  reinforcement  of  the  lower  edges  of  the  envelope,  while  the 
other  forms  the  lower  flange  of  the  keel-girder.  Its  location  is  so 
chosen  that  the  neutral  plane  of  each  of  the  two  structures  is 
common  to  both  and  therefore  identical  with  that  of  the  complete 
ship.  Thus  the  necessary  condition  is  fulfilled  that  the  stress  in 
the  two  parts  of  the  lower  longitudinals  is  the  same,  and  we  have 
now  two  structures  which  may  be  regarded  and  dealt  with  as 
perfectly  independent,  but  which  yet  fit  each  other  and  bend 
together,  each  carrying  a  certain  part  of  the  bending  moment. 
On  this  basis  the  author  made  a  calculation  for  a  certain  airship 
anil  found  that,  under  the  assumption  of  perfect  co-operation 
between  the  envelope  and  the  keel,  the  envelope-girder,  as  just 
described,  carried  more  thah  one-third  of  the  entire  bending 
moment. 

The  viscous  nature  of  rubberized  fabrics  and  the  consequent 
hysteresis  effects  may  indeed  cause  a  permanent  or  temporary 
set  in  the  envelope,  but  deformations  of  this  kind  are  so  small 
that  the  longitudinal  as  well  as  the  transverse  tensions  in  the 
envelope  will  be  maintained  practically  unimpaired  by  the  internal 
gas  pressures. 

Application  to  a  Beam  of  Reinforced  Concrete 

The  usual  method  of  calculating  the  strength  of  reinforced 
concrete  beams  rests  on  the  fundamental  proposition,  which  it  is 
the  object  of  this  paper  to  establish,  that,  in  spite  of  the  difference 
in  the  modulus  of  elasticity  of  the  component  members,  sections 
that  are  plane  before  bending  remain  plane  after  bending,  and 
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that  hence  all  elongations  and  contractions  are  proportional  to 
the  distance  from  the  neutral  axis.  Experiments  and  experience 
have  shown  this  assumption  to  be  sufficiently  accurate  for  prac¬ 
tical  ptuposes,  but  the  theory  advanced  above  shows  that  there 
must,  in  the  nature  of  things,  be  a  tendency  toward  this  ideal 
state.  It  is  believed,  moreover,  that  the  direct  application  of  the 
formuke  given  in  the  paper  is  much  simpler  than  the  procedtires 
ordinarily  followed,  although,  of  course,  the  two  methods  give 
the  same  result,  provided  the  assumptions  as  regards  the  strength 
of  concrete  in  tension  are  the  same.  In  order  to  show  the  sim¬ 
plicity  of  the  method  here  proposed,  the  development  of  the 
formtUae  for  a  rectangular  beam  shall  be  given. 


FtG.  B 


A  rectangular  beam  of  concrete  is  reinforced  by  steel  bars 
both  for  tension  and  compression,  as  indicated  in  Pig.  3.  The 
beam  is  supposed  to  be  bent  so  that  the  upper  bars  embedded  in 
the  concrete  come  under  compression  while  the  lower  are  in  ten¬ 
sion.  The  concrete  is  supposed  to  be  inactive  in  tension,  so  that 
only  the  part  above  the  neutral  axis,  of  area  bh,  needs  to  be  included 
in  the  calculation.  The  upper  bars  are  a  distance  du  the  lower 
bars  a  distance  dt,  and  the  neutral  axis  a  distance  h  below  the 
top  of  the  beam.  The  width  of  the  beam  is  b.  The  area  of  the 
steel  reinforcement  in  the  top  is  ai  and  that  in  the  bottom  at. 
Let  the  moduli  of  elasticity  of  the  steel  bars  and  of  the  concrete 
be  E,  and  respectively  and  let 
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Then  the  neutral  axis  is  found  from: 

A[fi(ai+<H) -f  W»]  -  fi(oidi+a*dO + iWi* 

from  which: 

(a,+ai)+ 

0 

We  have  here,  in  accordance  with  usual  practice,  included  the 
areas  of  the  section  actually  occupied  by  the  steel  bars  in  the 
area  of  the  concrete,  simplifying  thus  the  integration.  The  com¬ 
pressive  stress  ft  in  the  concrete  at  the  upper  side  of  the  beam  is 
foimd  from: 

h  lil,t  ■ 

where  is  the  moment  of  inertia  of  the  whole  section  expressed 
in  terms  of  the  steel: 

hh* 

3/i 

■  iiai{h-diy+fiati(U-h)*+Hbh»  ‘ 


^  (ai4-ai)*+  ^  (aidi+ojdi) 


For  the  upper  and  lower  steel  bars  the  stresses  are  respectively: 

Itt 


These  results  will  be  fotmd  to  check  with  those  obtained  by 
standard  methods. 

The  condition  that  the  formulse  shall  apply  correctly  where 
the  bending  moment  is  created  by  shearing,  as  usual  in  practice, 
is  again  that  there  shall  be  an  adequate  lengthwise  shearing 
connection  between  the  various  members,  or  as  it  is  generally 
expressed,  that  the  “  bond  ”  of  the  concrete  to  the  steel  shall 
be  sufficient  to  prevent  slipping. 


THE  EFFECT  OF  HUMIDITY  ON  THE  VELOCITY  OF 
SOUND  IN  AIR 

By  W.  R.  Baess  and  J.  E.  Bastille 

The  purpose  of  this  investigation  was  to  determine,  expieri- 
mentally,  how  the  velocity  of  sound,  in  air,  varies  with  a  change 
in  htunidity,  and  to  compare  this  relation  with  that  calculated 
from  theory. 

The  solution  of  this  problem  is  of  considerable  importance,  as 
it  has  a  decided  bearing  on  the  question  of  sound  ranging.  As  a 
matter  of  fact,  the  problem  was  suggested  during  a  course  of 
lectures  given  by  one  of  the  authors  on  the  Practical  Application 
of  Acoustics. 

Description  of  Experiments. 

The  method  employed  was  to  saturate  a  certain  volume  of 
air,  to  a  measurable  degree,  at  a  given  temperature,  and  to  meas¬ 
ure  directly  the  change  in  wave  length  from  a  sound  of  constant 
frequency.  Knowing  the  wave  length  and  frequency,  the  velocity 
may  be  determined.  The  way  in  which  this  was  accomplished 
was  as  follows:  see  Fig.  1. 

A  cylindrical  brass  tube  TT,  about  six  feet  long  and  of  a  uni¬ 
form  diameter  about  three  inches,  was  provided  with  a  tightly 
fitting  but  freely  movable  piston  P.  On  one  face  of  this  piston 
was  mounted  a  microphone  M.  At  the  end  of  the  tube,  opposite 
the  microphone,  a  telephone  transmitter  A  was  sealed  in.  This 
transmitter  was  cc^nected  in  series  with  a  magnetically  driven 
tuning  fork  F,  and  battery  Bi,  so  that  a  source  of  sound  was 
obtained  whose  frequency  and  intensity  were  practically  con¬ 
stant. 

The  method  of  determination  of  wave  length  was  essentially  a 
resonance  one.  The  microphone  was  connected  in  series  with  a 
battery  Bt  and  a  receiving  telephone  R,  giving  a  very  sensitive 
detector,  by  the  use  of  which  it  was  comparatively  easy,  by 
moving  the  piston  to  and  fro,  to  find  positions  of  maximum 


BARSS  AND  BASTILLE 


intensity.  Having  located  two  such  positions,  the  wave  length 
was  measured  directly,  by  focusing  the  cross  hair  of  a  cathetom- 
eter  telescope  C  (Fig.  la)  on  a  fixed  line  on  the  end  of  the  piston 
rod  5,  and  taking  the  difference  of  corresponding  scale  readings. 
Ten  readings  were  taken  at  each  point  of  maximum  intensity  for 
each  degree  of  satiuation,  the  resonance  being  so  sharply  defined 
that  these  readings  seldom  varied  amongst  themselves  by  more 
than-two  tenths  of  a  millimeter. 

The  piston  rod  S  was  hollow,  so  that  the  microphope  wires  W 
were  passed  through  it  to  the  receiver  R. 

Air  from  a  blast  Q  passed  through  a  suitable  dryer  D,  was  forced 
through  the  tube,  to  insure  dry  air  at  the  beginning  of  a  nm. 

Various  degrees  of  saturation  were  obtained  by  weighing  a 
sample  of  water  and  vaporizing  it,  by  an  electric  heating  coil  H 
connected  in  series  with  battery  Bt,  and  rheostat  G,  in  a  small 
chamber  opening  directly  from  the  tube  TT. 

In  all  cases  sufficient  time  was  allowed  for  the  vapor  to'  become 
distributed  throughout  the  air  and  for  the  mixture  to  come  to  a 
temperature  equilibrium. 

Knowing  the  voltune  of  the  tube,  the  weight  of  water  vaporized 
and  the  temperature,  the  percentage  of  saturation  was  found 
from  the  United  States  Department  of  Agriculture  Psychrometric 
Tables. 

TABLE  I 

Left  Right 

33.78  78.50 

33.69  78.51 

33.74  78.55 

33.:;5  78.54 

33.74  *  78.52 

33.75  78.52 

33.76  78.52 

33.77  78.51 

33.76  78.50 

33.72  78.52 

Mean  33.74  Mean  78.52 

Table  1  shows  a  set  of  data  giving  the  cathetometer  readings 
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at  two  adjacent  points  of  maximum  intensity.  The  difference  of 
the  means  gives  the  wave  length  which,  multiplied  by  the  fre¬ 
quency  of  the  tuning  fork,  gives  the  velocity  of  sound  at  this 
humidity  and  temperature.  In  this  particular  case  the  humidity 
was  10.8  per  cent  and  the  temperattue  at  time  of  recording  was 
20*.4C.  A  768  frequency  fork  was  used  throughout  the  experi¬ 
ments. 

TABLE  2 


Uft 

Right 

30.56 

75.43 

30.62 

75.47 

30.63 

75.43 

30.63 

75.45 

30.65 

75.44 

30.57 

75A3 

30.56 

75.42 

30.62 

75.44 

30.63 

75.39 

30.62 

75.44 

Mean  30.61 

Mean  75.44 

Table  2  shows  a  set  of  data  similar  to  those  in  Table  1,  but  for 
88.5  per  cent  saturation  and  at  20°.2  C.  Data  were  obtained  for 
eleven  degrees  of  saturation,  and  three  independent  runs  were 

made  over  the  entire  range,  giving  in 

all  cases  very  consistent 

results.  Tables  1  and  2  were  chosen  at  random  from  about  thirty 

sets  of  observed  readings. 

TABLE  3 

Percentage  Saturation 

Velocity 

0 

1127.39 

10.8 

1127.51  . 

23.0 

1127.91 

33.7 

1128.33 

45.2 

1128.58 

52.8 

1128.72 

62.7 

1128.83 

72.8 

1128.95 

81.2 

1129.01 

88.5 

1129.02 

100.0 

1129.26 
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The  data  in  Table  3  show  the  mean  of  the  observed  values  of 
the  velocity  of  sound  in  air  at  corresponding  percentage  satura¬ 
tions.  The  velocities  are  expressed  in  feet  per  second,  and  are 
reduced  to  a  tmiform  temperature  of  20®C. 


F.fl 

These  results  are  plotted  in  Fig.  2,  curve  XX.  The  resulting 
graph  shows  the  empirical  relation  between  velocity  and  hinnidity. 

Theoretical  Consideration. 

The  velocity  of  sound  in  any  gas  may  be  calculated  from  the 
well-known  relation: 


in  which  V  is  the^  velocity  desired,  y  the  ratio  of  the  specific 
heat  at  constant  pressure  to  that  at  constant  volume,  E  the 
isothermal  bulk  modulus  and  D  the  density. 

As  a  first  approximation  at  least,  we  may  assume  y  and  E 
to  be  the  same  for  dry  air  as  for  the  mixture  of  air  and  water 
vapor  at  any  saturation,  whence  we  obtain: 
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The  subscripts  a  and  m  refer  to  dry  air  and  mixture  respectively. 

Values  of  calculated  from  this  expression  are  shown  in 
Table  4  and  the  results  are  plotted  in  Fig  2,  curve  00. 

TABLE  4 


Percentage  •  Saturation  Velocity 

10  1127.58 

20  1127.80 

30  1128.13 

40  1128.41 

50  1128.64 

60  1128.82 

70  1128.95 

80  1129.03 

90  1129.08 

100  1129.12 


Inspection  of  results  shows  that  the  experimental  values  agree 
closely  with  calculated  values,  so  that  the  assumption  which  was 
made,  namely,  that  the  product  of  the  ratio  of  specific  heats  by 
the  elastic  modulus  was  .constant,  did  not  occasion  any  serious 
error,  and  that  if  there  is  any  change  due  to  these  effects,  it  is 
negligible,  at  least  within  the  error  of  the  experiment. 

Some  further  experiments  along  similar  lines  are  anticipated; 
particularly  with  mixtures  of  gases  which  differ  in  the  ratio  of 
specific  heats. 


Rogers  Laboratory  of  Physics, 
Massachusetts  Institute  of  Technology. 


THE  PHOTOELASTIC  CONSTANTS  OF  CELLULOID, 
GLASS  AND  FUSED  QUARTZ 

By  Paul  Heymans  and  W.  P.  Allis 

General  Principle.  The  photoelastic  method  of  stress  analysis 
consists  in  the  study  of  the  distribution  and  of  the  magnitude  of 
the  stresses  in  a  structure  or  piece  of  machinery  by  constructing 
a  model  of  some  transparent  isotropic  material,  loading  the  model 
and  studying  the  double  refraction  incident  to  such  stresses.  The 
tests,  the  results  of  which  are  presented  in  thi£  article,  were 
undertaken  in  order  to  compare  the  adaptability  of  celluloid, 
glass  and  fused  quartz  to  the  construction  of  such  models. 

The  principal  properties  of  interest  in  photoelastic  measure¬ 
ments  are:  the  stress-strain  curves.  Young’s  modulus  of  longi¬ 
tudinal  elongation,  Poisson’s  ratio  of  transverse  linear  contraction, 
the  coefficient  of  temporary  double  refraction  due  to  stress,  the 
coefficient  of  light  absorption  and  the  coefficient  of  thermal 
expansion.  The  last  is  only  of  interest  in  its  relation  to  internal 
stresses;  a  substance  which  is  cooled  from  liquid  or  plastic  con¬ 
dition  is  liable  to  have  higher  internal  strains  in  proportion  to 
its  coefficient  of  thermal  expansion. 

Material  Examined. 

(а)  Two  kinds  of  celluloid: 

Camphor-celluloid*  and  naphtha-celluloid,  whose  main 
softening  agents  are  camphor  and  naphthaline  respec¬ 
tively, 

$ 

(б)  Glass  of  following  composition* 

Silica  Sand  65%  Gullet  or  broken  glass  10% 

Soda  Ash  10%  Charcoal  2)^% 

Limestone  10%  Arsenic  2J^% 

(c)  Recently  developed  fused  quartz* 

1  Du  Pont  de  Nemoun  Co.,  Arlington,  N.  J. 

*  Standard  Plate  Glaas  Co.,  Boston,  Mass. 

■  General  Electric  Co.,  Research  Laboratory,  Lynn,  Mass. 
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Nature  of  Tests  and  Physical  Constants  Determined.  The  stress- 
strain  curve  and  Young’s  and  Poisson’s  moduli  under  tension 
have  been  determined  by  pure  longitudiiud  tension  tests  for  cam¬ 
phor  and  naphtha-celluloid.  The  same  data  have  been  determined 
by  ptire  bending  tests  for  all  materials  examined. 

The  indices  of  temporary  double  stress-refraction,  as  defined 
hereunder,  have  been  determined  for  the  soditun  flame  by  means 
of  the  Babinet  compensator. 

The  coefficients  of  transmission  k,  as  defined  by  the  law  of 
absorption  I»‘Ioe~^,  have  been  determined  with  a  Lummer  and 
Brodhun  photometer.  The  reciprocal  of  k  gives  the  thickness  in 

which  —  of  the  incident  light  is  transmitted,  i.e.,  ^1—  — ^  of  the 

incident  light  absorbed,  where  e  is  the  base  of  napnerian  log¬ 
arithms.  Correction  for  the  loss  by  reflection  from  the  front  and  ' 
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back  faces  of  the  polished  specimens  has  been  made  for  glass  and 
quartz. 

RtsuUs.  The  results  are  collected  in  the  accompanying  table 
where  only  the  bending  tests  have  been  used. 

Diagram  1  gives  the  stress-strain  curves  of  glass  and  quartz. 

Discussion  of  tiu  Results.  The  accuracy  attainable  in  a  photo¬ 
elastic  measurement  depends  on  the  amount  of  relative  retarda¬ 
tion  between  the  ordinary  and  extraordinary  rays  produced. 
The  magnitude  of  this  retardation  is  proportional  to  the  product 
of  the  index  of  double  refraction,  the  stress  and  pie  thickness. 

The  greatest  stress  allowable  is  the  limit  of  Hooke’s  law  of 
linear  proportionality  between  stress  and  strain;  beyond  that 
limit  the  stress  distribution  is  no  more  independent  of  the  elastic 
constants  of  the  material,  and  measurements  on  a  model  of  given 
material  would  not  be  of  direct  value  for  other  materials. 

The  greatest  thickness  which  can  be  used  is  limited  by  the  light 
absorbed  in  passage  through  the  model.  The  reciprocal  of  the 
coefficient  of  absorption  is  a  measure  of  the  relative  thickness 
which  may  be  used. 

Taking  the  product  of  the  coefficient  of  double  refraction,  the 
limit  of  Hooke’s  law,  and  the  reciprocal  of  the  coefficient  of 
absorption  as  a  measure  of  the  adaptability  of  a  material  for 
photoelastic  measurements,  it  is  seen  that  probably  naphtha- 
celluloid  and  then  quartz  are  the  best  substances. 

Only  a  very  limited  amount  of  naphtha-celluloid  could  be  obtained 
all  of  which  presented  high  internal  stresses.  This  may  be  due  to 
the  fact  that  the  specimens  obtained  happened  to  come  from  an 
unsatisfactory  sheet,  or  it  may  be  that  the  presence  of  internal 
stresses  is  attributable  to  the  nature  of  the  material.  Judgment 
must  be  withheld  until  further  investigation  will  have  been  made. 

Quartz  will  likely  present  in  the  near  future  the  great  advan¬ 
tage  of  making  possible  the  casting  of  models.  This  last  advantage, 
combined  with  its  other  photoelastic  properties  —  the  question 
of  cost  not  being  raised  —  would  make  quartz  a  material  superior 
to  celluloid  for  a  certain  number  of  the  photoelastic  investigations. 
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The  Stress-Strain  Curves  from  the  Tension  Tests 

The  stress-strain  curve  and  Young’s  modulus  under  tension 
for  the  camphor-celluloid  were  obtained  on  a  standard  flat  test 
bar  of  eight  inches  gauge  length,  one  half  inch  thickness,  one  inch 
width,  in  an  Amsler  testing  machine. 

The  stress-strain  curve  and  Young’s  modulus  for  the  more 
brittle  naphtha-celluloid  were  obtained  on  a  four  inches  gauge 
length  test  bar,  using  the  Kimball*  testing  machine  which  by  means 
of  appropriate  diaphragms  secures  better  axial  tension  and  com¬ 
pression. 

Attempts  to  obtain  the  stress-strain  curves  of  glass  and  quartz 
under  tension  have  thus  far  been  unsuccessful. 

When  pulling  a  tensile  test  bar  of  a  more  or  less  plastic  material, 
the  local  stresses  due  to  the  jaws  or  to  possible  bending  or  twisting 


■  « 


Fig.  8.  Genml  View  at  the  Appentns  for  the  Pure  Longitadiiua 
TeuKm  Teeti 

«  A.  L.  Kimball,  Jr.,  General  Electric  Co.,  Research  Laboratory,  Schenec¬ 
tady,  N.  Y. 
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do  not  affect  the  progress  of  the  test  which  only  bears  on  the 
central  portion  of  the  test  piece.  Even  local  yielding  of  the  over¬ 
stressed  part  does  not  hamper  the  progress  of  the  test. 

With  brittle  material,  that  is,  with  material  whose  stress-strain 
curve  is  substantially  a  straight  line  up  to  rupture,  without  inter¬ 
mediate  yield  point,  accidental  concentrated  stress  in  any  point 
causes  rupture  to  occur  at  that  point. 

Fig.  2  is  a  general  view  of  the  apparatus  further  described  for 
the  pure  longitudinal  tension  tests. 

Pig.  3  is  a  nearby  view  of  the  Kimball  testing  machine. 


W" 
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FJf.  6.  Side  View  of  Centerinf  Device 


The  distribution  of  the  stress  over  the  cross-section  is  watched, 
while  the  load  is  applied,  by  observing  the  double  refraction 
phenomena  due  to  stress.  A  diagrammatic  plane  view  of  the 
apparatus  developed  for  that  purpose  is  given  in  Fig.  6. 

Fig.  7  is  a  vector  diagram  illustrating  the  principle  involved. 
Let  I  be  the  ray  of  light  incident  on  one  of  the  faces  of  the  test 
piece  of  rectangular  cross-section.  This  ray  has  been  polarized 
at  forty-five  degrees  to  the  direction  of  the  vertical  (Fig.  6)  by 
passing  it  through  a  nicol  prism.  Its  components  parallel  and 
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perpendictilar  to  the  longitudinal  stress  are  and  respectively. 
Ray  /» travels  through  the  material  less  rapidly  than  Upon 
arrival  at  the  farther  surface  of  the  material,  it  has  suffered  a 
relative  retardation  over  so  that  that  extremity  of  the  resultant 


Fi(.  6.  Diagnunmstk  Plane  View  ot  the  Apparatus  for  Simultaneoua 
ObeerratiMi  at  Doable  Refraction  Phenomena  Due  to  Stress 
in  Two  Normal  Directioas 


vector  no  longer  describes  the  strain  line  7,  but,  in  general,  describes 
an  ellipse  suck  as  77.  The  emergent  beam  is  now  made  to  pass 
through  a  second  nicol,  crossed  with  respect  to  the  first  one. 
Those  components  of  the  ray  vibrating  in  the  direction  of  7  are 
cut  off.  But  77  has  a  component  perpendicular  to  7,  namely  777, 
which  emerges  and  falls  upon  a  screen.  The  length  of  III  depends 
on  the  eccentricity  of  the  ellipse  77,  that  is,  on  the  relative  retarda¬ 
tion  of  7,  over  7»  measured  in  wave  lengths.  This  is  different 
for  different  wave  lengths,  that  is,  for  the  different  components 
of  a  non-monochromatic  source  of  light.  The  material  will 
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therefore  appear  colored  with  a  non-monochromatic  source. 
This  color  depends  upon  the  stress  intensity.  Where  the  stress 
intensity,  or  better  the  difference  of  principal  stresses,  is  dif¬ 
ferent,  the  surface  will  appear  differently  colored.  Where  the 
stress  is  uniform,  the  color  will  be  uniform.* 


In  order  to  detect  bending  around  an  axis  perpendicular  to  the 
beam  of  light,  a  mjrror  (Fig.  6)  silvered  on  half  its  surface  breaks 
the  beam  of  light  into  two  parts.  These  are  then  reflected  so  as 
to  i>ass  through  the  specunen  in  two  directions  normal  to  the 
faces.  The  second  half  of  the  system  is  symmetrical  to  the  first, 
and  reunites  the  two  beams,  a  slight  turn  of  the  last  mirror  being 
suflident  to  separate  the  two  images  so  that  they  can  be  observed 
independently.  When  the  two  images  show  a  uniform  coloration, 
there  is  no  bending  stress. 

This  method  is  still  incomplete.  Torsion  around  the  longitudinal 
axis  of  the  specimen,  or  an  axis  p>arallel  to  it,  will  not  be  detected. 
Even  so,  it  has  evidenced  the  insuffidency,  notwithstanding  the 
authors'  expectations,  of  the  present  apparatus  for  securing  a 
uniform  tension  in  a  glass  or  quartz  specimen.  Further  work  for 
obtaining  the  stress-strain  curves  of  these  materials  imder  pure 
tension  is  in  progress. 


*  The  convene  of  this  last  is  not  necessarily  true.  The  stress  intensity  may 
be  different  on  the  back  and  front  faces  and  yet  the  color  will  be  uniform  if 
the  mean  stress  intensity  along  directions  noriw  to  the  taces  is  uniform. 
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The  Strese-Stndn  Curres  from  the  Bending  Tests 
1.  Gtneral  Princi^s. 

By  reason  of  the  difficulties  in  obtaining  the  stress-strain 
curves  of  glass  and  quartz  by  pure  tension,  an  attempt  was  made 
to  determine  them  by  subjecting  a  bar  of  rectangular  cross- 
section,  of  these  materials,  to  bending  forces  and  measuring  the 
curvature  produced. 


The  theory  of  elasticity  of  isotropic  materials  asstunes  Hooke’s 
law  of  linear  proportionality  between  stress  and  strain,  and  small 
deflections.  As  long  as  these  conditions  are  fulfilled  this  method 
will  give  the  stress-strain  curve  correctly.  As  soon  as  the  maximum 
fiber  stress  either  in  tension  or  rompression  exceeds  the  limit  of 
Hooke’s  law,  the  fibers  thus  stressed  will  yield  and  will  not  support 

Ms 

their  share  of  the  stress  as  given  by  the  bending  formula  /  —  —  . 

Beyond  Hooke’s  law,  the  stress-strain  curve  will  have  an  undue 
slope  towards  the  strain  reference  axis. 

This  bending  method  is  valid  for  glass  and  quartz  for  the  com¬ 
plete  r^ge  of  the  stress-strain  curve,  for  celluloid  up  to  the 
elastic  limit  only. 


0 

0 
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A  bar,  acted  upon  by  a  couple,  for  which  the  fundamental 
postulates  of  Hooke’s  law  and  small  deflections  are  satisfied,  will 
be  bent  in  an  arc  of  a  circle.  Let  I  (Pig.  8)  be  the  length  at  the 
neutral  axis  of  a  section  of  the  bar,  l+el  the  length  at  the  upper 
surface,  r  the  radius  of  curvature  of  the  neutral  axis  and  h  the 
total  height  of  the  bar.  By  similar  figures,  we  have 


I  r  * 


Hence: 

k 

— . 

2r 


Let  X,  y,  z  be  measiu^  longitudinally,  transversally,  and  radially 
to  the  bar  respectively.  We  have  (Fig.  8) : 

e 

—  . 

2 


Remembering  that  a  is  small,  we  can  write: 


But  tan  a— 


r 

X 


tan  a— 


tan  0 
~2”  ' 


Also: 


tan  S^x+s  tan  0 
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Hence,  as  h  and  z  are  small  compared  to  r 


If  we  asstime  the  moduli  of  elasticity  in  tension  and  compression 

to  be  the  same,  the  maxium  fiber  stress  will  be  /■«  —  —  where 

S  hh* 

M  is  the  bending  moment,  5  the  section  modulus,  b  and  h,  the 
breadth  and  the  height  of  the  bar  respectively. 

The  maximum  fiber  stress  /  and  the  fiber  elongation  e,  com¬ 
puted  in  this  way  and  experimentally  measured,  were  plotted  to 
g^ve  the  stress-strain  curve  of  glass  and  quartz. 

2.  Apparatus  used. 

A  diagrammatic  elevation  view  of  the  bending  apparatus  is 
shown  in  Fig.  9.  The  weight  suspended  from  notch  b  is  divided 


Fig.  9.  Diagnunmatic  Eleratkm  View  of  the  Bending  Apparatus 
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equally  between  the  two  upper  knife  edges  TTie  forces  on  the 
bar  form  couples  and  subject  the  middle  portion  to  pure  bending. 
The  upper  surface  of  the  test  bar  k  was  polished  “  plane,*' 
plane  to  approximately  two  wave  lengths  of  the  D  sodium 


/  VS 


line.  An  optical  flat  /,  i.e.,  flat  within  .2  of  the  D  sodium  line, 
is  placed  upon  it.  It  is  illuminated  by  a  sodium  flame,  a  plate 


ng.  11.  Pattern  of  Interference  Bands  Dne  to  Bending 
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of  glass  at  forty-five  degrees  securing  normal  incidence.  Inter* 
ference  bands  show  wherever  the  distance  between  the  flat  and 

the  test  bar  isk  —  +  —  ,k  being  any  integer  (Fig.  10).  The  pattern 
2  4 

observed  under  load  is  shown  by  Fig.  11. 

The  upper  surface  of  the  test  bar  not  only  extends  longitudinally 
but  also  contracts  laterally.  Similarly  the  lower  surface  con¬ 
tracts  longitudinally  and  extends  laterally.  The  result  is  a  saddle- 
shaped  surface,  the  flat  rests  on  the  lateral  edges  and  the  inter¬ 
ference  pattern  consists  of  a  family  of  hyperbolae. 


3.  Measurement  of  the  curvatures. 


Let  us  suppose  the  flat  is  k  —  +  —  above  the  center  of  the  saddle. 
2  4 

The  center  of  the  interference  pattern  is  blau:k.  The  distance 
2x  of  the  nth  band  on  one  side  to  the  nth  band  on  the  other  side 
of  the  center  is  then  measured  with  a  microscope  travelling  on 
the  micrometric  screw  of  a  dividing  engine.  The  z  deformation 
(Fig.  8)  at  any  interfeience  band  n  will  be: 


The  fiber  elongation  e  becomes 


If  the  center  of  the  interference  pattern  is  not  bUck,  its  distance 
down  from  the  flat  is  interpolated  by  assuming  that  the  flat  is 
raised  by  the  lateral  edges  equal  distances  for  equal  increases  of 
load. 

The  stress-strain  curves  for  glass  and  quartz  were  obtained 
by  this  method. 

For  celluloid  a  Geneva  lens  measurer  was  used  for  the  measure¬ 
ments  of  curvattire  under  increasing  loads. 
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Poisson's  Ratio 

The  ratio  of  lateral  and  longitudinal  strain  will  give  Poisson’s 
ratio. 

The  method  used  for  the  measurement  of  the  longitudinal 
curvatures  is  obviously  valid  for  the  determination  of  the  transverse 
curvature.  By  measuring  the  distance  of  the  Mith  band  measured 
along  the  transverse  axis  of  the  bar  on  both  sides  from  the  inter¬ 
section  of  the  asymptotes  of  the  family  of  hyperbohe,  the  trans¬ 
verse  contraction  c  can  be  computed  from  the  following  relation: 

y*  (2y)* 

whence  Poisson’s  ratio  y  is: 


Poisson’s  ratio  was  determined  for  glass  and  quartz  by  the  inter¬ 
ference  method,  for  celluloid  by  means  of  the  Geneva  Lens 
Measurer. 

Indices  of  Temporary  Double  Stress  Refraction 

The  following  definition  Has  been  given  to  the  index  of  temporary 
double  refraction  due  to  stress:  "it  is  the  relative  retardation  in 
centimeters  of  the  component  of  the  double  refracted  ray  vibrating 
perpendicularly  to  the  stress  on  the  component  vibrating  parallelly 
to  it,  when  traversing  a  thickness  of  one  centimeter,  submitted  to  a 
uniform  one  dimensional  stress  of  one  gramme  per  square  centi¬ 
meter.  ’  Tension  is  taken  as  a  positive,  compression  as  a  nega¬ 
tive  stress. 

This  index  varies  with  the  nature  of  the  source  of  light.  The 
values  were  obtained  with  a  sodium  flame,  by  means  of  a  Babinet 
compensator. 

Coefficients  of  Absorption 

The  coefficients  of  absorption  for  the  different  substances  were 
determined  by  means  of  a  Lummer  and  Brodhun  photometer. 
Double  readings  were  taken  placing  the  specimen  successively 
on  one  side  and  the  other  of  the  screen  of  the  photometer. 
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The  fraction  of  light  transmitted  is  then  given  by: 

a- 

l  —  Xi  Xt 

where  I  is  the  distance  of  the  two  sources  of  light,  xi  and  xt  respec> 
tively  the  distances  between  one  of  the  sources  of  light  and  the 
screen  in  the  two  successive  measurements. 

The  law  of  absorption  is: 

where  7o  is  the  original  intensity  of  the  light  on  the  front  face 
of  the  specimen  and  I  the  intensity  after  having  gone  through  t 
centimeters  of  material  and  k  is  the  coefficient  of  absorption. 
There  is  a  loss  by  reflection  from  the  front  and  back  faces  in  case 
the  surfaces  of  the  specimen  are  polished.  This  correction  is 
given  by  the  ratio* 


where  n  is  the  coefficient  of  refraction  of  the  material  imder 
examination. 

Thus  the  light  which  goes  through  the  specimen  is 

or 


0 


Hence 


(n+D* 

4n 


.  1  ,  4« 

k-  -  log. 


t  a(n+l)« 


*  H.  Hovestadt  Jenaer  Glass,  1900. 
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The  values  used  for  the  indices  of  refraction  n  were,  for  quartz, 
n»1.47  and  for  glass 

For  celluloid  no  reflection  correction  was  made,  the  faces  not 
being  polished. 


Coefficients  of  Thermal  Expansion 
The  coefficient  of  linear  expansion  for  the  quartz*  is  .26X10^ 
that  of  glass  is  about  9  X  lO**  per  O^’C.  This  ratio  is  approximately 
34.6  in  favor  of  the  fused  quartz. 

These  values  were  not  determined  in  our  laboratories;  they  are 
mentioned  because  they  are  used  in  the  discussion  of  the  adapta¬ 
bility  of  these  materials  to  photoelastic  investigation, 
f  General  Electric  Co.,  Research  Laboratory,  Lynn,  Man. 


Laboratory  of  Photoelastidty,  Physics  Department, 
Massachusetts  Institute  of  Technology. 

Cambridge,  Massachusetts,  October,  1923. 
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ON  THE  QUADRATIC  TERNARY  PARTIAL 
DIFFERENTIAL  EQUATION  ADMITTING  LIE-GROUPS 
OF  ORDERS  FOUR  AND  FIVE 

By  S.  D.  Zeldin 

Introduction.  Prof.  J.  E.  Campbell^  has  shown  that  the 
partial  difierential  equation 

(A)  Ou2ii+o«i2n+Oa2n+2aiiSii+2aiiZn+2aii2u 

-f"  2oiZi -j- 2oiZf  “H  2aiZ|-f- oz  “  0, 

d*z 

where  the  o’s  are  functions  of  xi,  xt,  x$,  and  z^*— - ,  admits 

,  dxfixk 

a  finite  group  of  the  eleventh  order  at  the  highest,  provided  that 
the  determinant 

Oil  ou  Ou 

On  On  On  4  0-* 

0*1  Oa  Ou 

He  also  determined  the  coefficients  of  equations  admitting 
groups  of  orders  one,  two  and  three. 

In  this  paper  we  shall  investigate  the  coefficients  of  equations 
admitting  groups  of  orders  four  and  five. 

Following  Campbell’s  method,  we  shall  make  use  of  ten  equa¬ 
tions  obtained  by  substituting  for  ac„  z, 

Xt,  xi)/  (t- 1,  2,  3), 
e-hzC(xi,  Xt,  xt)t, 

*  Tran*.  Am.  Math.  Soc.  v.  I,  1900,  pp.  243-258. 

We  shall  hereafter  refer  to  his  paper  by  the  letter  **C”. 

*  We  shall  hereafter  denote  this  determinant  by  |a  |. 
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respectively,  where  t  is  a  small  constant  whose  square  may  be 
neglected.  Those  equations  are 


1  ,  ^^k  I  ^^k 

Oki  —  +0*2  —  +0*3  —  +0<1  - —  +0<2  —  +Oo  — 

dxi  dxt  ox»  0*1  0*1  0*1 


'  po<*+  Xau, 


2.3). 


(Z 

ijt 


a.JL+2 

dxfixk 


“2^0/1  ^  +o^^  +^*>3^)  ^2paj-{-2Xaj 
'  dxx  dXf  dxy 


(1) 


(2) 


0  -1.  2.  3). 


(3) 


where 


+f,f +.Cf  . 

0*1  0*1  0*1  dz 


and  p  is  some  undetermined  function.* 

In  what  follows  w;e  shall  investigate  the  types  of  equation  (A) 
invariant  under  the  following  groups: 

(o)  Four-parameter  non-integrable  groups; 

(b)  Four-parameter  integrable  groups  having  no  three-param¬ 
eter  involution  group; 

(c)  Four-parameter  groups  having  a  three-parameter  involu  - 
tion  group; 

(d)  Five-parameter  non-integrable  groups. 


1.  Equations  Invariant  Under  (a).  For  these  groups  we  have 
the  structure 

I  iXiXt)~X,f,  {XxXt)^2Xtf,  iXtX,)~Xtf, 

«  "C”,  p.  245. 
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where  ( -  XiXj-  XjXi, 

and  the  A’s  are  the  infinitesbnal  operators  of  the  group/  If 
this  group  leaves  invariant  equation  (A),  we  can  take 

Xi--^,  Xt~xf^+xt  —  ,  X,^xi*-^  +2xiXt-^+Xf^ 
axi  oxi  oxt  ax\  dxt  dxt 


Suppose  that 


_a_ 

dxt 


then  from  the  above  structure  we  get  the  following  system  of 
equations: 


dxi  dxi  dxi  dxi  dxt  dxt  Bx% 


^‘-0, 

dxt  Bxt  dxt 


Bj, 

Bxi 


*.^•-6-0. 

Bxt 


The  solutions  of  those  equations  are 

fi-ci**,  (t^2cixtxt+ctxi,  f*-cixi*+c*x»4-ci, 

where  Cl  .  .  Ct  are  arbitral^  constants.  Now  by  introducing 
new  variables 

,  xt  ,  kixt  ,  ki 

*1**1 - : - .  **  * - r*  - - * 

*»-fC*/Ci  (*I+Ci/Ci)*  *I+Ci/Ci 


we  do  not  change  Xt,  Xt,  Xt,  and  by  properly  choosing  ki,  we 
can  put  Xt  in  the  form 

f)  d  d 


*  Lie-Scheffer^  Conti nuirliche  Gnippen,  p.  574. 
•“C".  p.  261. 
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where  mi,  mi  are'  arbitrary  constants.  Sutetituting  in  equa¬ 
tions  (1),  (2)  and  (3)  we  get  the  equations 


paii+mt*»^‘-0, 

OXt 

,  Sail 

pojt-i-tn\Xi  - —  “Ou. 
dxt 

,  ^On  o 

pon+ntiXt  - — -2om, 
dxt 

pait-\-tHiXt^^  -•(mi+l)au. 

dXt 

pou+miXt  - — »2(mi4-l)a»i. 
9xt 

pou+miXt—  -(mi+l)aii, 
Sxt 

poi+tHiXi  - — -ai, 

Bxi 

pat  +miXt  ^  “  (mi+2)ai, 
dxt 

pot+mixt  ^-2oi, 
dxt 

pa  +mijci^^  »2a. 
dxt 

But  when  equation  (A)  admits  Xi,  Xt,  X$  alone, 
flu  "  Cut 

a*  -  4ciixi*4-4ci»*i+'ca, 

On  “  (2cu+ca)af»*+ 2ci**i+c*i], 

Xt* 

aii“2ciix»-i-cu. 


Uu" —  (tu**»+Cu*i+Cu), 

Xt 

On— —  I2cn*»*+3cii*i*+(2cu+ct0x»+cii], 

Xt 


Oi-— (CiiJC|+cO, 

Xt 

ai“ —  I3cii*»*+2(cii+ci)*i+^*l. 

Xt 

Oi  -  lciiaci*+  (Cii+Ci)*  *+ctx.+c  , 
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n. 


where  Cu,  .  .  .  ,c  are  arbitrary  constants  *  Therefore  equation 
(A),  with  a  non-vanishing  determinant  |  aal .  will  admit  X4  also, 
only  when 

mi-1,  p-2; 

in  which  case 


flu  “  On  “  Oit  *■  On  *  0, 

Cn  n  c 

On^Ca,  On"  —  — t  a* — - 

2x,  xt* 

In  Other  words  the  equation  admitting  the  four-parameter  non- 
integrable  group  has  the  form 


d*z  d*z 

I* - x» - 

dxt*  dxidxt 


+kz^0, 


where  k  is  an  arbitrary  constant. 


2.  Equations  Invariant  Under  (6).  Four-parameter  integrable 
groups  with  no  involution  group  have  their  structures  of  the 
following  forms: 


[iX^X;)-cXJ.  (XM’-^Xtf,  iX4X;)~ic-l)Xtf,  (c^l); 


j (x,xo-(A’,x,)-o,  (x,x;)^xj. 
^^^^^\iXM^2Xrf,  iXtx;)~x^f,  {x,x;)^2Xtf-\-x,fi 

I  iX,X,)~XJ, 

^[{XM^Xif,  ix,x;)~Xtf,  (XM~0-. 

jiXM^iXiX,)~Q.  {XM~Xxf, 

^[{x,x;i~Xxf,  (x,^4)-(^s^4)-o7 


i 

» 


•  •'C".  p.  253. 

T  Lie-fxieffers,  loc.  cit.  pp.  580-582. 
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The  first  three  operators  satisfying  structure  (II)  and  admitting 
equation  (A)  may  be  taken  to  be  either 

d  _a_  A 

(a)  Xi- ,  X,~  ■^•“**91, +8*,: 


Consider  case  (a).  Putting 

.  d  .a  .a  ^  a 


we  get  from  composition  (II)  the  equations 

afi  aft  afi  a{ 


a^  dxt 


The  solutions  of  those  equations  are : 

(i^cxi-hctx$-hci, 

($^(c-l)x$+ct,  C  -C4, 

where  Ci,  ct,  c$,  Ci  are  arbitrary  constants  and  c^l. 

We  may  therefore  without  loss  of  generality  take 

By  the  transformation 

x'l^Xi-hCfXi.  x'fxt,  x\-xt,  z*^s, 

the  invariancy  of  equation  (A)  under  Xu  Xt,  Xt  is  not  affected, 
and  ^4  takes  the  form 

d  d  d  d 

X.-cx.^+»^  +(c-l)x.  . 

•  “C",  p.  264. 
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Substituting  Xt  in  equations  (1),  (2),  and  (3),  and  remembering 
that,  when  Xi,  Xt,  X$  alone  are  admitted,  the  coefficients  of 
equation  (A)  are: 

Ou"‘CnXi*-h2ci$xt-i-Cn,  On^Cn, 

On^Ca,  au^Ct$Xi-f-Cu,  aij“Ca*j+Cu, 

Oi"‘Ctx$-hci,  o*“Ci,  Oi“Ci,  a^k, 

where  Cu,  .  .  .  ,  k  are  arbitrary  constants,*  we  get  the  equations 

ip-2c)  (ci*a;,*+2cuxi+cii)-(l-c)  (2cnXi*+2caXt), 
ip-2)cn~0.  {p-2c+2)c„^0, 
ip-c-1)  (cjiaci+cu)-(l-c)ciix:», 

(/>— 2c+l)  (ci**i+Cu)  ”  (1 
(/>-c)cm-0,  ip-c)  (c$afi+cO-(l-c)ciaci, 

(p-l)c*-0,  (/)-c+l)ci-0,  pk^O. 

From  those  equations  it  is  seen  that  c— 3,  and  p— 4  are  the  only 
values  for  which  the  determinant  la^l  does  not  vanish,  and 
therefore  we  have  the  following  coefficients  for  type  11(a): 


au“2cuJCi,  Oa*0,  au^Cut  Oi»"0, 

Now  consider  case  II  (fi).  Putting 


<  dxi  dxt  dxt  dz 


we  get  from  comp>osition  (II) 

i-< 

fi-«i+/i(aci),  ^fXt,  fi«(2-c)z»,  C-c'aci*-*, 
where  c'  is  a  constant.  By  a  transformation 

Xi  •‘Xi  +  <fti(Xt),  Xt^Xt, 


•“C",  p.  258. 
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we  can,  without  changing  Xi,  Xt,  Xa,  make  ^4  to  take  the  foim 

Xi^cxi  +xa  ^  -h(2-c)xa  ^  +CiZ  ^  . 
ox\  axi  oxi  0Z 

But  since,  when  equation  (A)  is  invariant  under  Xi,  Xt,  Xa 
(of  type  (/3) )  alone,  the  coefficients  are 

Ou“f>u(aCi),  o*i-6b(*i),  an»an*-0, 

oia^—on,  a«”0,  ai’*bi(xa),  Oa"*  —On  -  , 

dxa 

ai  — 0,  a-6(*j),“ 

therefore  by  substituting  Ar4  in  equations  (1),  (2)  and  (3),  we  get 
the  following  equations: 

(p-2c)oii-  (c-2)*a  ^ , 

dxa 

(p-2)a„^(c-‘2)xapS, 

dxa 

(p-2)ata^(c-2)xap-*. 

dXr 


{p-c)a^^ic-2)xa'p  , 
axa 

(p  -  l)ai  =«  (2  -  c)xa  ^  foa  . 

3*1*-  3aci  J 


(p+c— 2)ai=0,  pa-(c—2)xa — . 

dxa 

Asstuning  that  aii“CulK),  we  find  from  the  above  equations  that 
2(1-c) 

aii“Cii.  On^CaaXa^  ,  a**  —  Ou * Om *■  0, 

s.  A 

Oia— — Oa,  at^CtXa‘~‘,  ai-=ciai***^[2(l— c)ai+l], 

Oa  —  O,  a  —  Aroi*, 
i*“C",  p.  256. 
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where  Cu,  ,  .  .  ,  k  are  arbitrary  constants,  are  the  coefficients  of 
equation  (A)  admitting  a  group  of  type 

In  case  of  structure  (III)  we  have  again  two  cases: 


(a) 

tiXi 

08)  Xi-A,  Xt 


Y  '  3  ,  a 

Xt^xt—  +  —  ; 

dxi  dxt  ' 

Xt~xt-^  +/(««)« -IT  •* 

dXl  OXf  OZ 


In  case  (a)  we  can  make  Xt,  because  of  structure  (III),  to  be 
of  the  form 

Xi~2xi-^+  (xt+2xt)  +x, +ciz ^ . 

dxi  dxt  dxt  dz 

Substituting  Xt  in  (1),  (2)  and  (3),  we  get  the  equations 


& 

(4-p)au-2oj*Zi, 

(/)—3)au"2ou— 

■  a 

(/)-2)aii-4oM, 

{p-3)au-atixt, 

f 

Hit?' 

{p-2)au^0. 

{p-2)an-2an, 

ip-2)ai  - 

(p-l)a,  -2oi, 

o 

1 

1 

p 

*'  where 

v:* 

[  I ' ^ 

ail  “  r*iX»*4‘2cijZi+Cn, 

“ 

On  — Cb,  an^rtt, 

On  “Cm, 

\ 

;r  -  ■  ^ 

Ou“C«Zi"7’Cu,  au 

—  CnXt-i-Cu, 

* 

ai  -ctxt+ki,  at- 

Ct,  Ot — Ct,  a—c. 

But  the  solutions  of  the  above  equations  make  the  determinant 
IuiaI  equal  to  zero,  therefore  type  Ill(a)  is  not  admitted  by 
equation  (A).  ^ 

In  case  III08)  we  find  that 

fi“2zi+/i(*a),  1  — 2^/n/(zi)J. 

Introducing  new  variables 

z/-*i+<^i(ac«),  xt^xi,  »'-«^(*«). 

u  “C*,  p.  256. 

**  “C",  p.  258.  See  table  IV  («). 
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we  can,  by  choosing  ^  and  so  as  to  satisfy  equations 

axt 


make 


+xt  — — 2  —  , 

dxi  dx,  dx. 


without  at  the  same  time  changing  the  forms  of  Xi,  Xt,  X$. 
Now  substitute  X4  in  equations  (1),  (2)  and  (3),  we  obtain,  since 


Oii^bii(x$),  cin^ba(xi),  au^Chs^ow^O, 

3/(af*) 


aij“— a«,  Ot^—On- 


dxt 


01*0, 


when  equation  (A)  is  invariant  under  Xi,  Xt,  Xt  alone,  for  the 
case  when  it  admits  Xt  also  the  equations: 

(/)-4)au-2^‘,  (p-2)(ia-2f^, 

oxt  oxi 

(p-2)c,.2^.  (p-l)a;.2(^.^+^^,).  po-2^. 

Let  us  assume  that  aa*cn  (constant)  ^0,  then  p»2,  and 

On  ■*  Cii#"*',  ctn^Cn,  On*— Ca,  Oi*Ci, 


o*-2ca 


dxi 


a^C€  , 


where  Cn,  .  .  .  ,  c  are  constants.  If  however  we  assume  that 
On“Cii  (constant)  ^  0,  we  get  p*4  and 

Oa-CaF**,  Ou-— CaF* 


Oi-CiF 

O  —  CF*'. 

The  above  two  sets  of  values  of  the  o’s  can  be  combined  into  one 


'  dxt  dxt*  ' 
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and  form  the  following  system  of  coefficients  for  structure  IIIOS): 
Ou“frii(*«),  au--Cn»**, 

ai -Ci#*',  a-c#**, 

'd*i  d*i*' 

flit  “  On  “  Oa  *  o*  *  0. 


Now  consider  structure  (IV).  This  is  obtained  from  structure 
(II)  by  putting  c— 1.  Therefore  case 


(a) 


-H  — , 
9x\  dxi 


Xfixi+cixt)  —  +xt  4-ci 

dxi  dxt 


d  ,  a 

da;s  os 


«r  inadmissible  as  we  have  shown  before.  For  cor# 

os^  as 


08) 


Ar..±, 

Y  ^ 

A|-*1  — 

9xi 

in 

dxi 

V  ^ 

A4-JC1  — 

+*1-:^  -faci 

a  .  a 

—  +CiS  — 

dxi 

Bx> 

axi  a# 

we  have  fAs  following  coefficients,  obtained  from  [Il(j3)l,  where 
c  is  replaced  by  1: 

flii"Cii,  On^cn, 

au“— Ob— — Cb,  ai«*Ci/aci,  ot^ctst, 

Ot  -9,'  a^klxt*, 

where  Cu,  .  .  .  ,  k  are  constants. 

In  structure  (V)  we  have 

{XxX^ •{XxXa^Q,  {XiX») -  X,f, 

(X,  Jf*) -  Xxf,  {XtX;^ -  ( JV,X«) -0. 

Comparing  the  structure  of  Xi,  Xt,  X»  with  the  structiue  of  the 
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I 

first  three  operators  of  type  (II),  we  see  at  once  that  we  may 
take  either 


dxi  dxt  dxt  dxt 

or 

08) 

dx\  dXf  oXi  dXf  d$ 

It  can  be  easily  shown  that  the  equation  admitting  Xi,  Xt,  Xt 
of  (a)  has  the  following  coefficients 

aii-Cii,  Om-CmF***,  on^ct^. 


ail 

“Cii, 

Ob-CmS***, 

Ott "  Cn0^*, 

au 

_ .. 

au*ciis**, 

ai-ci#'*, 

at 

-CtS**- 

,  a— cs®**. 

Letting  now 

dxi  dxs  oxt  ds 
we  get  from  structure  (V) 

fl-ClF**,  C-C4.  • 

We  may  therefore  take 

Xi^xi  - — \-kie  —  +ki  - — , 
dx\  dxt  dxt  ds 

where  ki,  kt  and  k«  are  constants.  Substituting  Xt  in  equations 
(1),  (2)  and  (3)  we  obtain  the  equations 

(/)— 2)au“0,  (p+kj— l)au"kiOit#**, 

(p+2ki)a*i  — 2kiai|S**,  (p+kj— l)au*0, 

(p+ 2ki)aii »  0,  (p+ 2ki)aM  "  kiOuf*’, 

(p+ki— l)aii“0,  (p+2ki)as“0, 

(p+2kj)a*-kiais*’,  (p+2^)o-0. 

From  those  equations  it  can  be  seen  that  the  only  values  of  ki 
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and  kt  which  do  not  lead  to  the  vanishing  of  the  determinant 
Ual  are 

Therefore 


V  5  ^  II,  5 

Xt~xx- - 

dxi  dXi  ds 


and  coefficutUs  for  structure  [V(o)]  are: 

On“^iif  0*1  “Cn^***,  On  — Cue***, 
a*i“Cnf***,  Oii^Cnf*’,  Ou^Cuf**, 

Oi  “Cie**,  a*— ci#***,  Oi— a^ce^. 

As  to  type  V03),  it  can  be  shown  that  equation  (A)  does  not 
admit  Xu  Xt,  Xt,  without  causing  the  determinant  la^l  to 
vanish.  Therefore  type  V()8)  does  not  leave  equation  (A)  invariant. 


3.  Equations  Invariant  Under  (c).  Four-parameter  groups 
having  a  three-parameter  involution  group  have  the  following 
structures: 

[  (XiX;)~{XxXt)~(X,Xt)~0, 

(D  {XxXd~aXxf,  iXM~^Xtf,  (XM^yX,/ 

I  (a¥^#y); 

{ iXxX;}^iXiX»)^iXtXt)^o, 

(ID  {XxX^~aXxf.  (X,X;)-‘Xtf+^X»f 

[  («¥  )8); 

I  (XxX;)^{XxX,)^iX^X,)~0. 

™  I  {XxXO^Xxf,  (XM^Xxf+Xtf,  {x,x;)~x^f-i-x,f; 

( {XxX^~{XxX»)^{XtX»)^0, 

(IV)  iXxX;)~aXxf.  iX,XC’-aX,f.  iX,X;)~yX,f 

[  (a^y); 
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(V) 


(VO 


(VI) 


(VIO 


-  (^i^.)  -  (X,  jr.) -0. 

{XtX^i^Xxf,  {XtX^)~Xtf-\-X,f‘, 

(x,j^ro-(^i^i)-(Jf.^i)-o, 

(x,xo-o,  (^,^0-0.  (x,:^:*)-  Xtf\ 

{XxX^i~{XxX^)•{XtX^)~0, 

(x,j^4)-Xi/.  iXtX;)~Xtf,  iXtX^^Xtf- 

I  (A’iX0-(^i^i)-(^*X,)-O, 

1  {XM~{XM^{Xtx;i^Q}* 


The  first  three  operators  satisfying  structure  (I)  and  admitting 
equation  (A)  may  be  taken  to  be 

OXi  VXx  ox% 

in  which  case  the  coefficients  in  (A)  are  constants.** 

Let  now 

;r..f.±+f.A+f  « 

axi  axt  oxt  dz 
From  structure  (I)  we  find 

(t"‘0-Xi~\~Ci,  (t^yxi-hct,  C™C4. 


Therefore  we  can  put  Xt  in  the  form 


axi-^  +I5xf^  -^yxi-^  +CZ  ~ 

dxi  dxt  dxt  Bz 


without  affecting  the  invariancy  and  form  of  equation  (A).  And, 
if  we  now  substitute  ^4  in  equations  (1),  (2)  and  (3),  we  find  that 

U  L!e-SchefTers,  Continuirliche  Gruppen,  p.  586. 
p.  257. 
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thf  partial  dijfftrtniial  tquation  invariant  under  Xi,  Xt,  Xt  and 
Xt  of  structure  (I)  can  have  the  following  three  forms: 

ox\'  '  axipxt 

(/) 

OX%  OX\OX% 

<t)  c.^+2c„J^-0. 

hxt'  dxidxt 

It  is  to  be  observed  that  for  form  (e)  2a  — /8+y,  for  form  (/) 
2/8- a+y,  and  for  form  2y-a+/8. 

For  struct\ire  (II)  we  have  again 

y  3  V  ^  V  ^ 

Ai-  — ,  Ai-  — ,  Ai-  — . 

OX\  OXt  OXt 


Putting 


x.-(.±+(.±+(,±+,l^. 

dxi  dxt  dx$  ds 


and  employing  the  same  methods  as  before,  we  find  that  X4 
finally  takes  the  form 

0*1  ^  +  (/5xfhx$)  +/3xt  ^  -i-cs  ^ . 

dxt  .  dXi  dXi  dz 

Prom  equations  (1),  (2)  and  (3)  we  find,  by  means  of  X4,  that 
paii-2aaii,  poit-2/8a«+2a«.  pau^‘2fian, 
poit— aoit+/3aii+au,  poii"  (a+/8)au, 

/)att-2/8o*i+o»,  fkii^aai,  pot-/8oi+oi, 
pat  -/801,  po-O. 

But  the  solutions  of  those  equations  make  either  a— /3  (which  is 
contrary  to  the  assumption),  or  make  the  determinant  1 0^1 
vanish. 

Therefore  equation  (A)  does  not  admit  structure  (II). 
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In  case  of  structure  (III)  we  have  again 

dxi  dxt  oxt 

and  from  their  composition  with  Xt  we  find  that  ^4  can  be  taken 
in  the  form 

(*!+**)  4-  +  (**+*•)  ^  +**  ^  T  • 

dxi  oxt  oxt  os 

Equations  (1),  (2)  and  (3)  in  conjunction  with  X4  make  the  determ¬ 
inant  I  OmI  vanish.  Therefore  equation  (A)  does  not  admit  struc¬ 
ture  (III). 

For  structure  (IIIO  X4  comes  out  in  the  form 

d  d  d  d 

+c,  — -Hen-. 
dxi  Bxi  dxt  ds 

But  this  operator  makes  the  determinant  |  a^l  vanish,  therefore 
equation  (A)  does  not  admit  structure  (IIIO- 
In  structure  (FV) 

^4  =  oxi  —  -Ha*i  —  +yx,  — 
dxi  dxt  dxt 

(a^y)- 

But  ^^4  in  conjunction  with  equations  (1)  alone  gives  the  s}^tem 

pdu- 20011,  /Mu -20011, 

/>0a»2oon.  />Oii»oou-Hyou, 

/>OM-2yon,  /MM-oou-Hyo*, 

which  shows  that  the  determinant  lo^l  vanishes.  Therefore 
equation  (A)  does  not  admit  type  (IV). 

Similarly  we  find  that  for  structure  (V) 

^■4  -  xi  ^  -H  (»!+**)  ^  +*i  •¥cs  ^ , 

Bxi  dxt  oxt  os 

and  for  structure  (VO 

„  a  a  a  a 

A^4— Cl—  +xt  —  +c*- — Hen  — ; 

a*i  dxt  dxi  3s 

moreover  neither  of  these  structures  is  admitted  by  equation  (A). 
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Finally  for  structtires  (VI)  and  (VIO  we  get  the  following  results: 
for  type  (VI) 


Xt^xi—  +*i  - — +*1—  +«—  • 

0Xi  axt  oxt  os 


and  the  equation  (A)  takes  the  form 

Cu*ii  ^  4"  Ci**n + 2ci**u + 2ci»*u  4*  2ciifa -h  ci  0, 


where  cu,  .  .  .  ,  c  are  constants; 
for  t3rpe  (VIO 


4“Ci  - — \-ct  - — \-ct$  — , 

OXi  OXt  OXt  OS 


and  equation  {A)  will  have  constant  coefficients. 


4.  Equations  Invariant  under  (d).  Five-parameter  non- 
integrable  groups  have  the  following  types  for  their  structures: 

iXiX,)~Xif,  iXiX,)^2X^f.  iX,X,)~Xtf, 

(I)  (A’,J^4)-(JViJ^4)-(X,X4)-0, 
(;^,X5)-(;tiX)-(:^iA:,)-(j^4:>^.)-o; 

{XM^XJ,  iXiX,)~2Xtf.  {XtXt)~Xtf, 

(II)  {XM~{XiX;i~{XM~o, 

{XM~{XiX;)~{XtX,)~0,  {X^X,)~X^f\ 

(XiX,)-0.  {XxXt)~Xxf,  iX,X,)-‘2Xtf, 
(A-iXO-o.  iXtx;)~-xj,  {XM-x^. 

{XxX,)~X,f,  (XtXt) - X,f,  {XtX,)^2X,f, 

.  (^4:t|)-0.“ 


U  Lie-Bnael,  Transformations  Gruppen,  v.  3,  p.  726. 


QUADRATIC  TERNARY  PARTIAL  DIPPBRBNTIAL  EQUATION  261 

For  type  (I)  we  can  take 

A’l— — ,  Xt^xi—+xt—,  +2xiXt— , 


dxi  Bxt  Bxi 

,  „  3.3,  3 

X4-Xf  —  +**—  +f*hX—  , 
dxt  dxt  ds 


Bxt  Bxi 


where  mt  is  a  constant.**  Let 

^  +*f  £ . 

QX\  QXt  oX$ 

Prom  structure  (I)  we  obtain 

fl-0,  (t^CtXt,  €»~CtXt,  C^Ct. 

Therefore  we  may  take 

A’l— *j- — \~xt- — \-cs-— 

Bxi  Bx$  Bs 

Substituting  Xi  in  equations  (1),  (2)  and  (3),  and  comparing  with 
the  coefficients  of  the  case  considered  in  article  2,  we  get  for  the 
equation,  admitting  Xu  Xt,  Xi,  X^  and  Xt,  the  form 

,B>s  B*s  _ 

xt* - Xt - +ies«0. 

Bxt*  BxiBxt 


In  case  (II)  we  may  take 

Xi^-^,  ,  Xt^xi*— +2x^f^ +Xf^ , 

Bxi  Bxi  Bxt  Bxi  Bxt  Bxs 

+jC|—  +m*s—  , 

3;ci  Bx,  Bz 


and  putting 


X.-(,±+(.±+(,±+.(±. 
oxi  dxf  dx$  ds 


See  article  2. 
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we  find  from  structure  (II)  that 

dfi  d(,  dC 


dxi  dxi  dx 


-  :::5-  -o, 


dxi 


^*-^-0, 

oxt  vXt  dxt 


dxt 

ii 

dxt 


^Ji-o.  *.^*-6-0,  ^-0. 

dx«  oxt  dxt 

-n  f  mi‘K  twmO 

—  *0,  Xt- —  »*i,  Xt- - 

dxt  oxi  axi 

But  it  is  evident  that  those  equations  are  inconsistent,  therefore 
ii  is  impossible  to  find  a  group  of  order  5  and  of  structure  (II)  which 
leaves  invariant  equation  (A). 

In  case  (III)  we  may  take 


a  ” 

+CZ—  , 

dz 


First,  let  us  find  the  forms  of  Xt  and  Xt  of  type  Ill(a).  Letting 
ax\  axt  dxt  dz 


(a) 

V  _  a 
Ai-  — , 
dxi 

V  ^ 

A»  *  Xi  — 
dxi 

+2x,A 

dxi 

08) 

■V  _  ^ 

9*.’ 

V  ^ 

A|-Xi  — 

axi 

+2x,^ 

axi 

6-c*^**,  C-O; 


we  find  from  structure  (III)  that 

>cie 

and  introducing  new  variables 

Xt  ~Xt+Ci^\  s'**, 


we  find,  without  affecting  Xi,  Xt,  Xi,  that 

^4*  —Xt  ^  -j-kie^- — 1-^1**'—  . 

dxi  dxi  dXt 

'▼In  “C”  (o)  and  (P)  correspond  to  types  Il(fl)  and  II(^),  where  m»2, 
/(xi)  >  constant,  pp.  2M,  256. 
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where  kx,  kt  and  kt  are  constants.  Now  if  we  substitute  in 
equations  (1),  (2)  and  (3)  we  find  that  I  Oul  0  only  when  **-0. 
Therefore,  if  equation  (A)  admits  Xi,  X%,  Xt  and  X^  of  structure 
Ill(a). 

Ou“Cn#** , 

Oi"ClS  '»  0“C. 


Suppose  now  that 


•tr  T  ^ 

X$^(i- — hvf:— +fi—  . 

dxi  dxs  dx»  ds 


From  structure  III  we  obtain  the  equations 

dxi  dxi  dxi  dxx 

^ - -  ^ - 2xx  - 1.  ^ 

dxt  dxt  dxt  dxt 


-0. 


— 3xi*»+ “3^1,  kiXie^*—4xt*+ — 
oxt  oxi 


-2*,+  ^*-26. 
dxi 

*** — kiXie^’+^t  “■ 


•  ^  .2C. 

dx, 

0,  -3kix^^’-3kie^'^,^0, 


kxe^'~0. 


Those  equations  give 

*1-0.  fi-— *|H+Ci«*“, 

i-c^. 


Introducing  new  variables 

Xt^Xt,  x»-x»,  s'^z, 

Cl 

we  find,  without  affecting  Xi,  Xt,  Xt  and  Xt,  that 


Xt=*  -XiXt- - Xt*  —  +(c»f*'*-X|)  —  +CSF***  — 

dxi  vXt  ^X%  dz 


i/yCU.. 
XJi.  ' 
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But  on  substituting  Xt  in  equations  (1),  (2)  and  (3),  we  find  that 
c-0,  Ca-0, 

otherwise  the  determinant  la^al  vanishes.  Therefore  equaHon 
(A)  admitting  Xi,  Xt,  Xt,  X*  and  Xt  of  type  Ill(a)  has  die  form 

Cu#**’fii+CiiSii+2ci/'»i+2ci;«^4-c*-0. 

In  case  IIIO^  we  similarly  find  that 

V  ^ 

A4-  -Xt— , 

and 

Ou-M*i).  ai-b»(xt),  o-6(acii), 
flu  *  Ota  "  Uu  “  On  Oi  ■“  o*  ■*  0. 


Finally  Xt  takes  the  form 


d  ,  d  d 

—XiXt- - ***- - cxas—, 

dx,  dxt  dz 


and  substituting  it  in  equations  (1),  (2)  and  (3),  we  find  that  the 
determinant  la^l  vanishes.  Therefore  equation  (A)  does  not 
admit  type 
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